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Abstract
Full Text
PHYSICS

G. A. SOKOLIK, N. P. KONOPLEVA

CONSTRUCTIVE THEORY OF COMPEN-
SATING FIELDS
(Presented by Academician N. N. Bogolyubov, 2 IX 1963)

1. In this paper an attempt is made to find the effective form of compensating
fields as connection coefficients in the space of internal degrees of freedom (1−3).
Consider the gauge local group 𝜓′ = 𝑆(𝑥)𝜓,

𝑆 = exp[𝜀𝑎(𝑥)𝐼𝑎]; [𝐼𝑎𝐼𝑏] = 𝐶𝑐
𝑎𝑏𝐼𝑐.

Generalizing Noether’s theorem to the case of a local group (1−3), we have:

ℒ = ℒ(𝜓; ∇𝑖𝜓), ∇𝑖 = 𝜕𝑖 − 𝐴𝑎
𝑖 𝐼𝑎,

𝛿ℒ = 𝜕ℒ
𝜕𝜓 𝛿𝜓 + 𝜕ℒ

𝜕∇𝑖𝜓
𝛿∇𝑖𝜓 = 0. (1)

To compensate the terms arising owing to 𝜀𝑎 = 𝜀𝑎(𝑥), it is necessary to introduce
a nontensor field 𝐴𝑎

𝑖 :

𝛿𝐴𝑎
𝑖 = 𝜀𝑏𝐶𝑎

𝑏𝑐𝐴𝑐
𝑖 + 𝜕𝑖𝜀𝑎; (2)

the derivative ∇𝑖 can be obtained from the condition of covariance of the wave
equation ℒ𝑖𝜕𝑖𝜓 + 𝑚𝜓 = 0 with respect to 𝜓′ = 𝑆𝜓. Then

𝑆ℒ𝑖𝑆−1 = ℒ𝑖, 𝜕𝑖 → ∇𝑖 = 𝜕𝑖 − 𝐴𝑎
𝑖 𝐼𝑎, 𝐴𝑎

𝑖 = 𝑒𝜀𝑒𝐶𝑏
𝑒𝑎 (𝐴𝑏

𝑖 + 𝑁 𝑏
𝑐 𝜕𝑖𝜀𝑐) ,

𝑁 𝑏
𝑎 = ∫

1

0
exp[−𝑡𝜀𝑒𝐶𝑏

𝑒𝑎] 𝑑𝑡

(passing to infinitesimal transformations, we obtain (2)).

Expanding 𝛿ℒ and taking into account
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∇𝑖
𝜕ℒ

𝜕∇𝑖𝜓
− 𝜕ℒ

𝜕𝜓 = 0, [𝛿𝜕] = 0,

we obtain

𝜕
𝜕𝑥𝑖

( 𝜕ℒ
𝜕∇𝑖𝜓

𝐼𝑎𝜓) = 𝐴𝑐
𝑖 𝐶𝑎

𝑐𝑏𝐽 𝑏
𝑖 . (3)

Thus the conservation current has the form

𝐽𝑎
𝑖 = 𝜕ℒ

𝜕∇𝑖𝜓
𝐼𝑎𝜓,

where

∇𝑖𝐽𝑎
𝑖 = 𝜕𝑖𝐽𝑎

𝑖 + 𝐴𝑐
𝑖 𝐶𝑎

𝑐𝑏𝐽 𝑏
𝑖 . (4)

From ℒ = ̄𝜓(ℒ𝑖𝜕𝑖𝜓 + 𝑚)𝜓 it follows that

𝐽𝑎
𝑖 = ̄𝜓ℒ𝑖𝐼𝑎𝜓.

Taking into account the Lagrangian of the free field ℒ0[𝐴0
𝑖 ], in which 𝐴0

𝑖 enters
only in the form of the tensor

𝐹 𝑎
𝑖𝑘 = (𝜕𝑖𝐴𝑎

𝑘 − 𝜕𝑘𝐴𝑎
𝑖 ) − 1

2𝐶𝑎
𝑏𝑐(𝐴𝑏

𝑖𝐴𝑐
𝑘 − 𝐴𝑏

𝑘𝐴𝑐
𝑖 ),

transforming according to the adjoint group of the gauge group 𝜓′ = 𝑆𝜓 (1),

𝛿𝐹 𝑎
𝑖𝑘 = 𝜀𝑏(𝑥)𝐶𝑎

𝑏𝑐𝐹 𝑐
𝑖𝑘,

as a result of which ℒ0 preserves gauge invariance, and the homogeneous conser-
vation law 𝜕𝑖𝑗𝑎

𝑖 = 0 is replaced by the inhomogeneous one 𝜕𝑖𝐽𝑎
𝑖 + 𝑓𝑎 = 𝐴𝑐

𝑖 𝐶𝑎
𝑐𝑏𝐼𝑏

𝑖 ,

where 𝑓𝑎 = 𝜕ℒ0
𝜕𝐹 𝑏

𝑖𝑘
𝐶𝑏

𝑎𝑐𝐹 𝑐
𝑖𝑘.

It is interesting that in the case of the gravitational field, for ℒ0 = 𝐹 𝑎
𝑖𝑘𝐹 𝑎

𝑖𝑘,
𝑓𝑎 ≡ 0, since 𝑓𝑎 = 𝐶𝑏

𝑎𝑐𝐹 𝑎
𝑖𝑘𝐹 𝑐

𝑖𝑘 = 0 (1), because for compact groups 𝐶𝑎𝑐
𝑏 are

completely antisymmetric: 𝐶𝑎
𝑏𝑐 = −𝐶𝑎

𝑐𝑏; 𝐶𝑎
𝑏𝑐 = −𝐶𝑐

𝑏𝑎. Thus only a deviation
from the Euclidean metric, which is connected with allowance for gravitation,
leads to 𝑓𝑎 ≠ 0. In this case:

ℒ0 = 𝑔𝑏𝑐(𝑥)𝐹 𝑏
𝑖𝑘𝐹 𝑐

𝑖𝑘.
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2. In order to express 𝐴𝑎
𝑖 effectively, we use the relation 𝛿𝐴𝑎 = 𝜀𝑒𝐶𝑎

𝑒𝑏𝑋𝑏,
where 𝑋𝑎 define the basis of the adjoint group (4): 𝑋𝑎 = 𝐶𝑏

𝑎𝑐𝑋𝑏𝜕𝑐. Then

𝐴𝑎
𝑖 = 𝐶𝑏

𝑎𝑐Ω𝑏𝜕𝑖Ω𝑐,
𝐶𝑏′

𝑎𝑐𝐶𝑏
𝑒𝑐Ω𝑏′Ω𝑐′ = 𝛿𝑎𝑒.

(5)

The quantities Ω𝑎 may be regarded as a frame specified in the space of internal
degrees of freedom. The adjoint group

𝛿Ω𝑎 = 𝜀𝑒(𝑥)𝐶𝑎
𝑒𝑏Ω𝑏,

where 𝑆 is regarded as its representation, induces, as is easy to see, the trans-
formation 𝐴𝑎

𝑖 (2), if one takes into account the Jacobi identity.

The results obtained are close to the ideas of (5) on the connection between
ordinary and isotopic space. Indeed, note that 𝐴𝑎

𝑖 can be represented as a mass
operator by substituting (5) into

ℒ𝑖(𝜕𝑖 − 𝐴𝑎
𝑖 𝐼𝑎)𝜓 + 𝑚𝜓 = 0

and introducing the coordinates of isospace 𝜔 (6,7) and the periodicity condition
𝜔𝑎 = exp [2𝑚𝑎

Λ ]. Then

ℒ𝑖𝜕𝑖𝜓(𝑥, 𝜔) + 𝑀𝜓(𝑥, 𝜔) = 0. (6)

The expression for the mass operator is:

𝑀 = 𝑚 + 𝑚𝑖
Λ ℒ𝑖𝐼𝑎𝐶𝑐

𝑎𝑏 (𝜔𝑏
𝜕

𝜕𝜔𝑐
− 𝜔𝑐

𝜕
𝜕𝜔𝑏

) ,

where Λ is a constant with the dimension of length; it coincides with that given
in (6) for particles of arbitrary spatial and isotopic spins, and in the present
work the term corresponding to the isospin group arises because of its locality,
i.e., through the connection with ordinary space.

3. In the case of an Abelian gauge group 𝑆 = exp[𝑖𝑎(𝑥)], the compensating
field has the form

𝐴𝑖 = Ω𝜕𝑖Ω, ΩΩ = 1.

For Ω′ = 𝑆Ω, 𝐴′
𝑖 = 𝐴𝑖 + 𝑖𝜕𝑖𝛼 (gradient transformations). Passing to the vari-

ables Ω = 𝑒𝑖𝜑 (𝜑′ = 𝜑 + 𝛼), we have 𝐴𝑖 = 𝑖𝜕𝑖𝜑. In other words, in the case of
an Abelian group, 𝐴𝑖 is given by a gradient (8).
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4. Comparing expression (5) for 𝐴𝑎
𝑖 as a connection coefficient in an isospace

with the Ricci coefficient

Δ𝜎(𝑖, 𝑘) = Ω𝜏(𝑗)Ω𝜆(𝑘)𝑀𝛾𝛼𝛽
𝜎𝜏𝜆 Ω𝛾(𝑗)𝜕𝛼Ω𝛽(𝑗),

𝑀𝛾𝛼𝛽
𝜎𝜏𝜆 = 1

2 (𝛿𝛾
𝜎𝛿𝛼

𝜏 𝛿𝛽
𝜆 + 𝛿𝛾

𝜆𝛿𝛼
𝜏 𝛿𝛽

𝜎 + 𝛿𝛾
𝜏 𝛿𝛼

𝜎 𝛿𝛽
𝜆 − 𝛿𝛾

𝜎𝛿𝛼
𝜆 𝛿𝛽

𝜏 − 𝛿𝛾
𝜆𝛿𝛼

𝜎 𝛿𝛽
𝜏 − 𝛿𝛾

𝜏 𝛿𝛼
𝜆 𝛿𝛽

𝜎) ,

which is the compensating field induced by the local Lorentz group:

ℒ𝑖𝑖′ = exp [𝜀𝑙𝑘(𝑥)𝑀 𝑙𝑘
𝑖𝑖′] ,

𝛿Δ𝜎(𝑖, 𝑘) = 𝜀𝑙𝑛𝐶 𝑙𝑛
𝑖𝑘;𝑠𝑝Δ𝜎(𝑠, 𝑝) + 𝜕𝜎𝜀𝑖𝑘

or

Δ′
𝜎(𝑖, 𝑘) = ℒ𝑖𝑖′ℒ𝑘𝑘′Δ𝜎(𝑖′, 𝑘′) + 𝑀 𝑖𝑘

𝑠𝑝𝜕𝜎𝜀𝑠𝑝,

where

[𝐼𝑖𝑘𝐼𝑙𝑠] = 𝐶 𝑛𝑚
𝑖𝑘;𝑙𝑠𝐼𝑛𝑚, 𝑀 𝑖𝑘

𝑠𝑝 = 1
2 (𝛿𝑖

𝑠𝛿𝑘
𝑝 − 𝛿𝑖

𝑝𝛿𝑘
𝑠 ) .

Let us note that gravitation is the only compensating field induced by a group
specified in the same space as the field itself. In other words, gravitation has
a universal character. If this circumstance is connected with the idea of a
hierarchy of interactions, according to which the weakening of an interaction
is associated with an enlargement of the symmetry group, then it follows from
the universality of gravitation that the gravitational interaction is minimal and
does not correspond to any degree of homogeneity.

In conclusion, the authors express their gratitude to Prof. K. P. Staniukovich
for his interest in the work and for valuable discussions.

Scientific Research Institute of Electromechanics
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