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Abstract
Full Text

R. A. KORDZADZE
A GENERAL BOUNDARY-VALUE PROBLEM WITH
SHIFT FOR AN EQUATION OF ELLIPTIC TYPE OF
SECOND ORDER
(Presented by Academician I. N. Vekua, 23 XII 1963)

§ 1. Let 𝑆+ be a finite domain of the plane 𝑧 = 𝑥 + 𝑖𝑦, bounded by a simple
closed Lyapunov contour Γ. We shall assume that the positive direction of Γ
leaves 𝑆+ on the left. Suppose that the function 𝛼(𝑡) homeomorphically maps
the contour Γ onto itself, preserving the direction of traversal, has derivative
𝛼′(𝑡) ∈ 𝐻, different from zero everywhere on Γ, and, for some fixed natural
number 𝑛,

𝛼𝑛(𝑡) ≡ 𝛼[𝛼𝑛−1(𝑡)] = 𝑡 (𝛼0(𝑡) ≡ 𝑡, 𝑡 ∈ Γ). (1,1)

Consider the differential equation

Δ𝑢 + 𝑎(𝑥, 𝑦)𝜕𝑢
𝜕𝑥 + 𝑏(𝑥, 𝑦)𝜕𝑢

𝜕𝑦 + 𝑐(𝑥, 𝑦)𝑢 = 0, (1,2)

where 𝑎, 𝑏, and 𝑐 are real analytic functions of their arguments in some domain
of definition of equation (1,2). In what follows we shall assume that the origin
of coordinates lies in 𝑆+ and that 𝑆+ ⊂ 𝑆+

1 , where 𝑆+
1 is the principal domain

of equation (1,2) (see (1)).
Problem 𝐴(𝛼𝑛). Let 𝑚 be some natural number or zero. It is required to find
a real regular solution 𝑢(𝑥, 𝑦) of equation (1,2), continuous together with its
derivatives of order 𝑚 in 𝑆+ + Γ and satisfying on Γ the condition 𝐻, according
to the boundary condition:

𝑛−1
∑
𝜈=0

𝑗+𝑘≤𝑚
∑

𝑗,𝑘=0
{𝑎𝑗,𝑘

𝜈 (𝑡0) 𝑢+
𝑗,𝑘[𝛼𝜈(𝑡0)] + ∫

Γ
𝑏𝑗,𝑘

𝜈 (𝑡0, 𝜏) 𝑢+
𝑗,𝑘(𝜏) 𝑑𝜎} = 𝑓(𝑡0)

(𝑢+
𝑗,𝑘(𝑡) = ( 𝜕𝑗+𝑘𝑢

𝜕𝑥𝑗𝜕𝑦𝑘 )
+

) , (1,3)

where 𝑎𝑗,𝑘
𝜈 (𝑡0), 𝑓(𝑡0), and 𝑏𝑗,𝑘

𝜈 (𝑡0, 𝜏) are given real functions, with 𝑎𝑗,𝑘
𝜈 (𝑡0) and

𝑓(𝑡0) belonging to the class 𝐻, while 𝑏𝑗,𝑘
𝜈 (𝑡0, 𝜏) have the form
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̃𝑏𝑗,𝑘
𝜈 (𝑡0, 𝜏) = |𝑡0 − 𝜏|𝛾𝑏𝑗,𝑘

𝜈 (𝑡0, 𝜏), ̃𝑏𝑗,𝑘
𝜈 (𝑡0, 𝜏) ∈ 𝐻, 0 ≤ 𝛾 < 1. (1,4)

Let us first consider the case 𝑚 ≥ 1. Using the method of I. N. Vekua (see (1)),
any solution of problem 𝐴(𝛼𝑛) can be represented in the form

𝑢(𝑥, 𝑦) = ∫
Γ

𝐾(𝑧, 𝑡) 𝜇(𝑡) 𝑑𝑡, (1,5)

where

𝐾(𝑧, 𝑡) = 𝐺(0, 0, 𝑧, ̄𝑧) + Re {𝐺(𝑧, 0, 𝑧, ̄𝑧) (1 − 𝑧
𝑡 )

𝑚−1
ln (1 − 𝑧

𝑡 ) −

− ∫
𝑧

0
(1 − 𝜎

𝑡 )
𝑚−1

ln (1 − 𝜎
𝑡 ) 𝜕𝐺(𝜎, 0, 𝑧, ̄𝑧)

𝜕𝜎 𝑑𝜎} ; (1,6)

where

𝐺(𝑧, 𝜉, 𝜏 , 𝑡) is the Riemann function of equation (1.2), 𝜇(𝑡) ∈ 𝐻 is a real func-
tion which, for a given solution of problem 𝐴(𝛼𝑛), is determined uniquely and
satisfies the singular integral equation with shift

𝑇 𝜇 ≡
𝑛−1
∑
𝜈=0

{𝐴𝜈(𝑡0)𝜇[𝛼𝜈(𝑡0)] + 1
𝜋𝑖 ∫

Γ

𝐾𝜈(𝑡0, 𝑡)𝜇(𝑡) 𝑑𝑡
𝑡 − 𝛼𝜈(𝑡0) } = 𝑓(𝑡0); (1,7)

𝐴𝜈(𝑡0) = Re {𝜋𝑖(−1)𝑚(𝑚 − 1)! 𝛼′−𝑚
𝜈 (𝑡0) 𝛼′𝜈(𝑠0) 𝐻0[𝛼𝜈(𝑡0)]

𝑚
∑
𝑘=0

𝑖𝑘𝑎𝑚−𝑘,𝑘
𝜈 (𝑡0)}

(𝛼′
𝜈(𝑠) = 𝑑𝛼𝜈(𝑡)

𝑑𝑠𝜈
) , (1,8)

2𝐾𝜈(𝑡0, 𝑡) = (−1)𝑚(𝑚 − 1)!𝜋𝑖{ ̄𝑡′ 𝑡−𝑚𝐻0[𝛼𝜈(𝑡0)]
𝑚

∑
𝑘=0

𝑖𝑘𝑎𝑚−𝑘,𝑘
𝜈 (𝑡0)

+ ̄𝑡′ exp(2𝑖 arg[𝑡 − 𝛼𝜈(𝑡0)])×

× 𝑡′−𝑚𝐻0[𝛼𝜈(𝑡0)]
𝑚

∑
𝑘=0

𝑖𝑘𝑎𝑚−𝑘,𝑘
𝜈 (𝑡0) + [𝑡 − 𝛼𝜈(𝑡0)]𝜓∗

𝜈(𝑡0, 𝑡)}

(1,9)

(𝐻0(𝑡0) = 𝐺(𝑡0, 0, 𝑡0, ̄𝑡0));
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𝜓∗
𝜈(𝑡0, 𝑡) are quite definite functions which, when 𝑡 = 𝛼𝜈(𝑡0), may have a sin-

gularity only of logarithmic type. It is evident that 𝐴𝜈(𝑡0), 𝐾𝜈(𝑡0, 𝑡) ∈ 𝐻
(𝜈 = 0, 1, … , 𝑛 − 1).
Equation (1.7) is equivalent to problem 𝐴(𝛼𝑛); in particular, the homogeneous
problem 𝐴0(𝛼𝑛) (𝑓 = 0) is equivalent to the homogeneous equation 𝑇 𝜇 = 0;
linearly independent (over the field of real numbers) solutions of problem 𝐴0(𝛼𝑛)
correspond to linearly independent solutions of the homogeneous equation 𝑇 𝜇 =
0, and conversely.

§ 2. Consider a singular integral equation of the form (1.7), where 𝐴𝜈(𝑡0),
𝐾𝜈(𝑡0, 𝑡), and 𝑓(𝑡0) are prescribed functions (generally speaking, complex-
valued) of class 𝐻. The adjoint operator 𝑇 ′ of the operator 𝑇 is given by the
formula

𝑇 ′𝜇 ≡
𝑛−1
∑
𝜈=0

{𝛼′
𝜈(𝑡0)𝐴𝑛−𝜈[𝛼𝜈(𝑡0)]𝜓[𝛼𝜈(𝑡0)] − 1

𝜋𝑖 ∫
Γ

𝐾𝑛−𝜈(𝑡, 𝑡0)𝜓(𝑡) 𝑑𝑡
𝛼𝑛−𝜈(𝑡) − 𝑡0

}

(𝐴𝑛[ ] ≡ 𝐴0[ ] ≡ 𝐾𝑛[ ] ≡ 𝐾0[ ]). (2,1)

Let 𝑏0(𝑡), 𝑏1(𝑡), … , 𝑏𝑛−1(𝑡) be arbitrary functions of a point of the contour Γ.
We shall agree to denote by 𝑅[𝑏0(𝑡), … , 𝑏𝑛−1(𝑡)] the matrix formed from the
elements 𝑏0, 𝑏1, … , 𝑏𝑛−1 according to the following rule:

𝑅[𝑏0(𝑡), … , 𝑏𝑛−1(𝑡)] ≡
∣
∣
∣
∣

𝑏0(𝑡) 𝑏1(𝑡) ⋯ 𝑏𝑛−1(𝑡)
𝑏𝑛−1[𝛼(𝑡)] 𝑏0[𝛼(𝑡)] ⋯ 𝑏𝑛−2[𝛼(𝑡)]

⋅ ⋅ ⋅ ⋅
𝑏1[𝛼𝑛−1(𝑡)] 𝑏2[𝛼𝑛−1(𝑡)] ⋯ 𝑏0[𝛼𝑛−1(𝑡)]

∣
∣
∣
∣
. (2,2)

We shall call the equation 𝑇 𝜇 = 𝑓 an equation of normal type if

det{𝑅[𝐴0(𝑡0), … , 𝐴𝑛−1(𝑡0)]±

±𝑅[𝐾0(𝑡0, 𝑡0), 𝐾1[𝑡0, 𝛼(𝑡0)], … , 𝐾𝑛−1[𝑡0𝛼𝑛−1(𝑡0)]} ≠ 0. (2,3)

Theorem 1. Condition (2.3) is necessary and sufficient for the validity of the
assertions: a) the equation 𝑇 𝜇 = 0 has a finite number 𝑘 of linearly independent
solutions; b) for the solvability of the equation 𝑇 𝜇 = 𝑓 it is necessary and
sufficient that there be a finite number 𝑘′ of conditions of the form

∫
Γ

𝜓𝑗(𝑡)𝑓(𝑡) 𝑑𝑡 = 0,
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where 𝜓𝑗(𝑡) (𝑗 = 1, 2, … , 𝑘′) is a complete system of linearly independent solu-
tions of the adjoint equation 𝑇 ′𝜓 = 0.

Linear independence in this paragraph is understood over the field of complex
numbers.

Denote by 𝐷(𝑇 ) the range of the operator 𝑇 . We shall say that the equation
𝑇 𝜇 = 𝑓 is solvable up to finite-dimensional subspaces if the quotient space
𝐻/𝐷(𝑇 ) is finite-dimensional.

Theorem 2. For the solvability of the equation 𝑇 𝜇 = 𝑓 up to finite-dimensional
subspaces, it is necessary and sufficient that condition (2.3) be satisfied.

The sufficiency of the condition of Theorem 1 was proved by us earlier (5).
From the results of the same work, from the corresponding theorems of I. Ts.
Gokhberg (2,3) and A. I. Volpert (4), the second part of Theorem 1 and Theorem
2 follow.

§ 3. Let us return to the problem 𝐴(𝛼𝑛). We shall say that the problem
𝐴(𝛼𝑛) is solvable up to finite-dimensional subspaces if the singular integral
equation with shift (1.7) equivalent to it is solvable up to finite-dimensional
subspaces.

Taking into account the results of §§ 1 and 2, it is not difficult to prove the
validity of the following theorem:

Theorem 3. The condition

det 𝑅 [ℎ0(𝑡0), … , ℎ𝑛−1(𝑡)] ≠ 0, ℎ𝜈(𝑡0) =
𝑚

∑
𝑘=0

𝑖𝑘𝑎𝑚−𝑘,𝑘
𝜈 (𝑡0) (3.1)

(𝜈 = 0, 1, … , 𝑛 − 1, 𝑡0 ∈ Γ)

is necessary and sufficient for the validity of the assertions:

1a) the problem 𝐴0(𝛼𝑛) has a finite number of linearly independent (over the
field of real numbers) solutions; b) for the solvability of the problem 𝐴(𝛼𝑛) it is
necessary and sufficient that there be a finite number of conditions

∫
Γ

𝜓𝑗(𝑡)𝑓(𝑡) 𝑑𝑠 = 0, (3.2)

where 𝜓𝑗(𝑡) (𝑗 = 1, 2, … , 𝑘′) is a complete system of linearly independent solu-
tions of the equation 𝑇 ′𝜓 = 0, the equation adjoint to 𝑇 𝜇 = 0.

2. The problem 𝐴(𝛼𝑛) is solvable up to finite-dimensional subspaces.

If condition (3.1) is satisfied, by the index of the problem 𝐴(𝛼𝑛) we shall
mean the difference between the number of linearly independent solutions of

sovietrxiv.org/items/ru-196401.24084 Machine Translation

https://sovietrxiv.org/items/ru-196401.24084


the problem 𝐴0(𝛼𝑛) and the number of conditions (3.2) ensuring the solvability
of the problem 𝐴(𝛼𝑛).
Theorem 4. The index of the problem 𝐴(𝛼𝑛) is computed by the formula

𝜘(𝑛) = 2[𝜘∗(𝑛) + 𝑚𝑛], 𝜘∗(𝑛) = 1
2𝜋 {arg det 𝑅 [ℎ0(𝑡), … , ℎ𝑛−1(𝑡)]}Γ, (3.3)

where 𝑛 is a natural number satisfying condition (1.1).

Corollary 1. If condition (3.1) is satisfied and, in addition, 𝜘∗(𝑛) ≥ 0, then
the problem 𝐴0(𝛼𝑛) is always solvable and has no fewer than 2[𝜘∗(𝑛) + 𝑚𝑛]
linearly independent solutions.

Corollary 2. If condition (3.1) is satisfied and, moreover, 𝑥∗(𝑛) = −𝑚𝑛, then
problem 𝐴(𝑎𝑛) is always solvable and has a unique solution, provided that prob-
lem 𝐴0(𝑎𝑛) has only the trivial solution. This solution is given by formula (1.5),
where 𝜇(𝑡) is the solution of equation (1.7).

§ 4. If in the boundary conditions (1.3) we put 𝑚 = 1, 𝑏0,0
𝜈 = 𝑏0,1

𝜈 = 𝑏1,0
𝜈 = 0, we

obtain the Poincaré problem with shift (problem 𝑃(𝑎𝑛)), which, by introducing
the notation

𝑎𝜈(𝑡) = 𝑎1,0
𝜈 (𝑡) + 𝑖𝑎0,1

𝜈 (𝑡) (𝜈 = 0, 1, … , 𝑛 − 1),

2 𝜕
𝜕𝑧 = 𝜕

𝜕𝑥 + 𝑖 𝜕
𝜕𝑦 , 2 𝜕

𝜕 ̄𝑧 = 𝜕
𝜕𝑥 − 𝑖 𝜕

𝜕𝑦 ,

can be written as

𝑛−1
∑
𝜈=0

{𝑎𝜈(𝑡0)𝜕𝑢[𝛼𝜈(𝑡0)]
𝜕𝛼𝜈(𝑡0) + 𝑎𝜈(𝑡0)𝜕𝑢[𝛼𝜈(𝑡0)]

𝜕𝛼𝜈(𝑡0)
+ 𝐶𝜈(𝑡0) 𝑢[𝛼𝜈(𝑡0)]} = 𝑓(𝑡0).

Condition (3.1) for problem 𝑃(𝑎𝑛) takes the form:

𝜆(𝑡) = det{𝑅[𝑎1,0
0 (𝑡), … , 𝑎1,0

𝑛−1(𝑡)] + 𝑖𝑅[𝑎0,1
0 (𝑡), … , 𝑎0,1

𝑛−1(𝑡)]} ≠ 0 (𝑡 ∈ Γ).

The index of this problem is computed by the formula

𝜘(𝑛) = 2[𝑥∗(𝑛) + 𝑛], 𝑥∗(𝑛) = 1
2𝜋 {arg det 𝜆(𝑡)}Γ.
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§ 5. The following special case of problem 𝐴(𝑎𝑛) is the Dirichlet problem with
shift (problem 𝐷(𝑎𝑛)). We obtain it if we put 𝑚 = 0, 𝑏0,0

𝜈 = 0 (𝜈 = 0, 1, … , 𝑛−1):

𝑛−1
∑
𝜈=0

𝑎𝜈(𝑡) 𝑢[𝛼𝜈(𝑡)] = 𝑓(𝑡). (5.1)

This problem is also reduced to an equivalent singular integral equation with
shift. The normality condition of the obtained equation consists in requiring
that

det 𝑅[𝑎0(𝑡), … , 𝑎𝑛−1(𝑡)] ≠ 0 (𝑡 ∈ Γ). (5.2)

For this problem the theorems proved above are also valid in the corresponding
formulations. The index of this problem is equal to zero.

If condition (5.2) is satisfied, problem 𝐷(𝑎𝑛) can be reduced directly to the
ordinary Dirichlet problem for equation (1.2), which has been well studied (see
([1])).

In conclusion we note that the results of § 2 are valid when Γ consists of a finite
number of simple closed contours. In view of this, using the method of I. N.
Vekua (see ([1])), problem 𝐴(𝑎𝑛) is easy to study also for multiply connected
domains.

Novosibirsk State
University

Received
5 XII 1963
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