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MECHANICS

Corresponding Member of the Academy of Sciences of the USSR É. I.
GRIGOLYUK, A. P. MIKHAILOV

A THREE-LAYER RECTANGULAR PLATE
IN A SUPERSONIC GAS FLOW
The equations of work (1) are used to investigate, in the linear formulation, the
stability of a thin elastic supported rectangular three-layer plate with a rigid
core, loaded in the initial plane by normal and tangential forces and stream-
lined on one side by a supersonic gas flow. The plate has a structure asymmet-
ric through the thickness; each of its layers takes up the action of tensile (or
compressive) and bending loads, while the core, in addition, experiences trans-
verse shear. It is assumed that the tangential displacements in the plate vary
according to a linear law through the thickness and are expressed as gradients
of a certain potential function. Application of the Bubnov method leads to a
homogeneous system of algebraic equations. The eigenvalues of the matrix are
analyzed by the Danilevsky and Routh methods. Values are given for the criti-
cal flow velocity in the case of a rectangular plate as a function of its geometric
and physicomechanical parameters, as well as of the magnitude of the compres-
sive and shearing forces in the initial surface; in particular, the influence of the
stiffness of the core on transverse shear is assessed.

Fig. 1

1. Formulation of the problem. Small transverse vibrations of thin elastic
three-layer plates of a structure asymmetric through the thickness, with a rigid
core taking up transverse shear, are determined by the deflection function 𝜒,
which satisfies the differential equation (1)

𝐷 (1 − 𝜗ℎ2

𝛽 ∇2) ∇4𝜒−(1 − ℎ2

𝛽 ∇2) [𝑁11
𝜕2𝜒
𝜕𝑥2 − 2𝑁12

𝜕2𝜒
𝜕𝑥 𝜕𝑦 + 𝑁22

𝜕2𝜒
𝜕𝑦2 ]+𝑞 = 0.

(1,1)

Here the notation of (1) has been retained.
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The transverse pressure 𝑞 depends on the deflection 𝑤 in the following way:

𝑞 = (𝑞1 + 𝑞3)𝜕𝑤
𝜕𝑡 + 𝑞2

𝜕𝑤
𝜕𝑥 + Ω𝜕2𝑤

𝜕𝑡2 , 𝑤 = (1 − ℎ2

𝛽 ∇2) 𝜒, (1,2)

where

𝑞1 = 𝜒𝑝
𝑐 , 𝑞2 = 𝜒𝑝𝑀, 𝑞3 = 2

3
∑
𝑠=1

𝜀𝑠𝜌𝑠ℎ𝑠, Ω =
3

∑
𝑠=1

𝜌𝑠ℎ𝑠; (1,3)

𝑝, 𝑐 are the pressure and speed of sound in the undisturbed hypersonic flow
moving with velocity 𝑉 ; 𝑀 = 𝑉 /𝑐 is the Mach number; 𝜒 is the ratio of
the specific heats of the gas; 𝜀𝑠, 𝜌𝑠 are, respectively, the coefficient of internal
damping and the specific density of the material of the 𝑠-th layer; 𝑡 is time. The
last term of formula (1.3) determines the transverse inertia of the plate; the
second term is the structural damping, proportional to the deflection velocity.

If 𝑎, 𝑏 are the dimensions of the plate in plan, then, for simply supported edges,
the following boundary conditions may be written:

for 𝑥 = 0, 𝑎, for 𝑦 = 0, 𝑏,

𝜒 = ∇2𝜒 = ∇2∇2𝜒 = 0. (1.4)

2. Solution of the initial equation
We seek the solution of the initial equation (1.1), taking (1.2) into account,
under the boundary conditions (1.4), in the form (𝜓 is a complex quantity)

𝜒 = 𝑒𝜓𝑡
𝑛

∑
𝑘=1

𝑚
∑
𝑙=1

𝐴𝑘𝑙 sin 𝑘𝜋𝑥
𝑎 sin 𝑙𝜋𝑦

𝑏 . (2.1)

Introduce the dimensionless quantities (𝜌 is the density of the undisturbed gas
flow)

𝜉 = 𝑥
𝑎 , 𝜂 = 𝑦

𝑏 ,

𝛼 = 𝑎
𝑏 , 𝐻 = ℎ

𝑎 ,

𝜔 = −𝑎
𝑐 𝜓,
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𝑛11 = 𝑁11
𝑁 ∗

11
,

𝑛22 = 𝑁22
𝑁 ∗

22
, 𝑛12 = 𝑁12

𝑁 ∗
12

,

Γ = 1
𝜌

3
∑
𝑠=1

𝜌𝑠𝑡𝑠, 𝑊 =
3

∑
𝑠=1

𝜀𝑠𝜌𝑠𝑡𝑠,

𝑘11 = 𝑎2𝑁 ∗
11

𝜋2𝐷 , 𝑘22 = 𝑏2𝑁 ∗
22

𝜋2𝐷 , 𝑘12 = 𝑎2𝑁 ∗
12

𝜋2𝐷 , 𝑟 = 𝜋2𝐻
𝛽 , 𝑓 = 𝐸𝜃

12(1 − 𝜈2)𝜒𝑝 .
(2.2)

Fig. 2

Here 𝑁 ∗
11, 𝑁 ∗

22, 𝑁 ∗
12 are the critical forces corresponding to pure deformation;

𝑘11, 𝑘22, 𝑘12 are coefficients.

Using Bubnov’s method (3), from (1.1) with the aid of (2.1) we obtain a ho-
mogeneous linear algebraic system of equations for determining 𝐴𝑘𝑙:

𝑛
∑
𝑘=1

𝑚
∑
𝑙=1

𝑎𝑖𝑗
𝑙𝑘𝐴𝑘𝑙 = 0 (𝑗 = 1, … , 𝑚; 𝑖 = 1, … , 𝑛). (2.3)

The matrix 𝐴 of this system has the elements

𝑎𝑗𝑖
𝑙𝑘 =

⎧{{
⎨{{⎩

𝑏𝑗𝑖
𝑙𝑘 − 𝜆, for 𝑘 = 𝑖 and 𝑙 = 𝑗,

𝑐𝑗𝑖
𝑙𝑘, for 𝑘 + 𝑖 and 𝑙 + 𝑗 odd,

𝑑𝑗𝑖
𝑙𝑘, for 𝑘 + 𝑖 odd and 𝑙 = 𝑗,

0, in the remaining cases,

(2,4)

where

𝑏𝑗𝑖
𝑙𝑘 = 𝜋 [(𝑖2 + 𝛼2𝑗2)2 − 𝑟(1 − 𝜗)(𝑖2 + 𝛼2𝑗2)3

1 + 𝑟(𝑖2 + 𝛼2𝑗2) + 𝑘11𝑖2𝑛11 + 𝑘22𝛼4𝑗2𝑛22] , (2,5)

𝑐𝑗𝑖
𝑙𝑘 = 32𝜋2𝛼𝑛12

𝑖𝑗𝑘𝑙
(𝑖2 − 𝑘2)(𝑗2 − 𝑙2) , 𝑑𝑗𝑖

𝑙𝑘 = 4𝑀𝑓
𝐻3

𝑖𝑘
𝑖2 − 𝑘2 , (2,6)
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𝜆 = − Γ𝑓
𝐻2 𝜔2 − ( 𝑓

𝐻3 + 2𝐻𝑊) 𝜔.

3. Stability parabola
From (2,6), for 𝜆 = 𝜏 + 𝑖𝛿 (𝑖 =

√
−1), there follows the “stability parabola”

𝜏 = 𝑧𝛿2, 𝑧 = Γ𝑓
𝐻2 (𝑓/𝐻3 + 2𝐻𝑊), (3,1)

and the values of 𝜆 lying inside the parabola correspond to values of 𝜔 in the
left complex half-plane. In this case the plate will be stable in the flow.

When 𝑀 = 𝑛22 = 𝑛12 = 0 and the plate is subjected to compression along the
𝑂𝑥 axis (𝑛11 > −1), all characteristic numbers of the matrix 𝐴 lie inside the
parabola on an interval of the real axis. The case 𝑛11 = −1 corresponds to
the critical state for 𝑀 = 𝑛22 = 𝑛12 = 0. Similarly, for 𝑀 = 𝑛11 = 𝑛12 = 0,
𝑛22 ≠ 0, or for 𝑀 = 𝑛11 = 𝑛22 = 0, 𝑛12 ≠ 0.

It is obvious that all 𝜆𝑠 will be inside the parabola also for sufficiently small 𝑀 .
Consider the matrix 𝑀−1𝐴 = 𝐵. Represent it in the form of symmetric 𝐶 and
skew-symmetric 𝐷 components: 𝐵 = 𝐶 + 𝐷. From (2,4), (2,5) it follows that
the norm of 𝐶 is proportional to 𝑀−1, whereas the norm of 𝐷 does not depend
on 𝑀 . Therefore, as 𝑀 → ∞, the characteristic (real) numbers of the matrix 𝐶
will contract to zero, while all characteristic (imaginary) numbers of the matrix
𝐷 will remain unchanged. Consequently, on the basis of Bendixson’s theorem
(4), for some smallest value 𝑀 = 𝑀∗ (critical), a characteristic number of the
matrix 𝐵, and hence also of 𝐴, will intersect the parabola.

4. Calculation of the critical velocity
As the basic parameters we use 𝑀 and 𝑟. Fixing the parameters, by Danilevsky’
s method we find the coefficients of the characteristic polynomial of the matrix
𝐴

𝑁
∑
𝑠=0

𝑅𝑠𝜆𝑁−𝑠 =
2𝑁
∑
𝑠=0

𝑄𝑠𝜔2𝑁−𝑠 (𝑁 = 𝑛𝑚). (4,1)

The roots of the polynomial (4,1) are functions of the form

𝜆𝑠 = 𝜆𝑠(𝑀, 𝑟, 𝜗, 𝐻, 𝑛11, 𝑛22, 𝑛12, 𝛼, Γ, 𝑓, 𝑊) (𝑠 = 1, … , 𝑁), (4,2)

𝜔𝑠 = 𝜔𝑠(𝑀, 𝑟, 𝜗, 𝐻, 𝑛11, 𝑛22, 𝑛12, 𝛼, Γ, 𝑓, 𝑊) (𝑠 = 1, … , 2𝑁).
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Calculating 𝜆𝑠, fixing them with respect to the parabola, or estimating
sign Re 𝜔𝑠 by Routh’s method, we find the critical value 𝑀∗ for fixed values of
the parameters:

𝑀∗(𝑟, 𝜗, 𝐻, 𝑛11, 𝑛22, 𝑛12, 𝛼, Γ, 𝑓, 𝑊).

In the work, the influence of the first 7 parameters on 𝑀∗ was evaluated. For

in the calculations the parameters were taken in the following intervals:

0 ⩽ 𝑟 ⩽ 1; 0 ⩽ 𝜗 ⩽ 0.1; 0.004 ⩽ 𝐻 ⩽ 0.02;

|𝑛11| < 1; |𝑛22| < 1; |𝑛12| < 1; 0.5 ⩽ 𝛼 ⩽ 5.

The computations were performed for an air flow at sea level
(𝜌 = 0.125 kg ⋅ s2/m4, 𝑝 = 103 ⋅ 102 kg/m2) for a plate with duralumin outer
layers Γ = 506; 𝑊 = 0; 𝑓 = 0.460 ⋅ 10−4; 𝑚 = 2; 𝑛 = 4.

Estimates were made of the rate of convergence of Bubnov’s method: a) for
𝑚 = −2, 𝑛 = 2; b) for 𝑚 = 2, 𝑛 = 4; c) for 𝑚 = 2, 𝑛 = 6. If the critical
velocity is conditionally estimated with respect to case c), then the error is 35%
in case a) and 4% in case b).

Fig. 3

Fig. 4

The calculations show that 𝑀∗(𝑟) decreases sharply as 𝑟 increases, i.e., as the
stiffness of the core in transverse shear decreases. The plate aspect ratio 𝛼
plays a substantial role only for a sufficiently stiff core. The critical numbers
𝑀∗ are practically independent of compression of the plate in the direction
perpendicular to the flow, i.e., of 𝑛22 when 𝑛12 = 0. Figure 1 presents the
dependence 𝑀∗(𝑟) for 𝐻 = 0.01 and 𝐻 = 0.008 for a square plate (𝛼 = 𝑎/𝑏 = 1)
at 𝜗 = 0.1; 0.05; 0.025; 0.008; 0. Figure 2 gives the dependences: 𝑎—𝑀∗(𝑛11)
for 𝑛22 = 𝑛12 = 0; 𝑏—𝑀∗(𝑛22) for 𝑛11 = 0.5 and 𝑛12 = 0; 𝑐—𝑀∗(𝑛22) for
𝑛12 = 0.25; 𝑑—𝑀∗(𝑛22) for 𝑛12 = 0.75, for various 𝑟 and 𝐻 = 0.01, 𝛼 = 1, 𝜗 =
0.004. The plot 𝑀∗(𝑛12) for 𝑛11 = 𝑛22 = 0, 𝛼 = 1, 𝐻 = 0.01, 𝜗 = 0.004 for
𝑟 = 0; 0.1; 0.2; 0.4; 0.6; 0.8; 1.0 is given in Fig. 3. The dependence 𝑀∗(𝑟)
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for a number of values of 𝛼 at 𝐻 = 0.01 and 𝐻 = 0.008 is given in Fig. 4
(𝜗 = 0.004; 𝑛11 = 𝑛12 = 𝑛22 = 0). In discussing the results of the work, it
should be borne in mind that they are based on the linearized theory of the
piston.

Institute of Hydrodynamics
Siberian Branch of the Academy of Sciences of the USSR

Received
10 II 1964

REFERENCES
1. É. I. Grigolyuk, P. P. Chulkov, Izv. AN SSSR, Mekh. i mashinostr.,

No. 1 (1964).

2. V. V. Bolotin, Nonconservative Problems of the Theory of Elastic Stability,
Moscow, 1961.

3. I. G. Bubnov, Collected Papers of the St. Petersburg Institute of Railway
Engineers, vol. 31, 1913; Selected Works, 1956, p. 136.

4. M. Parodi, Localization of Characteristic Numbers of a Matrix and Its
Application, IL, 1960.

5. S. A. Ambartsumyan, Zh. E. Bagdasaryan, V. Ts. Gnuni, in: Theory of
Plates and Shells, Kiev, 1962, p. 254.

Note: Figure translations are in progress. See original paper for figures.

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the
original.

sovietrxiv.org/items/ru-196401.29240 Machine Translation

https://sovietrxiv.org/items/ru-196401.29240

	Abstract
	Full Text
	A THREE-LAYER RECTANGULAR PLATE IN A SUPERSONIC GAS FLOW
	2. Solution of the initial equation
	3. Stability parabola
	4. Calculation of the critical velocity
	REFERENCES


