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Abstract
Full Text

A. 1. VINOGRADOV

ON THE DENSITY AND QUASI-RIEMANN
HYPOTHESES

(Presented by Academician I. M. Vinogradov on 29 IV 1964)

To study the properties of zeros of L-series, Yu. V. Linnik ®) applied the
principle of constructing sums that take a large value at a zero of an L-series.
Here it will be shown how this principle can be supplemented by the estimates
of I. M. Vinogradov () and a new theorem on the zeros of ((s) obtained. In
addition, if this principle is supplemented by the estimates of Burgess 4 or A.
G. Postnikov ®)| then an analogous theorem can be obtained for all L-series
(mod D) having zeros near the real axis.

Theorem 1. For a given T > 1, all zeros of {(s) in the critical strip of height
T can be divided into no more than InT classes {C, C}, ..., C,.} in such a way
that the real part of the zeros of the class C,, satisfies the estimate

Repy < 1_77w

and the total number of zeros of the class C,, having real part > o does not
exceed

T2(1+6V)(170') 1115 T,

where e, =v/InT, 1, = Cyed, v=0,1,...,r <InT.
Proof. Let {(p) =0 and T/2 <Imp < T; then

1

= = —B _
—=0(T"),  p=Rep.
n<T

Multiplying the right- and left-hand sides of this equality by the sum > _ . “flz) ,
we obtain the estimate B

1
> - a, = g w(d), Rep > 7 (1
d|n, n/T<d<T

~—

sovietrxiv.org/items/ru-196401.28263 Machine Translation


https://sovietrxiv.org/items/ru-196401.28263

If we introduce the sum S(n) =3
summation from (1) we find

m<n a,, "7, where v = Im p, then by partial

1+8
T<n<T?

It follows from this that, for the given zero p satisfying Rep > 1/2, T/2 <
Im p < T, there exists an n, from the interval (T, T?) such that

B

1S(,)] > 50 2)

We assign to the class C,, those zeros for which n, lies in the interval (7, T, ),
where

Tu — T1+EV.

Let p € C,. For it, the corresponding sum from (2) can be written in the form

S,ny) = > pdd > m 3)
/d

np/nggT m<n,
I. M. Vinogradov’ s method gives the estimate
Inz\>
gt =2 (—) . 4
Somtcat, =2 (1o @

m<x

In our case x = n,/d > T; hence n > 2cye2. Substituting (4) into (3), we
obtain

1—
|Su(np)‘ < Np 7714’ U = 0063'

Comparing this inequality with the estimate (2), we find
Rep, <« 1—n,.
To study the density of zeros of the class C,,, we “smooth” the sums S, (n,,):

1 o i, (T, 1) _
v —1Y—S
S,(n,) = 5 / S g a,,m ds+ O(1).

1.
mr i1y m<T,
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From this equality we obtain the estimate

2

LT 1
2 —iy—s . _ ;
|Sy(np)\ <</0 —|8| <ET Gy dt + 1; s = o +it.  (5)
m=s4dyq

But the integral on the right-hand side of the resulting inequality is not greater
than

2
n+1
Z InT /“H + Z a, mite| dt, o= L
gl

0<n<t,, T hn |nSTL, InT

Sum the right- and left-hand sides of (5) over all p,, satistying Re p,, > o:

> 18,(n,)P <

Rep, >0
2
lnT Yy, +n+1 ‘ 1
—it
« ¥ o > an | de+ N, (0.7.57).
0<n<T, ¢ Yo YVt m<T,

But in a critical strip of length 1 there lie no more than O(InT") zeros; therefore

Y tn+1 2T, 1
Z/ < lnT~/ .
Yo tn 0

T
Consequently,
2
3 2T 11 ) 1
Z 1S, (n, > < In T/ Z a,,m el dt+ N, (O,T, fT) ;
Rep, >0 0 m<Ty 2

moreover, from (2) there follows the lower estimate

T2? 1
2 v+1
> 1Sum, )P > LN, (05T ).

Rep, >0 41

Comparing the upper and lower estimates, we obtain

N, (0,T) <« T2+e)(1=0) 1n5 T,
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Theorem 1 is proved. It follows from it that the greater the density of zeros in
a class, the farther they are from the unit line.

Let us consider what new information about the distribution of zeros of L-series
this method gives. Let N(o, D) denote the number of zeros of all L-series
(mod D) whose real part is > o, and whose imaginary part is < (In.D)¢. In [3],
for almost all D the estimate

N(O’, D) <« D2(1+1/3+e)(1-0) |n¢1 D

was obtained.

We shall show how this estimate can be differentiated according to classes of
zeros, analogously to how this was done in Theorem 1.

Theorem 2. For a given D > 1, the zeros of all L-series (mod D) satisfying
|Imp| < In“D, Rep > 3/4 can be divided into no more than In D classes
(Cy, Cy, ..., C,) so that the real part of the zeros of the class C,, has the estimate

Rep <1—n,,

and the total number of zeros of the class C,, having real part > o > 3/4 does
not exceed the quantity

D2(1+1/4+5V)(170) In°t D

where

v _ ( 1 ) 1 <0
T LD O U c
is arbitrarily small, and r is an arbitrarily large quantity.
Proof. If L(s,x) has a zero p satisfying Rep > 3/4, |Imp| < In° D, then for

it, just as in the proof of Theorem 1, we obtain the inequality

nB
|S(Xanp)|>7p (D<7’L

s (D<n, < DY), ©)

where

SOen,) = > apxm)= > puld)x(d) > x(m).

m<n, np/nggD mgnp/d

We divide all L-series (mod D) into O(ln D) classes. To the class C, we assign
those for which n, lies in the interval (D,, D, ), where D, = D'*¢v.
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If ¢, > 1/4, then to the sum Y

we obtain

- x(m) we apply Burgess’ s estimate [4];
— P

1-7, 1 1 1
‘Su<Xanp)‘ < Np K b %2 <€V*1***€) ;
Comparing this inequality with estimate (6), we find

Rep, <1-—n,.

In order to obtain the density of zeros in the class C),, we again “smooth” the
sums S, (x,n,), after which we obtain the estimate

2

InD n+1 ) 1
1S, (x,n,) > < Z - Z x(m)a,,m=T| dt, a=—,

0<n<D, nta n m<D,

Summing it over all characters whose L-series have zeros in this class satisfying
Rep, > o, we obtain the estimate:

318, (6,0 m,) 2 < D2,y In° D. )
Xv

* The condition Rep > 3/4 can in principle be replaced by Rep > 1/2, at the cost of complicating the proof

But, on the other hand, from inequality (6) it follows that

2 D},
Z 1S, (X0, m,)|” > WNV(U7D>~ (8)
X
Comparing (7) and (8), we obtain

N,

v

(0, D) « D*1+e)0=0) |n“1 D,
Since Burgess’ s estimates are valid only for £, > 1/4, by combining all classes
with v < ilnD into one class, we obtain Theorem 2.

If one considers only moduli D = p", then the estimates of A. G. Postnikov (°)
are applicable to the character sums
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They are nontrivial beginning with = > D'/™. Accordingly, Theorem 2 takes
the following form:

Theorem 3. If D = p™, n > 4, then the zeros of all L-series ( mod D) satisfying
|Im p| < 1In D can be divided into no more than In D classes (Cy, Cy, ..., C,.) such
that the real part of the zeros of the class C,, has the estimate

Repy < 1_77117

and the total number of zeros of the class C,,, having real part > o > 3/4, does
not exceed the quantity

D2(1+1/”+5u)(1_‘7) Int D,

where e, =v/InD, n, =cyed, v=0,1,...,r.
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