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On the Principle of Limiting Amplitude

(Presented by Academician V. I. Smirnov on 27 IV 1964)

1. Let H be a Hilbert space; G a self-adjoint operator in H, G > 0; R, the
resolvent of the operator G; H, a subspace in H; P the projection operator
onto Hy. Let w(t), where 0 < t < oo, be a function whose values are elements
of H, having derivatives dw/dt, d*w/dt? and satisfying the following equation
and initial conditions:

d?w

_ f iVt
P Gw = fe "™VAh (1)
dw
w|t:0 =0, E —o =0, (2)

where A < 0, f € H. The derivative dw/dt is assumed to be continuous for
0 < t < oo, and the derivative d?w/dt? for 0 < t < oo. Continuity and
differentiability are understood in the strong sense. It is known that problem
(1), (2) is uniquely solvable.

Theorem 1. Let the element f be such that the following conditions are
satisfied:

1) For every o > 0 there exist the limits PR,f — v (o) as z = o, Im z > 0,
and PR, f - v (0) as z — o, Imz < 0.

2) The function 0(c) = vt (o) — v (o) satisfies the Holder condition on every
interval a < o <b, a > 0.

Then:
a) If the function #(c) on some interval 0 < o < ¢ satisfies the inequality
l0(o)] < co™, (3)
where 0 < o < 1/2, then for every A > 0, as t — +o0,

VA Pw — vt (N).
b) If on the interval 0 < o < §
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where < 1/2, a=1/2, |0,(0)| < C, then for every A > 0, as t — +o00,

, 0
Pw— (e ™V iyt () — O) — 0.
( W 2V
c) If on the interval 0 < o < § (4) holds, where 1/2 < a < 1, 8 <
a, |6,(o)] < C, then for every A > 0

Pw = 2" (b, + (1)),

where % = #,/V/A (#, is an absolute constant), ¢(t) — 0 as t — +o0.

Moreover, if inequality (3) holds for some o < 1, then for s = 1,2 and ¢t — +o0
one has

iﬁtpdsw V) ot (O
e %%<—z ) vt ().

2. Consider in an infinite domain €2 of n-dimensional space E, the equation

8w

o+ gw = eV (@) %)

with zero initial and homogeneous boundary conditions. Here A > 0, g is an
elliptic differential operator of order 2m. It is said that for equation (5) the
limiting-amplitude principle holds if

lim ety = o, (6)

t—+o00

where v is a solution of the equation

gu=Av+ f. (7)

A. N. Tikhonov and A. A. Samarskii, in the work (1), formulated this principle
and proved that it holds in the case Q = E;, g = —A. O. A. Ladyzhenskaya, in
the article (2), proved that (6) holds in the case = E5, g = —A 4 ¢g(z), ¢(x)
is finite and the operator g has no points of the discrete spectrum. G. I. Bass
and A. G. Kostyuchenko (3) gave a proof in the case when Q =F_,, 2m <n, g
is a self-adjoint operator with constant coefficients.

In the present note the case of the operator
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g= (1" > D¥aj(2)D") +qlx),
K Tm

is considered, where

n okl
k=(ky,...,k,), k= k, DF= —""
1 2 ok

under the boundary conditions

oPu

r

where p = 0,1,...,m — 1; I" is the boundary of the domain €2; v is the normal
to I'. The boundary I' (if it exists) of the infinite domain  will be assumed to
consist of a finite number of closed nonintersecting (n — 1)-dimensional surfaces.

Denote by S, the sphere of radius p with center at the origin of coordinates, and

by ©, and B, the sets of all points of {2 lying respectively inside and outside S,,.

Let al. = af, ¢ = g a}, = af; al(v) € C™(Q); g(w) is measurable and bounded

in ©. Assume that for all real {; =&, and for all z € Q the inequality

aj(2)&,€ = Z &

k|=lll=m Jkl=m

holds, where 7 > 0 is a constant. Suppose that there exists p, > 0 such that in
B, f(x)=0, g(x) =0,

mb st
a (@) = Tyl 10k, Ok

(and thus in B, , g = (—A)™). In addition, let f € Ly(€2). Below we shall
assume that I lies inside S, and p > p,.

0
Let us introduce some classes of functions. Denote by D, the closure, in the
metric of Wz(m(Q »), of the set of those functions each of which is defined in 2,

0
and is identically zero in some strip along I'. By D denote the class of those
0
functions which are defined in €2 and belong to D, for every p > p,. Condition

0 —(k
(8) will be understood in the sense u € D. Denote by W(2 ) the set of functions
each of which is defined

in 2 and in any finite interior subdomain w belongs to Wék) (w).
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Put ® = DN W(;m) and define the differential operator g on the set ®. We

shall say that a sequence ¢, € ® converges in the sense of ® to a function

@, if ¢, — ¢ in any finite interior subdomain w in the metric W2< w) and,

moreover, ¢, — ¢ in any {2, in the metric W2(2>(Qp). Then ¢ € ®. Introduce
the operator G on functions u € ®N L, (), gu € Ly(2), by means of the equality
Gu = gu. Then G is a self-adjoint operator in L,(£2). Let R, be the resolvent
of the operator G. Put u, = R, f, where Im z # 0. Denote by A the set of all
A > 0 which are points of discontinuity of the spectral function of the operator
G. Examples show that, generally speaking, A # (0,00). However, in the case
g = (—A)™ one has A = (0, 00).

Theorem 2. Let A € A, Imz > 0. Then, as z = A, u, — uﬁ in the sense of
®, where uj is the solution of equation (7) satisfying at infinity the radiation
condition of I. N. Vekua (4).

If Imz < 0, then u, — u, as z — X, where u, is the solution of equation (7)
satisfying the conjugate radiation condition.

Theorem 3. Let [a,b] C A. Then for any p > p, there exists a constant c,
such that for any Ay, A, from [a, b] the inequality holds

||“§E\2 - U:\il HLZ(Q‘) < Cp|)\2 — A1l

Theorem 4. Let g(x) > 0 in Q, and suppose at least one of the following
conditions is fulfilled: 1) 2m < n; 2) ¢(x) > 0 on a set of positive measure; 3)

O+E,.

Then there exists a § > 0 such that (0,8) C A. Moreover, as A — +0, u{ — uy,
u) — U in the sense of ®, where wu, is the solution of the equation

gu = f.

Let us note that u, satisfies the usual condition at infinity which is imposed for
the polyharmonic equation.

Theorem 5. Let Q = E,, g(z) =0in E,, 2m > n, (0,§) C A. Then:
1) for 2m =n

1

2) for2m—n=1
uf _ q:l:)\—l/2m 4 ,lpf’

3) for 2m —n>2

uf — qj:)\n/2m—1 T ¢§)\(n+2)/2m—1’
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where

13,0, < Clp)

for0 < A< é; gt =7* fQ fdx; 7", 77 are constants depending only on

m,n, and 77 # 77,

We now consider the solution w(t) of problem (5) with zero initial conditions

and the homogeneous boundary conditions introduced above.

Theorem 6. Let A = (0,00), g(z) > 0 in £, and suppose at least one of the
following conditions is fulfilled: 1) m < n; 2) ¢(x) > 0 on a set of positive

measure; 3) Q # E, .
Then for any A > 0, as t — +o00,

eV uy.

in the sense of ®. Moreover, in any domain Qp, as t — 400,

eiﬁt% — (zﬁ)%g

in the sense of £,(£,), where s = 1,2.

Theorem 7. Let A = (0,00), Q= E,, q(z) =0in E,. Then:

1) If m = n, then for any A >0

w(t) = efiﬁ‘tuj\' + \% / fdx+ @(t).
Q

2) If m > n, then for any A >0

w(t) = ¢in/m (\% /Q fdr+ w(ﬂ) ;

where [o(t)] z,,) — 0 as t — +o0; p is a constant depending only on m, n;

w # 0. Moreover, for m > n, (9) holds.

Theorems 6 and 7 are proved with the aid of Theorem 1, whose conditions turn
out to be satisfied by virtue of Theorems 2, 3, 4, 5. Here the role of the space
H is played by the space £4(€2), and the role of the subspace H, by the set of

functions from £,(€) identically equal to zero in B,
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