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MATHEMATICS

V. P. PETRENKO

ON THE MAGNITUDES OF THE DEFECTS
OF A MEROMORPHIC FUNCTION
(Presented by Academician M. A. Lavrent’ev on 15 VI 1964)

§ 1. Let 𝑓(𝑧) be a function meromorphic in the open plane; 𝑇 (𝑟, 𝑓), 𝑚(𝑟, 𝑎),
𝑛(𝑟, 𝑎), 𝑁(𝑟, 𝑎), 𝛿(𝑎, 𝑓) are the quantities introduced by R. Nevanlinna, charac-
terizing the distribution of the values of this function. We agree to denote

𝑛(𝑟) = 𝑛(𝑟, 0) + 𝑛(𝑟, ∞), 𝑁(𝑟) = 𝑁(𝑟, 0) + 𝑁(𝑟, ∞),

by the letter 𝐾 with indices absolute constants, and by the letter 𝐶 with indices
quantities depending only on the function under consideration.

As is known (1), the defect quantities satisfy the relation

∑
(𝑎)

𝛿(𝑎) ⩽ 2

(the sum is extended over all values 𝑎 with 𝛿(𝑎, 𝑓) > 0). Put

𝑠(𝑓) = ∑
(𝑎)

√𝛿(𝑎), 𝜎(𝜆) = sup
(𝑓)

𝑠(𝑓),

where the supremum is taken over all meromorphic functions of lower order 𝜆.

B. Fuchs (2) proved that for 𝜆 < ∞ the quantity 𝜎(𝜆) is finite and that the
estimate

𝜎(𝜆) ⩽ 𝐾1 (1 + √𝜆 | ln 𝜆|) . (1,1)

is valid.

The main result of this article is the following theorem.

Theorem 1. The inequality

𝜎(𝜆) ⩽ 𝐾2
√

𝜆, 0.5 ⩽ 𝜆 < ∞. (1,2)

is valid.
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For the entire function ((1), 𝑝.240)

ℎ𝑝 = ∫
𝑧

0
𝑒𝑡𝑝 𝑑𝑡, 𝑝 = 1, 2, 3, … ,

one has 𝜆 = 𝑝,
𝑠(ℎ𝑝) = 1 + √𝑝 = 1 +

√
𝜆.

Therefore estimate (1,2) is sharp for large 𝜆 in the sense of order.

We obtain Theorem 1 as a consequence of two theorems: Theorem 2, due to
Fuchs (2), and Theorem 3, established by us.

Theorem 2 (2). If 𝑓(𝑧) is a meromorphic function of finite lower order 𝜆 and
has at least two deficient values, then the relation

∑
(𝑎)

√𝛿(𝑎) ⩽ {2𝜋 lim
𝑟→∞

[𝑇 (𝑟, 𝑓)]−1𝑟 𝔐 (𝑟, 𝑓″

𝑓 ′ )}
1/2

, (1,3)

is valid, where

𝔐(𝑟, 𝑔) = 1
2𝜋 ∫

2𝜋

0
∣𝑔 (𝑟𝑒𝑖𝜃)∣ 𝑑𝜃.

Theorem 3. If 𝑓(𝑧) is a meromorphic function of lower order 𝜆 (𝜆 ⩾ 0.5), then

lim
𝑟→∞

[𝑇 (𝑟, 𝑓)]−1𝑟 𝔐 (𝑟, 𝑓″

𝑓 ′ ) ⩽ 𝐾3𝜆. (1,4)

§ 2. Auxiliary propositions.
Lemma 1. Let 𝑓(𝑧) be a function meromorphic in the sector

𝐺𝑎,𝑅,𝜗 = {𝑧 ∶ 0 < |𝑧| < 𝑅, | arg 𝑧 − 𝜗| < 𝑎}.

For any real 𝜗, any 𝛼 (0 < 𝛼 < 𝜋), and 𝑟 (0 < 𝑟0 < 𝑟 < 0.5𝑅), the inequality
holds
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𝑟
2𝜋 ∫

𝛼/2

−𝛼/2
∣ 𝑓

′ (𝑟𝑒𝑖(𝜑+𝜗))
𝑓 (𝑟𝑒𝑖(𝜑+𝜗)) ∣ 𝑑𝜑 ≤ 𝛼−1 ∫

𝑅

𝑟0

{∣ln ∣𝑓 (𝑡𝑒𝑖(𝜗+𝛼))∣∣ + ∣ln ∣𝑓 (𝑡𝑒𝑖(𝜗−𝛼))∣∣} 𝑃(𝑡, 𝑟, 𝛼) 𝑑𝑡

+ 𝐾4𝛼−1 ∫
𝑅

0
{∣ln ∣𝑓 (𝑡𝑒𝑖(𝜗+𝛼))∣∣ + ∣ln ∣𝑓 (𝑡𝑒𝑖(𝜗−𝛼))∣∣} ( 𝑟

𝑅2 )
𝑥

𝑡𝑥−1 𝑑𝑡

+ 𝐾5𝛼−1 ∫
𝛼

−𝛼
∣ln ∣𝑓 (𝑅𝑒𝑖(𝜗+𝜃))∣∣ ( 𝑟

𝑅 )
𝑥

𝑑𝜃

+ 2 ∑
𝑐𝑚∈𝐺𝛼,𝑅,0

( 𝑟
|𝑐𝑚|)

𝑥
Φ [( 𝑟

|𝑐𝑚|)
𝑥
]

+ 𝐾6
′

∑
𝑐𝑚∈𝐺𝛼,𝑅,0

( 𝑟
𝑅2 )

𝑥
|𝑐𝑚|𝑥 + 𝐶1,

(2.1)

where

𝑥 = 𝑥(𝛼) = 𝜋(2𝛼)−1, 𝑃 (𝑡, 𝑟, 𝛼) = 𝑡𝑥−1𝑟𝑥(𝑡𝑥+𝑟𝑥)−1, Φ(𝑢) = 1
2𝜋 ∫

2𝜋

0

𝑑𝜃
|𝑢𝑒𝑖𝜃 − 1| ,

𝑐𝑚 = 𝑐𝑚(𝜗) are the zeros and poles of the meromorphic function 𝑓(𝑧𝑒𝑖𝜗).
The proof is based on the representation of ln 𝑓(𝑟𝑒𝑖𝜃) in the sector 𝐺𝛼,𝑅,0, anal-
ogous to the Schwarz–Nevanlinna formula ((1), p. 165).

Lemma 2. Let 𝑓(𝑧) be a function meromorphic in |𝑧| ≤ 𝑅 < ∞. For 0 < 𝑟0 <
𝑟 < 0.5𝑅, 0 < 𝛼 < 𝜋, the estimate holds

𝑟𝔪 (𝑟, 𝑓 ′

𝑓 ) ≤ 𝐾7𝛼−2 ∫
𝑅

𝑟0

{𝑚(𝑡, 0) + 𝑚(𝑡, ∞)}𝑃(𝑡, 𝑟, 𝛼) 𝑑𝑡

+ 𝐾8𝛼−1 ( 𝑟
𝑅 )

𝑥
𝑇 (𝑅, 𝑓) + 𝐾9 ∑

|𝑐𝑚|<𝑅
( 𝑟

|𝑐𝑚|)
𝑥

Φ [( 𝑟
|𝑐𝑚|)

𝑥
]

+ 𝐾10 ( 𝑟
𝑅 )

𝑥
𝑛(𝑅) + 𝐶2𝛼−1.

(2.2)

Proof. Let 𝜗𝑘 = 𝛽 + 𝑘𝛼, where 0 ≤ 𝛽 < 2𝜋, and 𝑘 takes the values 0, 1, … , 𝑞 =
[4𝑥]. Putting 𝜗 = 𝜗𝑘 (𝑘 = 0, 1, … , 𝑞) in inequality (2.1), we obtain 𝑞 + 1
inequalities. Adding these inequalities over 𝑘 from 0 to 𝑞, we shall have
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𝑟𝔪 (𝑟, 𝑓 ′

𝑓 ) ≤ 𝛼−1
𝑞

∑
𝑘=0

∫
𝑅

𝑟0

{∣ln ∣𝑓 (𝑡𝑒𝑖(𝛽+(𝑘+1)𝛼))∣∣ + ∣ln ∣𝑓 (𝑡𝑒𝑖(𝛽+(𝑘−1)𝛼))∣∣} 𝑃(𝑡, 𝑟, 𝛼) 𝑑𝑡

+ 𝐾4𝛼−1
𝑞

∑
𝑘=0

{∣ln ∣𝑓 (𝑡𝑒𝑖(𝛽+(𝑘+1)𝛼))∣∣ + ∣ln ∣𝑓 (𝑡𝑒𝑖(𝛽+(𝑘−1)𝛼))∣∣} ( 𝑟
𝑅2 )

𝑥
𝑡𝑥−1 𝑑𝑡

+ 𝐾5𝛼−1
𝑞

∑
𝑘=0

∫
𝛼

−𝛼
∣ln ∣𝑓 (𝑅𝑒𝑖(𝜃+𝛽+𝑘𝛼))∣∣ ( 𝑟

𝑅 )
𝑥

𝑑𝜃

+ 2
𝑞

∑
𝑘=0

∑
𝑐𝑚(𝜗𝑘)∈𝐺𝛼,𝑅,0

( 𝑟
|𝑐𝑚|)

𝑥
Φ [( 𝑟

|𝑐𝑚|)
𝑥
]

+ 𝐾6

𝑞
∑
𝑘=0

∑
𝑐𝑚(𝜗𝑘)∈𝐺𝛼,𝑅,0

( 𝑟
𝑅2 )

𝑥
|𝑐𝑚|𝑥𝐶2𝛼−1.

(2.3)

Obviously, the inequalities hold

2
𝑞

∑
𝑘=0

∑
𝑐𝑚(𝜗𝑘)∈𝐺𝛼,𝑅,0

( 𝑟
|𝑐𝑚|)

𝑥
Φ [( 𝑟

|𝑐𝑚|)
𝑥
] ≤ 𝐾9 ∑

|𝑐𝑚|≤𝑅
( 𝑟

|𝑐𝑚|)
𝑥

Φ [( 𝑟
|𝑐𝑚|)

𝑥
] ,

(2.4)

𝑞
∑
𝑘=0

∫
𝛼

−𝛼
∣ln ∣𝑓 (𝑅𝑒𝑖(𝜃+𝛽+𝑘𝛼))∣∣ 𝑑𝜃 ⩽ 𝐾8𝑇 (𝑅, 𝑓) (2,5)

𝑞
∑
𝑘=0

∑
𝑐𝑚(𝜗𝑘)∈𝐺𝛼,𝑅,0

( 𝑟
𝑅2 )

𝜒
|𝑐𝑚|𝜒 ⩽ 𝐾11 ∑

|𝑐𝑚|≤𝑅
( 𝑟

𝑅2 )
𝜒

|𝑐𝑚|𝜒. (2,6)

Replacing in inequality (2,3) the expressions occurring on the left-hand sides of
(2,4), (2,5), and (2,6) by the expressions occurring on the right-hand sides, and
integrating the resulting inequality with respect to 𝛽 from 0 to 2𝜋, we obtain
inequality (2,2).

§ 3. Proof of Theorem 3. Let 𝑓(𝑧) have lower order 𝜆 and order 𝜌. We
shall carry out the proof under the assumption that 𝜆 < 𝜌. Choose 𝛾 so that
𝜆 < 𝛾 < 𝜌, and take 𝛼 < 𝜋(2𝛾)−1. Divide inequality (2,2) by 𝑟𝛾+1 and integrate
it with respect to 𝑟 from 𝑟0 to 0.5𝑅; we obtain
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∫
0.5𝑅

𝑟0

𝑟−𝛾−1 {𝑟𝔐 (𝑟, 𝑓 ′

𝑓 )} 𝑑𝑟 ⩽ 𝐾7𝛼−2 ∫
0.5𝑅

𝑟0

{𝑚(𝑡, 0) + 𝑚(𝑡, ∞)}×

× ∫
0.5𝑅

𝑟0

𝑟−𝛾−1𝑃(𝑡, 𝑟, 𝛼) 𝑑𝑟 𝑑𝑡 + 𝐾7𝛼−2 ∫
𝑅

0.5𝑅
{𝑚(𝑡, 0) + 𝑚(𝑡, ∞)}×

× ∫
0.5𝑅

𝑟0

𝑟−𝛾−1𝑃(𝑡, 𝑟, 𝛼) 𝑑𝑟 𝑑𝑡 + 𝐾11(𝜋 − 2𝛼𝛾)−1𝑅−𝛾𝑇 (𝑅, 𝑡)+

+ 𝐾9 ∑
𝑟0<|𝑐𝑚|<0.5𝑅

∫
0.5𝑅

𝑟0

𝑟−𝛾−1 {( 𝑟
|𝑐𝑚|)

𝜒
Φ [( 𝑟

|𝑐𝑚|)
𝜒
]} 𝑑𝑟

+ 𝐾12(𝜋 − 2𝛼𝛾)−1𝑅−𝛾𝑛(𝑅)+

+ 𝐾9 ∑
0.5𝑅≤|𝑐𝑚|<𝑅

∫
0.5𝑅

𝑟0

𝑟−𝛾−1 {( 𝑟
|𝑐𝑚|)

𝜒
Φ [( 𝑟

|𝑐𝑚|)
𝜒
]} 𝑑𝑟 + 𝐶4𝛼−1.

(3,1)

Using the relations (see (10, 3))

∫
∞

0
𝑟−𝛾−1𝑃 (𝑡, 𝑟, 𝛼) 𝑑𝑟 = 𝑡−𝛾−1𝛼 sec 𝛼𝛾, ∫

∞

0
𝑟−𝜎Φ(𝑟) 𝑑𝑟 ⩽ 4.4 cosec 𝜋𝜎 (0 < 𝜎 < 1),

(3,2)

from (3,1) we obtain

sin 2𝛼𝛾 ∫
0.5𝑅

𝑟0

𝑟−𝛾−1 {𝑟𝔐 (𝑟, 𝑓 ′

𝑓 )} 𝑑𝑟 ⩽ 2𝐾7𝛼−1 sin 𝛼𝛾 ∫
0.5𝑅

𝑟0

𝑟−𝛾−1{𝑚(𝑟, 0) + 𝑚(𝑟, ∞) 𝑑𝑟}+

+ 2𝐾13𝛼−1 sin 𝛼𝛾 𝑅−𝛾𝑇 (𝑅, 𝑡) + 𝐾11(𝜋 − 2𝛼𝛾)−1 sin 2𝛼𝛾 𝑅−𝛾𝑇 (𝑅, 𝑓)+

+ 𝐾14𝛼𝛾2 ∫
0.5𝑅

𝑟0

𝑟−𝛾−1𝑁(𝑟) 𝑑𝑟 + 𝐶5𝑅−𝛾𝑇 (2𝑅, 𝑓) + 𝐶6.

(3,3)

Choose in this inequality 𝛼 = 𝜋(4𝛾)−1. Applying it then to 𝑓 ′(𝑧) instead of 𝑓(𝑧)
(this can be done, since the order and lower order of 𝑓(𝑧) and 𝑓 ′(𝑧) coincide)
((4), p. 52) and taking into account the relation ((5), p. 61)

𝑇 (𝑟, 𝑓 ′) ⩽ 2𝑇 (𝑟, 𝑓) + 4 ln+ 𝑇 (2𝑟, 𝑓) + 4 ln+ 𝑟 + 𝐾15 (0 < 𝑟0 < 𝑟),

from (3,3) we find

∫
0.5𝑅

𝑟0

𝑟−𝛾−1 {𝑟𝔐 (𝑟, 𝑓″

𝑓 ′ )} 𝑑𝑟 ⩽ 𝐾16𝛾 ∫
0.5𝑅

𝑟0

𝑟−𝛾−1𝑇 (𝑟, 𝑓) 𝑑𝑟+
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+𝐶7 ∫
0.5𝑅

𝑟0

𝑟−𝛾−1 ln+ 𝑇 (𝑟, 𝑓) 𝑑𝑟 + 𝐶8𝑅−𝛾{𝑇 (4𝑅, 𝑓) + ln+ 𝑇 (4𝑅, 𝑓)} + 𝐶8.

From this inequality, by means of arguments analogous to those used in (9, 7, 10),
we obtain

lim
𝑟→∞

[𝑇 (𝑟, 𝑓)]−1 {𝑟𝔐 (𝑟, 𝑓″

𝑓 ′ )} ⩽ 𝐾16𝛾.

Letting now 𝛾 tend to 𝜆, we obtain the assertion of the theorem.

For 𝜆 = 𝜌 the proof of Theorem 3 is carried out as follows. Divide inequality (2.2)
with 𝛼 = 𝜋(4𝜌)−1 by 𝑟𝜌(𝑟)+1, where 𝜌(𝑟) is the refined order of the meromorphic
function 𝑓(𝑧), and integrate with respect to 𝑟 from 𝑟0 to 0.5𝑅. Arguing further
analogously to the case 𝜆 < 𝜌, but in estimating the integrals (3.2) using Lemma
2 from (6) (p. 78), we arrive at the relation

∫
0.5𝑅

𝑟0

𝑟−𝜌(𝑟)−1 {𝑟𝔐 (𝑟, 𝑓″

𝑓 ′ )} 𝑑𝑟 ⩽ 𝐾18𝜌 ∫
0.5𝑅

𝑟0

𝑟−𝜌(𝑟)−1𝑇 (𝑟, 𝑓) 𝑑𝑟+

+ 𝐶10 ∫
0.5𝑅

𝑟0

𝑟−𝜌(𝑟)−1 ln+ 𝑇 (𝑟, 𝑓) 𝑑𝑟 +𝐶11𝑅−𝜌(𝑅){𝑇 (4𝑅, 𝑓)+ ln+ 𝑇 (4𝑅, 𝑓)}+𝐶12.

Taking into account the properties of the refined order, we have

lim
𝑅→∞

𝑅−𝜌(𝑅)𝑇 (𝑅, 𝑓) = 1, lim
𝑅→∞

∫
0.5𝑅

𝑟0

𝑟−𝜌(𝑟)−1𝑇 (𝑟, 𝑓) 𝑑𝑟 = ∞.

Using these relations and arguing analogously (cf. (9, 7, 10)) to the case 𝜆 < 𝜌,
we obtain the assertion of the theorem.

§ 4. Theorem 4. Let Δ be the sum of the deficiencies of a meromorphic
function 𝑓(𝑧) of finite lower order 𝜆. Then 𝑓(𝑧) has at least one deficiency
satisfying the condition

𝛿(𝑎) > Δ2(4𝐾2
2𝜆)−1.

For the proof we use Theorem 1 and arguments analogous to (2) (p. 209).

§ 5. Remark. In (7) we obtained the following result, supplementing Theorem
1.
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Theorem 5. The estimate

𝜎1(𝜆) ⩽ 𝐾19
√

𝜆, 0 < 𝜆 < 0.5, (5.1)

is valid, where 𝜎1(𝜆) = sup(𝑓) 𝑆(𝑓), the supremum being taken over all mero-
morphic functions of lower order 𝜆 having at least two deficient values.

With the aid of the method of (2), from this theorem we obtain the following
result.

Theorem 6. If a meromorphic function 𝑓(𝑧) of lower order 𝜆 (𝜆 < 0.5) has at
least two deficient values, then

∑
(𝑎)

𝛿(𝑎) ⩽ 𝐾20𝜆3/2. (5.2)

This theorem strengthens the result of Edrei and Fuchs (8). We have not been
able to establish the sharpness of the estimates (5.1) and (5.2). We suppose
that in (5.2) the exponent 3/2 can be replaced by 2.

Kharkov State University
named after A. M. Gorky

Received
8 VI 1964
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