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Abstract
Full Text

Mathematics
S. G. Ovsepyan

On the First Boundary-Value Problem for Cer-
tain Differential Equations with Constant Coeffi-
cients
(Presented by Academician I. N. Vekua on December 6, 1963)

Boundary-value problems for the string equation were considered in papers (1−4),
and for the wave equation in (5).
In the present note the first boundary-value problem in ellipsoidal domains is
considered for equations of the form

𝐿𝜆𝑢 ≡ 𝑀𝑢 − 𝜆𝐿𝑢 = ℎ, (1)

𝑢∣Γ = 𝜕𝑢
𝜕𝑛∣

Γ
= ⋯ = 𝜕𝑠−1𝑢

𝜕𝑛𝑠−1 ∣
Γ

= 0, (2)

where 𝜆 is a numerical parameter, and 𝑀 and 𝐿 are homogeneous, formally self-
adjoint differential operators with constant coefficients of order 2𝑠. Questions
of the existence and uniqueness of a generalized solution of this problem are in-
vestigated. Necessary and sufficient conditions are established for the existence
of a generalized solution. Subspaces of uniqueness of the generalized solution
are also indicated.

Let Ω be an arbitrary ellipsoid with equation 1 − ∑𝑛
𝑖,𝑗=1 𝑎𝑖𝑗𝑥𝑖𝑥𝑗 = 0.

Denote by 𝐿𝑠
2(Ω) (respectively 𝐿−𝑠

2 (Λ)) the Hilbert space of all functions defined
in Ω for which the integral

∫
Ω

(1 − 𝑔)𝑠𝑓2 𝑑Ω (respectively ∫
Ω

(1 − 𝑔)−𝑠𝑓2 𝑑Ω)

is finite, where 1 − 𝑔 denotes the left-hand side of the equation of the ellipsoid.

It is easy to prove the following lemma:

Lemma 1. Polynomials are dense in 𝐿𝑠
2(Ω).
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Corollary. Since the operator of multiplication by the factor (1 − 𝑔)𝑠, mapping
𝐿𝑠

2(Ω) into 𝐿−𝑠
2 (Ω), is isometric, polynomials of the form (1 − 𝑔)𝑠𝑝 are dense in

𝐿−𝑠
2 (Ω).

On the set of all polynomials, dense in 𝐿𝑠
2(Ω), define the operator 𝑇𝜆 as follows:

𝑇𝜆𝑝 = 𝐿𝜆(1 − 𝑔)𝑠𝑝.

The operator 𝑇𝜆 is symmetric and, for each fixed 𝜆, the system of its polynomial
eigenfunctions forms an orthonormal basis in the set of all polynomials (6), and
by virtue of Lemma 1 this system is complete in 𝐿𝑠

2(Ω).
It is established that on the set 𝑃0 of all polynomials of the form 𝑄(𝑥) =
(1 − 𝑔)𝑠𝑝(𝑥), the inequality

𝑟
∑
𝑖=1

∫
Ω

(𝜕𝑠𝑄
𝜕𝑥𝑠

𝑖
)

2
𝑑Ω ≥ 𝐶 ∫

Ω

𝑄2

(1 − 𝑔)𝑠 𝑑Ω, 1 ≤ 𝑟 ≤ 𝑛. (3)

Let
0

𝑊 𝑠
𝑟,2(Ω) be the Hilbert space of functions obtained by completing 𝑃𝜃 in the

norm

‖𝑄‖2
0

𝑊 𝑠
𝑟,2(Ω)

=
𝑟

∑
𝑖1…𝑖𝑠=1

∥ 𝜕𝑠𝑄
𝜕𝑥𝑖1

⋯ 𝜕𝑥𝑖𝑠

∥
2

𝐿2(Ω)
. (4)

Using (3), it is easy to prove that

0
𝑊 𝑠

𝑟,2(Ω) ⊂ 𝐿−𝑠
2 (Ω). (5)

A function 𝑢(𝑥) ∈ 𝐿2(Ω) will be called a generalized solution of problem
(1), (2), with right-hand side ℎ(𝑥) ∈ 𝐿𝑠

2(Ω), if for any smooth function 𝜑(𝑥)
satisfying the boundary conditions (2), the equality

(𝑢, 𝐿𝜆𝜑) = (ℎ, 𝜑), (6)

holds, where ( , ) is the ordinary scalar product in 𝐿2(Ω).
Let us note that, in view of (5), the right-hand side of equality (6) has meaning
for any function ℎ(𝑥) ∈ 𝐿𝑠

2(Ω).
It is easy to see that if 𝜆 is an eigenvalue(6) of the homogeneous boundary-value
problem (1), (2) with eigenfunctions 𝑄(𝜆)

𝑖 (𝑥), then 𝑞(𝜆)
𝑖 (𝑥) = (1 − 𝑔)−𝑠𝑄(𝜆)

𝑖 (𝑥)
are eigenfunctions of the operator 𝑇𝜆 corresponding to the zero eigenvalue. Oth-
erwise zero is not an eigenvalue of 𝑇𝜆. Denote by 𝐹𝜆 the subspace in 𝐿−𝑠

2 (Ω)
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orthogonal to all eigenfunctions 𝑄(𝜆)
𝑖 (𝑥), and by 𝑁𝜆 the closure of the set 𝑞(𝜆)

𝑖 (𝑥)
in 𝐿𝑠

2(Ω).
Theorem 1. The generalized solution of problem (1), (2) is unique in the
subspace 𝐹𝜆.

If 𝜆 is not an eigenvalue of the homogeneous problem (1), (2), then the gener-
alized solution of problem (1), (2) is unique in 𝐿−𝑠

2 (Ω), since in this case the
subspace 𝐹𝜆 coincides with 𝐿−𝑠

2 (Ω).
Let ℎ(𝑥) ∈ 𝐿𝑠

2(Ω) and

ℎ = ℎ0 +
∞

∑
𝑘=1

𝑏𝑘𝑝(𝜆)
𝑘 ,

where ℎ0 ∈ 𝑁𝜆, and 𝑝(𝜆)
𝑘 are eigenfunctions of the operator 𝑇𝜆 corresponding to

eigenvalues 𝜇(𝜆)
𝑘 different from zero.

Theorem 2. For the existence of a generalized solution of problem (1), (2) from
𝐿−𝑠

2 (Ω), it is necessary and sufficient that ℎ(𝑥) be orthogonal to the subspace 𝑁𝜆
and that the series

∞
∑
𝑘=1

( 𝑏𝑘
𝜇(𝜆)

𝑘
)

2

(7)

converge.

Necessity. Let 𝑢(𝑥) ∈ 𝐿−𝑠
2 (Ω) be a generalized solution of problem (1), (2).

Taking as 𝜑(𝑥) in equality (6) the eigenfunctions 𝑄(𝜆)
𝑖 (𝑥) corresponding to the

eigenvalue 𝜆, we obtain

(𝑢, 𝐿𝜆𝑄(𝜆)
𝑖 ) = (ℎ, 𝑄(𝜆)

𝑖 ) = 0

or

(ℎ, 𝑄(𝜆)
𝑖 ) = { 𝑄(𝜆)

𝑖
(1 − 𝑔)𝑠 } = {ℎ, 𝑞(𝜆)

𝑖 } = 0, i.e. ℎ(𝑥) ⟂ 𝑁𝜆.

Since 𝑢 ∈ 𝐿−𝑠
2 (Ω), then 𝑤 = (1 − 𝑔)−𝑠𝑢 ∈ 𝐿𝑠

2(Ω) and, consequently, can be
expanded in a series in the eigenfunctions of the operator 𝑇𝜆:

𝑤 = 𝑤0 +
∞

∑
𝑘=1

𝑎𝑘𝑝(𝜆)
𝑘 .
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where 𝑤0 ∈ 𝑁𝜆. Substituting in (6), in place of 𝜑, the functions (1 − 𝑔)𝑠𝑝(𝜆)
𝑘 , we

obtain

(𝑢, 𝐿𝜆(1 − 𝑔)𝑠𝑝(𝜆)
𝑘 ) = {𝑤, 𝑇𝜆𝑝(𝜆)

𝑘 } = 𝜇(𝜆)
𝑘 {𝑤, 𝑝(𝜆)

𝑘 } =

= 𝜇(𝜆)
𝑘 𝑎𝑘 = (ℎ, (1 − 𝑔)𝑠𝑝(𝜆)

𝑘 ) = {ℎ, 𝑝(𝜆)
𝑘 } = 𝑏𝑘,

whence 𝑏𝑘/𝜇(𝜆)
𝑘 = 𝑎𝑘, and, consequently, the series (7) converges.

Sufficiency. Let ℎ(𝑥) ⟂ 𝑁𝜆 and let the series (7) converge; then

𝑤 =
∞

∑
𝑘=1

𝑏𝑘
𝜇(𝜆)

𝑘
𝑝(𝜆)

𝑘

belongs to 𝐿𝑠
2(Ω). We shall show that 𝑢 = (1 − 𝑔)𝑠𝑤 is a generalized solution of

problem (1), (2).

We have

(𝑢, 𝐿𝜆𝜑) = {𝑤, 𝐿𝜆𝜑} = lim
𝑛→∞

{
𝑛

∑
𝑘=1

𝑏𝑘
𝜇(𝜆)

𝑘
𝑝(𝜆)

𝑘 𝐿𝜆𝜑} =

= lim
𝑛→∞

(𝐿𝜆(1 − 𝑔)𝑠
𝑛

∑
𝑘=1

𝑏𝑘
𝜇(𝜆)

𝑘
𝑝(𝜆)

𝑘 , 𝜑) lim
𝑛→∞

(𝑇𝜆
𝑛

∑
𝑘=1

𝑏𝑘
𝜇(𝜆)

𝑘
𝑝(𝜆)

𝑘 , 𝜑) =

= lim
𝑛→∞

{
𝑛

∑
𝑘=1

𝑏𝑘𝑝(𝜆)
𝑘 , 𝜑

(1 − 𝑔)𝑠 } = {ℎ, 𝜑
(1 − 𝑔)𝑠 } = (ℎ, 𝜑),

i.e. 𝑢(𝑥) is a generalized solution of problem (1), (2), and, since 𝑤 ∈ 𝐿𝑠
2(Ω), it

follows that 𝑢 ∈ 𝐿−𝑠
2 (Ω).

Corollary. Let ℎ(𝑥) be a polynomial; then

ℎ(𝑥) =
𝑚

∑
𝑘=1

𝑏𝑘𝑝(𝜆)
𝑘 + ℎ0

and the series (7) converges; consequently, a generalized solution of problem (1),
(2) exists, moreover in the form of a polynomial, if ℎ(𝑥) ⟂ 𝑁𝜆.

Let, in equation (1),
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𝐿 = (−1)𝑠
𝑟

∑
𝑖1…𝑖𝑠, 𝑗1…𝑗𝑠=1

𝛽𝑖1…𝑖𝑠, 𝑗1…𝑗𝑠

𝜕2𝑠

𝜕𝑥𝑖1
⋯ 𝜕𝑥𝑖𝑠

𝜕𝑥𝑗1
⋯ 𝜕𝑥𝑗𝑠

, 1 ≤ 𝑟 ≤ 𝑛,

where for all real numbers 𝜉𝑖1…𝑖𝑠
the inequality

𝑟
∑

𝑖1…𝑖𝑠, 𝑗1…𝑗𝑠=1
𝛽𝑖1…𝑖𝑠, 𝑗1…𝑗𝑠

𝜉𝑖1…𝑖𝑠
𝜉𝑗1…𝑗𝑠

≥ 𝛾2
𝑟

∑
𝑖1…𝑖𝑠=1

𝜉 2
𝑖1…𝑖𝑠

. (8)

holds. From inequality (3) it follows easily that the operator 𝑇 = 𝐿(1 − 𝑔)𝑠,
considered on the set of all polynomials 𝑃 , is positive definite in the scalar
product 𝐿𝑠

2(Ω); therefore, repeating the arguments of (6), we obtain that the
polynomial eigenfunctions 𝑄𝑖(𝑥) of the homogeneous problem (1), (2) form a
basis in 𝑃0, and these polynomials may be chosen so that the relation

(𝐿𝑄𝑖, 𝑄𝑗) = [𝑄𝑖, 𝑄𝑗] = 𝛿𝑖𝑗 (9)

is satisfied.

Since the norm defined by (9) is equivalent to the norm of the space
0

𝑊 𝑠
𝑟,2(Ω),

it follows that

Theorem 3. The polynomial eigenfunctions 𝑄𝑖(𝑥) of the homogeneous prob-
lem (1), (2) form a complete orthonormal system in the scalar product (9) in
0

𝑊 𝑠
𝑟,2(Ω).

We now consider the equation

𝐿𝑢 = ℎ. (1*)

Lemma 2. If 𝐿 satisfies condition (8), then problem (1*), (2), for any ℎ(𝑥) ∈
𝐿𝑠

2(Ω), has a unique solution in
0

𝑊 𝑠
𝑟,2(Ω).

Indeed, from the positive definiteness of the operator 𝑇 = 𝐿(1 − 𝑔)𝑠 it follows
that, for any ℎ ∈ 𝐿𝑠

2(Ω), the series (7) converges, and, by Theorems 1, 2,

there exists a unique solution

𝑢 =
∞

∑
𝑘=1

𝑏𝑘
𝜇𝑘

(1 − 𝑔)𝑠𝑝𝑘

from 𝐿−𝑠
2 (Ω). It is easy to show that the system of functions (1 − 𝑔)𝑠𝑝𝑘√𝜇𝑘

is

orthonormal in the scalar product (9); consequently, 𝑢 ∈
0

𝑊 𝑠
𝑟,2(Ω).
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Remark. From the equalities

{ℎ, 𝑝} = (ℎ, (1 − 𝑔)𝑠𝑝) = (𝑢, 𝐿(1 − 𝑔)𝑠𝑝) = [𝑢, (1 − 𝑔)𝑠𝑝]

it follows that if ℎ is orthogonal to some polynomial 𝑝 in 𝐿𝑠
2(Ω), then the gen-

eralized solution of problem (1∗), (2) is orthogonal to the polynomial (1 − 𝑔)𝑠𝑝
in the scalar product (9).

Let us now consider problem (1), (2), assuming condition (8) to be satisfied.
Denote by 𝐺𝜆 the closure, in the scalar product (9), of the set of eigenfunctions
𝑄(𝜆)

𝑖 of this problem corresponding to the eigenvalue 𝜆.

Let ℎ ⟂ 𝑁𝜆 and let 𝑣(𝑥) ∈
0

𝑊 𝑠
𝑟,2(Ω) be a generalized solution of problem (1∗),

(2). In view of the remark just made, we may assert that

𝑣(𝑥) =
∞

∑
𝑘=1

𝑣𝑘𝑄𝑘,

where 𝑄𝑘 are eigenfunctions of problem (1), (2) with eigenvalues 𝜆𝑘 different
from 𝜆.
Theorem 4. For the existence of a generalized solution of problem (1), (2)

from
0

𝑊 𝑠
𝑟,2(Ω), it is necessary and sufficient that the series

∞
∑
𝑘=1

( 𝑣𝑘
𝜆𝑘 − 𝜆)

2
(10)

converge.

In this case the solution is unique in the orthogonal complement to 𝐺𝜆.

Remark. If some linear combination 𝛼𝑀 + 𝛽𝐿 of the operators 𝑀 and 𝐿
satisfies the positive-definiteness condition (8) with respect to the first 𝑚 > 𝑟
variables, then in Theorems 3 and 4

0
𝑊 𝑠

𝑟,2(Ω) may be replaced by the space
0

𝑊 𝑠
𝑚,2(Ω).

Finally, using Theorems 2, 4 and relation (5), we note that from the convergence
of series (10) it is easy to conclude the convergence of series (7). However, one
can construct an example showing that the converse assertion is false, i.e. the
boundary-value problem (1), (2) may have a generalized solution from 𝐿−𝑠

2 (Ω)
which does not belong to

0
𝑊 𝑠

𝑟,2(Ω).
Computing Center
of the Academy of Sciences of the Armenian SSR
and Yerevan State University
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