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All unexplained notation is to be found in (1).
Consider the problem of minimizing the functional

L= Z Pi, i Ty (1)

keM

subject to the conditions

Z aiﬁ i Tiy i { Mylia--te) (2)
i Ty

keM; = bk[j(il,..is);

z; i 205 i=1,...,t; i, =1,...,m; k=1,..,s. (3)

All ag? ;. and p; ,; are prescribed real numbers. In the particular case when

all aE?L = 1, we obtain a multi-index linear programming problem of trans-

portatioil type. In addition, all ij(il"'is) > 0 are given.

We shall call the problem (1)—(3) an X-problem. The totality of all constraints
for a fixed j will be called the j-block of constraints.

Let there exist M =+ () such that, if Mn M; +# ]TI, then all constraints entering
the j-block of constraints are given in the form of inequalities. For definiteness,
let M ={r+1,..,s}

Consider
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independent problems:

) < bag (i) , _
Z i, i Yiy i, _b FICERE for all j such that M; N M = M; (4)
ke MM = OM;(iy.ig)

Z flg)...isyil...ir < basyi,.q,) forall jsuch that MM # M;  (5)
ke MMM,

Yi, ., > 0. (6)

In (4) and (5) all indices @, ,,, ..., %, are fixed.

Theorem 1. Suppose that for at least one set of values of the indices i,,, =
Wyi1s -, ty = Wy there exists a feasible solution of the problem (4)—(6). All
1<w, <ny, k=r—+1,...,s. Then the X-problem also has a feasible solution.

Proof. By direct substitution it is easy to verify that

Yi, i if ﬂ p(i, =wy) =1,
keM

reets 0, if ﬂ p(i, = wy) =0,
keM

is a feasible solution of the X-problem. Here p(i;, = w,,) is a logical condition,

1, if i), = wy,

M%ZWQZ{Q if 4, % oy

We shall say that the X-problem is cut on the set of indices M with respect
to the tuple (w,,q, ..., w;).

Consider the X(t)-problem, which differs from the X-problem in that it does
not include the t-block constraints.

Theorem 2. Suppose:
1) the X (t)-problem is cut on the set of indices
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t—1
M={JM;\ M,
j=1
for all tuples (w1, ..., w,);
2) there exists at least one j, # t such that all aiz*.--is = ag?l,
3) the j,-block constraints and the ¢-block constraints are given in the form
of equalities;

4) the compatibility conditions are satisfied,

ij*(ilmiS) = Z bMt(il.“is)'

keM,; UMM, keM; UM\ M,

Then the X-problem has a feasible solution.

Proof. Every solution of the X (¢)-problem can be written in the form

Yiy.iyo if m Zkfwk =1,

p@riws) keM
2q.-.2
1t 0, if ﬂ p(i, = wy) = 0.
keM

We shall show that there exist such

Npp1 Ny
Wrpp-Ws >0, Z Z W1 We 1, (7)
w'r+1_1 ws:
for which the convex combination

7‘+1
Wy Ws =

Z Z xll g Wprewy - Ligig

wWer =l we=1

satisfies the ¢-block constraints

‘r+1
Z aﬁ?..iﬁilmis = Z ag? i ( Z Z h”zl"'”-”AwM“ws> —

keM, keM, W =1 w,—=1

Appgeds) _ (t) _
E:a g 11 g >‘im...is = E ail...isyil...ir)‘iﬂ1...is =bnr,5,..0.)

keM, keM,
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Since, by definition, Mn M, =0, it follows that

bas, (i, ..i,)

>\i7‘+1'“is = (t) :
;i Yiy o,

keM,

It remains to show that condition (7) is satisfied. From the compatibility con-
ditions,

Npi1 Mg
Z bMt(il"'i3> = Z ( Z CL g Zl W;l o ))‘wr+1.4.ws> =
w.

keM; UM \M, keM; UM, =1 w,=

—

i1 g
(B srn) Lz, ) -
w we=1

rr1=1
n

( § Hl...wS) E b, (iy..,)
bzl G ke M, UMM,

UZNET

2. DIV

Wrp1= ws=1

it follows that

The theorem is proved.

Consider a multi-index linear programming problem of transportation type, in
which all constraints are given in the form of equalities, i.e., conditions (2) are
written as follows:

Z‘Tz: M(iq )" (2)

keM,;
Denote J, = {1, ..., t}, M;O) = M;. For each r =1,...,t — 2, consider

M = M;Tﬁl) \ m M;Tﬁl) forall j € J,_,,

] .
JeJ 1

M= | Mj?’“*”.

JeJr 1
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Theorem 3. If for each r = 1,...,t — 2 there exists, in the last resort, one
J, € J,_q such that

MONMT (Y M where J, = i\ s

jed,
then the multi-index problem of transportation type has a feasible solution if
and only if the consistency conditions are satisfied.

Sufficiency. For t = 2, the consistency conditions are sufficient for any M; and
M,,. In this case the feasible solution is written as follows:

. :le(ilu.iS)sz(z‘lmis).

Tp-lg Z b]V11<217’5>

keMiV

Consider the case t = 3. There exists j; such that

MONMY () MY, (®)

Jjedy

It is not hard to see that J, contains t — r elements, i.e., for t = 3, J; contains
two elements.

Since for the X(j;)-problem all the conditions of Theorem 2 are satisfied, for
t = 3 the problem (1), (2), (3) has a feasible solution.

Suppose that the theorem is true for t = 7. We shall show that it is true
for t = 7+ 1. In this case condition (8) is also satisfied, and J; contains 7
elements. Since the X(j;)-problem has a solution, the X-problem also has a
solution by Theorem 2. Necessary and sufficient conditions for the existence of
a feasible solution to problem (2 ), (3) were obtained in [2] by another method,
in considering mixed strategies in coalition games.

Consider the case when all ag )
on all z;

;. = 0 and upper and lower bounds are imposed

ie.,

g

0<my; <y <my; < oo 3)

Denote

We shall compute
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s

bt (iy.i) — (j’l.iil) i
m® = (=)l min |(—1) [ 2Bt M) 1) ) gy, (=2 |
T1---2 < (l(j) 4 iy...0 Gyt

Theorem 4. In order that problem (2), (3) have a solution, it is necessary
that the condition

(1)t [mm ) —mql_l-)s] >0

Tq.lg Gq..0

be satisfied for all [ = 2,3,...; i, = 1,...,n,; k = 1,...,s. Moreover, after a
finite number of steps [, either all

o _ . (1-2)
my s, =My i

and in this case all lower and upper bounds are balanced, or at least in one cell
the condition

(1)t [mm . —m<l_1.)] >0

Byl Gyl ] —

is violated, i.e. problem (2), (3 ) has no feasible solution.
Consider the multi-index LP problem of transportation type.

Theorem 5. If p; ; and M; ; are, respectively, the values of the balanced
lower and upper bounds, then the inequalities

Z M; i + (H n; — 1) Z M, < (H nl) baryiy i) <

keM, leM; keM; leM;

<>+ (H n, —1) > oM, ;. forallj=1,..t

keM; leM; keM;

Special cases of Theorems 4 and 5 were considered by the author in work (3).
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