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Abstract
Full Text

B. A. Kushner

ON RIEMANN INTEGRATION IN CON-
STRUCTIVE ANALYSIS
(Presented by Academician P. S. Novikov, 7 I 1964)

In this note we use the definitions and results of works (1−6). In particular: 1)
as the precise notion of an algorithm we take the notion of a normal algorithm
(1); 2) if 𝔄 is some algorithm, then the symbol {𝔄} denotes the record of this
algorithm (6); 3) if 𝑃 is the record of some algorithm, then the symbol ⟨𝑃 ⟩
denotes this algorithm (6); 4) if 𝔄 is an algorithm in the alphabet 𝐴, and 𝑃 is
a word in this alphabet, then the symbol 𝔄𝑃 denotes an algorithm, constructed
in a certain way (2), such that 𝔄𝑃 (𝑄) ≃ 𝔄(𝑃𝑄) for any word 𝑄 in the alphabet
𝐴.

Below, by a“function”we shall everywhere mean a constructive function defined
everywhere on the segment 0△1. By virtue of a well-known theorem of Tseitin
(2), every function is continuous on the segment 0△1.

As usual, we shall call a sequence of constructive objects of a given type an
algorithm that transforms each natural number into an object of this type. By
a sequence of functions we shall mean a sequence of records of functions.

All our further definitions and results concern integration on the segment 0△1;
therefore mention of the segment 0△1 will often be omitted.

1. A word 𝑃 of the form

𝑟0 ∗ 𝑥0 ∗ 𝑟1 ∗ 𝑥1 ∗ ⋯ ∗ 𝑟𝑛−1 ∗ 𝑥𝑛−1 ∗ 𝑟𝑛,

where 𝑟𝑚 (𝑚 = 0, … , 𝑛) are rational numbers such that 𝑟0 = 0, 𝑟𝑛 = 1,
𝑟𝑘 < 𝑟𝑘+1, and 𝑥𝑘 (𝑘 = 0, … , 𝑛−1) are duplexes such that 𝑟𝑘 ≤ 𝑥𝑘 ≤ 𝑟𝑘+1,
will be called an integral partition, and

max
0≤𝑘≤𝑛−1

(𝑟𝑘+1 − 𝑟𝑘)

the mesh of this integral partition. One can construct an algorithm ℑ
such that, for every integral partition 𝑃 and every function 𝑓 , the equality

ℑ({𝑓}□𝑃) =
𝑛−1
∑
𝑘=0

𝑓(𝑥𝑘)(𝑟𝑘+1 − 𝑟𝑘).

holds.
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Let 𝑓 be a function. Every word of the form {𝑓}□𝑃 □ 𝑦, where 𝑃 is an integral
partition and 𝑦 is a duplex such that 𝑦 = ℑ({𝑓}□𝑃), will be called an integral
sum of the function 𝑓 . The duplex 𝑦 and the mesh of the integral partition
𝑃 will be called, respectively, the value and the mesh of the integral sum
{𝑓}□𝑃 □ 𝑦. It is easy to construct algorithms 𝔰 and 𝜋 that transform every
integral sum, respectively, into its value and into its mesh.

We shall say that a function 𝑓 is Riemann integrable on 0△1 if one can
construct an algorithm 𝛿 of type (ℕ → ℕ) such that, for any integral sums 𝑆1
and 𝑆2 of the function 𝑓 satisfying the conditions

𝜋(𝑆1) < 2−𝛿(𝑚) and 𝜋(𝑆2) < 2−𝛿(𝑚),

the inequality
|𝔰(𝑆1) − 𝔰(𝑆2)| < 2−𝑚

holds. In this case we shall call the algorithm 𝛿 a regulator of integrability
of the function 𝑓 .

A sequence 𝑆 of integral sums of a function 𝑓 will be called convergent if
𝜋(𝑆(𝑛)) → 0 as 𝑛 → ∞. Having a regulator of integrability of the function
𝑓 , one can construct a duplex 𝑧 such that, for any convergent sequence 𝑆 of
integral sums of this function, 𝛿(𝑆(𝑛)) → 𝑧 as 𝑛 → ∞. We shall call this duplex
the Riemann integral of the function 𝑓 .

In what follows the following lemma is essential.

Lemma 1. Let Φ be an exact segment, disjoint, singular covering of 0△1 (see
(3)), 𝔇 an algorithm, 𝜔 a sequence of functions, 𝜑 a function, and suppose that
for every 𝑘 on the segments Φ0, … , Φ𝑘 the equality

𝜑(𝑥) = ⟨𝜔(𝑘)⟩(𝑥)

holds. Then one can construct an algorithm 𝔄 such that, for every word 𝑃 in the
alphabet of the algorithm 𝔇, the algorithm 𝔄𝑃□ is a function and the following
conditions are satisfied: if ¬!𝔇(𝑃), then 𝔄𝑃□(𝑥) = 𝜑(𝑥) everywhere on 0△1;
if 𝔇 terminates its work on 𝑃 in exactly 𝑘 steps, then 𝔄𝑃□(𝑥) = ⟨𝜔(𝑘)⟩(𝑥)
everywhere on 0△1.

The proof is carried out by means of the following construction. Using the
theorem on a universal algorithm, we construct an algorithm 𝔅1 so that

𝔅1(𝜉𝑓 ⊃ □𝑥) ≃ 𝑓(𝑥)

for any function 𝑓 and any duplex 𝑥. We construct an algorithm 𝔅2 so that
𝔅2(𝑃□𝑛) = 𝑘, if 𝑘 < 𝑛 and 𝔇 terminates its work on 𝑃 in exactly 𝑘 steps, and
𝔅2(𝑃□𝑛) = Λ, if 𝔇 does not terminate its work on 𝑃 in 𝑛 steps. By 𝐿 we
denote the bounding algorithm of the covering Φ (3).
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Using the theorems on the combination of algorithms, we construct an algorithm
𝔄 so that:

𝔄(𝑃□𝑥) ≃ 𝜑(𝑥), if 𝔅2(𝑃□𝐿(𝑥)) = Λ;
𝔄(𝑃□𝑥) ≃ 𝔅1(𝜔(𝔅2(𝑃□𝐿(𝑥)))□𝑥), if 𝔅2(𝑃□𝐿(𝑥)) ≠ Λ.

It can be shown that 𝔄 satisfies the conclusion of the lemma.

Taking as 𝔇 an algorithm with an undecidable problem of recognizing applica-
bility, and choosing the sequences 𝜔 and the function 𝜑 in a special way, one
can prove the following theorems.

Theorem 1. There is no algorithm which transforms every word of the form
𝜉𝑓 ⊃ □𝑢, where 𝑓 is a Riemann-integrable function bounded by the number 1,
and 𝑢 is its Riemann integral, into a record of a regulator of integrability of the
function 𝑓 .

Theorem 2. There is no algorithm transforming a record of every Riemann-
integrable function 𝑓 bounded by the number 1 into the Riemann integral of
the function 𝑓 .

We shall say that a function 𝑓 is effectively nonintegrable in the Riemann
sense on 0△1, if there exist convergent sequences 𝑆 and 𝑇 of integral sums of
the function 𝑓 and a rational number 𝑟 > 0 such that, for every 𝑛, the inequality

|𝛿(𝑆(𝑛)) − 𝛿(𝑇 (𝑛))| ≥ 𝑟

holds.

Theorem 3. Bounded functions can be constructed which are effectively non-
integrable in the Riemann sense on 0△1.

Remark 1. Theorems 1–3 remain valid for the class of infinitely differentiable
functions.

Remark 2. The functions used in the proof of Theorem 3 are effectively nonuni-
formly continuous on 0△1. However, there exist effectively uniformly continu-
ous functions on 0△1 which are Riemann integrable. Such, for example, is the
function from Theorem 5.2 (4).
For differentiable functions, a theorem analogous to Theorem 2 was proved by
G. E. Mints (7). As G. S. Tseitin informed the author, Theorem 3 had been
known earlier.

Using Lemma 1 and the functions constructed for the proof of Theorem 3, one
can prove the following theorem.

Theorem 4. There is no algorithm applicable to a record of a function 𝑓 if and
only if 𝑓 is Riemann integrable (nonintegrable).

(The set of Riemann-integrable (nonintegrable) functions is not recursively enu-
merable.)
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2. In this subsection, everywhere, as the notion of integral and integrability,
the general notion of integral and integrability proposed in (3) is used.

Lemma 2. Let the function 𝑓 be integrable, let the duplex 𝑢 be its integral, and
let 𝑥 be a point of 0△1 such that 𝑓(𝑥) > 𝑢. Then there exists a rational point 𝑟
of 0△1 such that 𝑓(𝑟) < 𝑢.

It follows from this lemma that any two integrals of one and the same function
are equal. Lemma 2 is used in the proof of the following theorems.

Theorem 5. There is no algorithm which transforms a record of every bounded-
by-1 integrable function 𝑓 into an integral of the function 𝑓.

Theorem 6. There is no algorithm which transforms every word of the form
𝜉{𝑓}□𝑢, where 𝑓 is an integrable function, 𝑢 is its integral, into a duplex 𝑦 from
0△1 such that 𝑓(𝑦) = 𝑢.

Theorem 7. One can construct an algorithm which transforms every word of
the form 𝜉{𝑓}□𝑢, where 𝑓 is an integrable function, 𝑢 is its integral, into a
quasinumber conditionally belonging to 0△1 and conditionally assigning to the
function 𝑓 a value equal to its integral.

The proof of this theorem is analogous to the proof of Theorem 2 from § 5 of
paper (5).

Theorem 6 shows that, in constructive analysis, the theorem on the mean value
of integral calculus is not carried over in its literal formulation. However, by
virtue of Theorem 7, it cannot be refuted by an example.

In conclusion, the author expresses deep gratitude to A. A. Markov and N. M.
Nagornyi for their attention to the work and valuable advice.
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