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Abstract
Full Text
HYDROMECHANICS

S. S. VOIT

WAVES EXCITED BY A PERIODIC SYSTEM
OF PRESSURES MOVING OVER THE SUR-
FACE OF A ROTATING LIQUID
(Presented by Academician P. Ya. Kochina, 28 IX 1963)

Let a liquid occupying the half-space 𝑧 < 0 rotate with constant angular velocity
𝜔 about the vertical axis. We choose a rectangular coordinate system rotating
together with the liquid about the axis 𝑂𝑧, and denote by 𝑢, 𝑣, 𝑤 the components,
relative to these axes, of the velocity of a particle passing at the instant 𝑡 through
the point (𝑥, 𝑦, 𝑧). We write the linearized equations of motion in the form

𝜕𝑢
𝜕𝑡 − 2𝜔𝑣 = 𝜕𝑃

𝜕𝑥 ,
𝜕𝑣
𝜕𝑡 + 2𝜔𝑢 = 𝜕𝑃

𝜕𝑦 ,
𝜕𝑤
𝜕𝑡 = 𝜕𝑃

𝜕𝑧 ,

(1)

where

𝑃(𝑥, 𝑦, 𝑧, 𝑡) = −1
𝜌 [𝑝0(𝑥, 𝑦, 𝑡) + 𝑝1(𝑥, 𝑦, 𝑧, 𝑡)] − 𝑔𝜉(𝑥, 𝑦, 𝑡).

Here 𝑝1(𝑥, 𝑦, 𝑧, 𝑡) is the dynamic part of the pressure due to the relative motion
of the liquid particles, 𝑝0(𝑥, 𝑦, 𝑡) is the pressure applied to the free surface of
the liquid, and 𝜉(𝑥, 𝑦, 𝑡) is the deviation of the free surface of the liquid from its
equilibrium state.

The system of equations (1), under the assumption of constant pressure
𝑝0(𝑥, 𝑦, 𝑡), was used by Brillouin and Coulomb (1) in the problem of the free
and forced oscillations of a heavy liquid in a rotating circular cylinder. In
contrast to the equations of motion of long waves, system (1) takes into account
the vertical acceleration of the liquid particles.

The elevation of the free surface of the liquid is determined by the formula

𝜉(𝑥, 𝑦, 𝑡) = −1
𝑔 𝑃(𝑥, 𝑦, 0, 𝑡) − 1

𝜌𝑔 𝑝0(𝑥, 𝑦, 𝑡). (2)
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The boundary condition for the function 𝑃(𝑥, 𝑦, 𝑧, 𝑡) has the form

𝜕𝑃(𝑥, 𝑦, 0, 𝑡)
𝜕𝑧 + 1

𝑔
𝜕2𝑃(𝑥, 𝑦, 0, 𝑡)

𝜕𝑡2 = − 1
𝜌𝑔

𝜕2𝑝0(𝑥, 𝑦, 𝑡)
𝜕𝑡2 . (3)

The system of equations (1), taking into account the equation of continuity
div v = 0, is reduced to the equation

𝜕2

𝜕𝑡2 Δ𝑃 + 4𝜔2 𝜕2𝑃
𝜕𝑧2 = 0, (4)

where Δ𝑃 is the Laplace operator in the variables 𝑥, 𝑦, 𝑧.

We shall use equation (4) to solve the problem of waves excited by a system of
pressures periodic in time and applied to the surface of the liquid in a region 𝐺,
the region 𝐺 moving over the free surface of the liquid with constant velocity 𝑐
in the direction of the axis 𝑂𝑥. Put

𝑝0(𝑥, 𝑦, 𝑡) = ̄𝑝0(𝑥 − 𝑐𝑡, 𝑦)𝑒𝑖𝜎𝑡 = ̄𝑝0(𝑥′, 𝑦)𝑒𝑖𝜎𝑡. (5)

If the region 𝐺 is a rectangle with sides 2𝑎 and 2𝑏, and the amplitude of the
pressures throughout the region is constant and equal to 𝑝0, then ̄𝑝0(𝑥′, 𝑦)
can be represented in the form

̄𝑝0(𝑥′, 𝑦) = 𝑝0
𝜋2 ∫

∞

0
sin 𝑎𝛼 𝑒𝑖𝛼𝑥′ 𝑑𝛼

𝛼 ∫
∞

−∞
sin 𝑏𝛽 𝑒𝑖𝛽𝑦 𝑑𝛽

𝛽 +

+ 𝑝0
𝜋2 ∫

∞

0
sin 𝑎𝛼 𝑒−𝑖𝛼𝑥′ 𝑑𝛼

𝛼 ∫
∞

−∞
sin 𝑏𝛽 𝑒𝑖𝛽𝑦 𝑑𝛽

𝛽 . (6)

Putting 𝑝1(𝑥, 𝑦, 𝑧, 𝑡) = ̄𝑝1(𝑥′, 𝑦, 𝑧)𝑒𝑖𝜎𝑡, 𝜁(𝑥, 𝑦, 𝑡) = ̄𝜁(𝑥′, 𝑦)𝑒𝑖𝜎𝑡, 𝑃(𝑥, 𝑦, 𝑧, 𝑡) =
̄𝑃 (𝑥′, 𝑦, 𝑧)𝑒𝑖𝜎𝑡, from equation (4) for the function ̄𝑃 (𝑥′, 𝑦, 𝑧) we obtain

𝑐2 𝜕2

𝜕𝑥′2 Δ ̄𝑃 − 2𝑖𝜎𝑐 𝜕
𝜕𝑥′ Δ ̄𝑃 − 𝜎2Δ ̄𝑃 + 4𝜔2 𝜕2 ̄𝑃

𝜕𝑧2 = 0. (7)

The boundary condition (3) is transformed to the form

𝑔 𝜕 ̄𝑃
𝜕𝑧 − 𝜎2 ̄𝑃 − 2𝑖𝜎𝑐 𝜕 ̄𝑃

𝜕𝑥′ + 𝑐2 𝜕2 ̄𝑃
𝜕𝑥′2 =

= −1
𝜌 [𝑐2𝜕2 ̄𝑝0(𝑥′, 𝑦)

𝜕𝑥′2 − 2𝑖𝜎𝑐 𝜕 ̄𝑝0(𝑥′, 𝑦)
𝜕𝑥′ − 𝜎2 ̄𝑝0(𝑥′, 𝑦)] for 𝑧 = 0. (8)
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Solving equation (7) with boundary condition (8) and using formula (2) for the
elevation of the liquid, we obtain

̄𝜁(𝑥′, 𝑦) = − ̄𝑝0(𝑥′, 𝑦)
𝜌𝑔 − 𝑝0

𝜋2𝜌 ∫
∞

0
(𝑐𝛼 − 𝜎)√(𝑐𝛼 − 𝜎)2 − 4𝜔2

× sin 𝑎𝛼
𝛼 𝑒𝑖𝛼𝑥′ 𝑑𝛼 ∫

∞

−∞

sin 𝑏𝛽 𝑒𝑖𝛽𝑦

𝑔√𝛼2 + 𝛽2 − (𝑐𝛼 − 𝜎)√(𝑐𝛼 − 𝜎)2 − 4𝜔2
𝑑𝛽
𝛽 −

− 𝑝0
𝜋2𝜌 ∫

∞

0
(𝑐𝛼 + 𝜎)√(𝑐𝛼 + 𝜎)2 − 4𝜔2 sin 𝑎𝛼

𝛼 𝑒−𝑖𝛼𝑥′ 𝑑𝛼

× ∫
∞

−∞

sin 𝑏𝛽 𝑒𝑖𝛽𝑦

𝑔√𝛼2 + 𝛽2 − (𝑐𝛼 + 𝜎)√(𝑐𝛼 + 𝜎)2 − 4𝜔2
𝑑𝛽
𝛽 . (9)

Here, in the inner integrals of this formula, a definite rule is established for
bypassing the poles, ensuring fulfillment of the radiation conditions.

We shall carry out an asymptotic analysis of the integrals of formula (9) for
large values of the parameter 𝑋 = 𝑥/𝑙, where 𝑙 is the characteristic size of the
region 𝐺 (for example, 𝑙 = 𝑎), with bounded values of |𝑦|.
Passing to integration with respect to the complex variable 𝛽, after first spec-
ifying the value of the root √𝛼2 + 𝛽2 in the 𝛽-plane, we transform the inner
integrals of formula (9) by methods of contour integration. As a result, for
𝑥 ≫ 𝑎 and |𝑦| < 𝑏 we obtain

𝜁(𝑥, 𝑦, 𝑡) = 𝑝0𝑒𝑖𝜎𝑡

𝜋𝜌𝑔 ∫
∞

0
(𝑐𝛼 − 𝜎)√(𝑐𝛼 − 𝜎)2 − 4𝜔2 sin 𝑎𝛼

𝛼 𝑒𝑖𝛼𝑥′×

× { 1
(𝑐𝛼 − 𝜎)√(𝑐𝛼 − 𝜎)2 − 4𝜔2 − 𝑔𝛼

[1 − cos(𝑦√𝐹1(𝛼))𝑒−𝑖𝑏√𝐹1(𝛼)]

− 1
(𝑐𝛼 − 𝜎)√(𝑐𝛼 − 𝜎)2 − 4𝜔2 + 𝑔𝛼

cos(𝑦√𝐹1(𝛼))𝑒−𝑖𝑏√𝐹1(𝛼)} 𝑑𝛼+

+𝑝0𝑒𝑖𝜎𝑡

𝜋𝜌𝑔 ∫
∞

0
(𝑐𝛼 + 𝜎)√(𝑐𝛼 + 𝜎)2 − 4𝜔2 sin 𝑎𝛼

𝛼 𝑒−𝑖𝛼𝑥′×

× { 1
(𝑐𝛼 + 𝜎)√(𝑐𝛼 + 𝜎)2 − 4𝜔2 − 𝑔𝛼

[1 − cos (𝑦√𝐹2(𝛼)) 𝑒−𝑖𝑏√𝐹2(𝛼)]
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− 1
(𝑐𝛼 + 𝜎)√(𝑐𝛼 + 𝜎)2 − 4𝜔2 + 𝑔𝛼

cos (𝑦√𝐹2(𝛼)) 𝑒−𝑖𝑏√𝐹2(𝛼)} 𝑑𝛼 + 𝐼2. (10)

Here

𝐹𝑗(𝛼) = 1
𝑔2 (𝑐𝛼 ∓ 𝜎)2 [(𝑐𝛼 ∓ 𝜎)2 − 4𝜔2] − 𝛼2 (𝑗 = 1, 2). (11)

The term 𝐼2 contains double integrals whose integrands have no singularities in
the domain of integration; they are easily estimated asymptotically, and it can
be shown that they are of order not exceeding 1/𝑥. This term does not give wave
elevations and characterizes the“deflection”of the free surface of the liquid, i.e.,
a certain oscillation of the free surface about the equilibrium position, decaying
with distance from the region 𝐺.

Carrying out an analysis of the positions of the roots of the polynomials 𝐹𝑗(𝛼)
in the plane of the complex variable 𝛼, depending on the relation between the
parameters 𝜎, 𝑐, 𝜔, and 𝑔, we determine the position of the branch points of
the roots √𝐹𝑗(𝛼). Passing to integration in the plane of the complex variable
𝛼 makes it possible to conclude that the leading terms of order 1/√𝑥 in the
asymptotic expansion are determined by the branch points of the roots √𝐹𝑗(𝛼)
located on the real axis. These terms are computed, and the final asymptotic
representation for the elevation of the liquid 𝜁(𝑥′, 𝑦, 𝑡) has, for 𝜎 > 2𝜔, the form

𝜁(𝑥′, 𝑦, 𝑡) = 𝐴𝑒𝑖(𝜎𝑡−𝛼′
1𝑥′) 1√

𝑥′ + 𝑂 ( 1
𝑥′ ) (𝑥′ > 0); (12)

𝜁(𝑥′, 𝑦, 𝑡) = (𝐵𝑒𝑖𝛼1𝑥′ + 𝐶𝑒𝑖𝛼2𝑥′ + 𝐷𝑒−𝑖𝛼′
1𝑥′) 𝑒𝑖𝜎𝑡

√|𝑥′|
+ 𝑂 ( 1

𝑥′ ) (𝑥′ < 0),
(13)

where 𝛼𝑖 and 𝛼′
𝑖 are the real roots of the polynomials 𝐹1(𝛼) and 𝐹2(𝛼), respec-

tively.

For 𝜎 < 2𝜔,

𝜁(𝑥′, 𝑦, 𝑡) = 𝑂 ( 1
𝑥′ ) (𝑥′ > 0); (14)

𝜁(𝑥′, 𝑦, 𝑡) = [𝐵1𝑒𝑖(𝜎𝑡+𝛼1𝑥′) + 𝐷1𝑒𝑖(𝜎𝑡−𝛼′
1𝑥′)] 1

√|𝑥′|
+ 𝑂 ( 1

𝑥′ ) (𝑥′ < 0). (15)

The coefficients of the asymptotic expansion are known functions of the param-
eters 𝜎, 𝑐, 𝜔, 𝑔. The terms with coefficient 𝐴 in formula (12) and 𝐶 in formula
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(13) are present under the condition that the speed of displacement of the region
𝐺 is less than a certain critical value 𝑐0.

Thus, in the case 𝜎 > 2𝜔 and when the speed of displacement of the pressures is
less than 𝑐0, three systems of waves are formed behind the region 𝐺, of which two
propagate away from the region 𝐺, i.e., in the direction opposite to the direction
of displacement of the pressures, while one system propagates after the region,
i.e., in the same direction in which the pressures are displaced. Ahead of the
region 𝐺, only one system of waves propagates, in the direction in which the
pressures are displaced.

If the region 𝐺 moves with a speed exceeding the critical value 𝑐0, then no waves
are formed ahead of the region, while behind the region 𝐺 only two systems of
waves propagate in the direction opposite to the direction of displacement of
the pressures.

In the case 𝜎 < 2𝜔, irrespective of the speed of displacement of the pressures, no
waves are formed ahead of the region 𝐺, while behind the region 𝐺 two systems
of waves are formed, of which one propagates in the direction of displacement
of the pressures and the other in the opposite direction.

A number of special cases of the general formula obtained are of independent
interest.

1. If the fluid is not rotating (𝜔 = 0), then the roots of the polynomials 𝐹𝑖(𝛼)
can be found explicitly, and as a result, after separating the real part, we
obtain, retaining terms of order 1/

√
𝑥′:

𝜉(𝑥′, 𝑦, 𝑡) = −2√𝜋𝜌𝑏
𝜋𝜌𝑔𝑐 √ 𝑔Ω1

√𝑔2 − 4𝜎𝑐𝑔
sin 𝑎Ω1

2𝑐2 cos (𝜎𝑡 − 𝑥′Ω1
2𝑐2 − 𝜋

4 ) 1√
𝑥′ (16)

for 𝑥′ > 0 and 0 < 𝑐 < 𝑐0 = 𝑔/4𝜎;

𝜉(𝑥′, 𝑦, 𝑡) = −2√𝜋𝜌𝑏
𝜋𝜌𝑔𝑐 {√ 𝑔Ω2

√𝑔2 + 4𝜎𝑐𝑔
sin 𝑎Ω2

2𝑐2 cos (𝜎𝑡 + 𝑥′Ω2
2𝑐2 − 𝜋

4 )

+ √ 𝑔Ω3
√𝑔2 + 4𝜎𝑐𝑔

sin 𝑎Ω3
2𝑐2 cos (𝜎𝑡 + 𝑥′Ω3

2𝑐2 + 𝜋
4 )

+ √ 𝑔Ω4
√𝑔2 + 4𝜎𝑐𝑔

sin 𝑎Ω4
2𝑐2 cos (𝜎𝑡 − 𝑥′Ω4

2𝑐2 − 𝜋
4 ) } 1

√|𝑥′|
(17)

for 𝑥′ < 0, 0 < 𝑐 < 𝑐0 = 𝑔/4𝜎,
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where

Ω1,4 = 𝑔 − 2𝜎𝑐 ∓ √𝑔2 − 4𝜎𝑐𝑔, Ω2,3 = 𝑔 + 2𝜎𝑐 ∓ √𝑔2 + 4𝜎𝑐𝑔.

For 𝑐 > 𝑔/4𝜎 there is no wave motion in front of the region 𝐺, and in formula
(16) the single term should be deleted; likewise, in formula (17) the last term
should be deleted.

As 𝑐 → 0, the roots 𝛼2
3 = Ω3/2𝑐2 and 𝛼2

4 = Ω4/2𝑐2 tend to infinity, and
the last two terms of formula (17) are absent. This cannot be obtained by a
direct limiting passage as 𝑐 → 0 in formula (17), since under this condition the
asymptotic expression for the last two terms loses its meaning.

This problem was solved by the author in another way [2], and for the plane
case by Kaplan [3].

2. For 𝜎 = 0 we have the case of the formation of waves by a steady system
of pressures moving over the surface of a rotating fluid. As a result of the
asymptotic analysis we obtain

𝜉 = 𝑂 ( 1
𝑥′ ) for 𝑥′ > 0; (18)

𝜉 = −
√

2𝜋𝜌𝑏
𝜋𝜌𝑐 4√4𝜔2𝑐2 + 𝑔2 sin (𝑎√4𝜔2𝑐2 + 𝑔2

𝑐2 ) cos (𝑥′ √4𝜔2𝑐2 + 𝑔2

𝑐2 + 𝜋
4 ) 1

√|𝑥′|
+𝑂 ( 1

𝑥′ ) for 𝑥′ < 0.

(19)

If, in addition, 𝜔 = 0, we obtain the ordinary ship waves.

3. Finally, let us note the case 𝑐 = 0, when pressures periodic in time are
applied to the surface of a rotating fluid in a fixed region 𝐺. For 𝜎 > 2𝜔
the formulas for the elevation of the fluid coincide with the result obtained
if, in the first terms of formulas (16) and (17), one passes to the limit as
𝑐 → 0. For a non-rotating fluid this problem was solved by L. N. Sretenskii
[4]. Under the condition 𝜎 < 2𝜔 the polynomials 𝐹𝑖(𝛼) have no real roots;
the consequence of this is the absence of radiation of waves from the region
𝐺. The process reduces only to a “deflection”of the free surface.

In conclusion, I express my deep gratitude to Corresponding Member of the
Academy of Sciences of the USSR L. N. Sretenskii for valuable advice in carrying
out the present work.

Marine Hydrophysical Institute
Academy of Sciences of the Ukrainian SSR
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