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Abstract
Full Text

Reports of the Academy of Sciences of the USSR
1964, Volume 158, No. 4

MATHEMATICS
B. S. VERKHOVSKII

ON THE EXISTENCE OF A SOLUTION OF
A MULTI-INDEX LINEAR PROGRAMMING
PROBLEM
(Presented by Academician A. A. Dorodnitsyn on 25 IV 1964)

All unexplained notation is to be found in (1).
Consider the problem of minimizing the functional

𝐿 = ∑
𝑘∈𝑀

𝑝𝑖1…𝑖𝑠
𝑥𝑖1…𝑖𝑠

(1)

subject to the conditions

∑
𝑘∈𝑀𝑗

𝑎(𝑗)
𝑖1…𝑖𝑠

𝑥𝑖1…𝑖𝑠
{⩽ 𝑏𝑀𝑗(𝑖1…𝑖𝑠),

= 𝑏𝑀𝑗(𝑖1…𝑖𝑠);
(2)

𝑥𝑖1…𝑖𝑠
⩾ 0; 𝑗 = 1, … , 𝑡; 𝑖𝑘 = 1, … , 𝑛𝑘; 𝑘 = 1, … , 𝑠. (3)

All 𝑎(𝑗)
𝑖1…𝑖𝑠

and 𝑝𝑖1…𝑖𝑠
are prescribed real numbers. In the particular case when

all 𝑎(𝑗)
𝑖1…𝑖𝑠

= 1, we obtain a multi-index linear programming problem of trans-
portation type. In addition, all 𝑏𝑀𝑗(𝑖1…𝑖𝑠) ⩾ 0 are given.

We shall call the problem (1)—(3) an 𝑋-problem. The totality of all constraints
for a fixed 𝑗 will be called the 𝑗-block of constraints.

Let there exist 𝑀 ≠ ∅ such that, if 𝑀 ∩ 𝑀𝑗 ≠ 𝑀 , then all constraints entering
the 𝑗-block of constraints are given in the form of inequalities. For definiteness,
let 𝑀 = {𝑟 + 1, … , 𝑠}.

Consider
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𝑠
∏

𝑘=𝑟+1
𝑛𝑘

independent problems:

∑
𝑘∈𝑀𝑗∖𝑀

𝑎(𝑗)
𝑖1…𝑖𝑠

𝑦𝑖1…𝑖𝑟
{⩽ 𝑏𝑀𝑗(𝑖1…𝑖𝑠)

= 𝑏𝑀𝑗(𝑖1…𝑖𝑠).
for all 𝑗 such that 𝑀𝑗 ∩ 𝑀 = 𝑀; (4)

∑
𝑘∈𝑀𝑗∖𝑀∩𝑀𝑗

𝑎(𝑗)
𝑖1…𝑖𝑠

𝑦𝑖1…𝑖𝑟
⩽ 𝑏𝑀𝑗(𝑖1…𝑖𝑠) for all 𝑗 such that 𝑀𝑗 ∩ 𝑀 ≠ 𝑀; (5)

𝑦𝑖1…𝑖𝑟
⩾ 0. (6)

In (4) and (5) all indices 𝑖𝑟+1, … , 𝑖𝑠 are fixed.

Theorem 1. Suppose that for at least one set of values of the indices 𝑖𝑟+1 =
𝜔𝑟+1, … , 𝑖𝑠 = 𝜔𝑠 there exists a feasible solution of the problem (4)—(6). All
1 ⩽ 𝜔𝑘 ⩽ 𝑛𝑘, 𝑘 = 𝑟 + 1, … , 𝑠. Then the 𝑋-problem also has a feasible solution.

Proof. By direct substitution it is easy to verify that

𝑥𝑖1…𝑖𝑠
=

⎧{
⎨{⎩

𝑦𝑖1…𝑖𝑟
, if ⋂

𝑘∈𝑀
𝑝(𝑖𝑘 = 𝜔𝑘) = 1,

0, if ⋂
𝑘∈𝑀

𝑝(𝑖𝑘 = 𝜔𝑘) = 0,

is a feasible solution of the 𝑋-problem. Here 𝑝(𝑖𝑘 = 𝜔𝑘) is a logical condition,

𝑝(𝑖𝑘 = 𝜔𝑘) = {1, if 𝑖𝑘 = 𝜔𝑘,
0, if 𝑖𝑘 ≠ 𝜔𝑘.

We shall say that the 𝑋-problem is cut on the set of indices 𝑀 with respect
to the tuple (𝜔𝑟+1, … , 𝜔𝑠).
Consider the 𝑋(𝑡)-problem, which differs from the 𝑋-problem in that it does
not include the 𝑡-block constraints.

Theorem 2. Suppose:

1) the 𝑋(𝑡)-problem is cut on the set of indices
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𝑀 ≡
𝑡−1
⋃
𝑗=1

𝑀𝑗 ∖ 𝑀𝑡

for all tuples (𝜔𝑟+1, … , 𝜔𝑠);

2) there exists at least one 𝑗∗ ≠ 𝑡 such that all 𝑎(𝑗∗)
𝑖1…𝑖𝑠

= 𝑎(𝑡)
𝑖1…𝑖𝑠

;

3) the 𝑗∗-block constraints and the 𝑡-block constraints are given in the form
of equalities;

4) the compatibility conditions are satisfied,

∑
𝑘∈𝑀𝑗∗ ∪𝑀𝑡∖𝑀𝑗∗

𝑏𝑀𝑗∗ (𝑖1…𝑖𝑠) = ∑
𝑘∈𝑀𝑗∗ ∪𝑀𝑡∖𝑀𝑡

𝑏𝑀𝑡(𝑖1…𝑖𝑠).

Then the 𝑋-problem has a feasible solution.

Proof. Every solution of the 𝑋(𝑡)-problem can be written in the form

𝑥(𝜔𝑟+1…𝜔𝑠)
𝑖1…𝑖𝑠

=
⎧{
⎨{⎩

𝑦𝑖1…𝑖𝑟
, if ⋂

𝑘∈𝑀
𝑝(𝑖𝑘 = 𝜔𝑘) = 1,

0, if ⋂
𝑘∈𝑀

𝑝(𝑖𝑘 = 𝜔𝑘) = 0.

We shall show that there exist such

𝜆𝜔𝑟+1…𝜔𝑠
≥ 0,

𝑛𝑟+1

∑
𝜔𝑟+1=1

⋯
𝑛𝑠

∑
𝜔𝑠=1

𝜆𝜔𝑟+1…𝜔𝑠
= 1, (7)

for which the convex combination

𝑛𝑟+1

∑
𝜔𝑟+1=1

⋯
𝑛𝑠

∑
𝜔𝑠=1

𝑥(𝜔𝑟+1…𝜔𝑠)
𝑖1…𝑖𝑠

𝜆𝜔𝑟+1…𝜔𝑠
= ̄𝑥𝑖1…𝑖𝑠

satisfies the 𝑡-block constraints

∑
𝑘∈𝑀𝑡

𝑎(𝑡)
𝑖1…𝑖𝑠

̄𝑥𝑖1…𝑖𝑠
= ∑

𝑘∈𝑀𝑡

𝑎(𝑡)
𝑖1…𝑖𝑠

⎛⎜
⎝

𝑛𝑟+1

∑
𝜔𝑟+1=1

⋯
𝑛𝑠

∑
𝜔𝑠=1

𝑥(𝜔𝑟+1…𝜔𝑠)
𝑖1…𝑖𝑠

𝜆𝜔𝑟+1…𝜔𝑠
⎞⎟
⎠

=

= ∑
𝑘∈𝑀𝑡

𝑎(𝑡)
𝑖1…𝑖𝑠

𝑥(𝑖𝑟+1…𝑖𝑠)
𝑖1…𝑖𝑠

𝜆𝑖𝑟+1…𝑖𝑠
= ∑

𝑘∈𝑀𝑡

𝑎(𝑡)
𝑖1…𝑖𝑠

𝑦𝑖1…𝑖𝑟
𝜆𝑖𝑟+1…𝑖𝑠

= 𝑏𝑀𝑡(𝑖1…𝑖𝑠).

sovietrxiv.org/items/ru-196401.23731 Machine Translation

https://sovietrxiv.org/items/ru-196401.23731


Since, by definition, 𝑀 ∩ 𝑀𝑡 = ∅, it follows that

𝜆𝑖𝑟+1…𝑖𝑠
=

𝑏𝑀𝑡(𝑖1…𝑖𝑠)

∑
𝑘∈𝑀𝑡

𝑎(𝑡)
𝑖1…𝑖𝑠

𝑦𝑖1…𝑖𝑟

.

It remains to show that condition (7) is satisfied. From the compatibility con-
ditions,

∑
𝑘∈𝑀𝑗∗ ∪𝑀𝑡∖𝑀𝑡

𝑏𝑀𝑡(𝑖1…𝑖𝑠) = ∑
𝑘∈𝑀𝑗∗ ∪𝑀𝑡

⎛⎜
⎝

𝑛𝑟+1

∑
𝜔𝑟+1=1

⋯
𝑛𝑠

∑
𝜔𝑠=1

𝑎(𝑡)
𝑖1…𝑖𝑠

𝑥(𝜔𝑟+1…𝜔𝑠)
𝑖1…𝑖𝑠

𝜆𝜔𝑟+1…𝜔𝑠
⎞⎟
⎠

=

= ⎛⎜
⎝

𝑛𝑟+1

∑
𝜔𝑟+1=1

⋯
𝑛𝑠

∑
𝜔𝑠=1

𝜆𝜔𝑟+1…𝜔𝑠
⎞⎟
⎠

⎛⎜
⎝

∑
𝑘∈𝑀𝑗∗ ∪𝑀𝑡

𝑎(𝑗∗)
𝑖1…𝑖𝑠

𝑥(𝜔𝑟+1…𝜔𝑠)
𝑖1…𝑖𝑠

⎞⎟
⎠

=

= ⎛⎜
⎝

𝑛𝑟+1

∑
𝜔𝑟+1=1

⋯
𝑛𝑠

∑
𝜔𝑠=1

𝜆𝜔𝑟+1…𝜔𝑠
⎞⎟
⎠

⎛⎜
⎝

∑
𝑘∈𝑀𝑗∗ ∪𝑀𝑡∖𝑀𝑗∗

𝑏𝑀𝑗∗ (𝑖1…𝑖𝑠)
⎞⎟
⎠

it follows that

𝑛𝑟+1

∑
𝜔𝑟+1=1

⋯
𝑛𝑠

∑
𝜔𝑠=1

𝜆𝜔𝑟+1…𝜔𝑠
= 1.

The theorem is proved.

Consider a multi-index linear programming problem of transportation type, in
which all constraints are given in the form of equalities, i.e., conditions (2) are
written as follows:

∑
𝑘∈𝑀𝑗

𝑥𝑖1…𝑖𝑠
= 𝑏𝑀𝑗(𝑖1…𝑖𝑠). (2�)

Denote 𝐽0 ≡ {1, … , 𝑡}, 𝑀 (0)
𝑗 ≡ 𝑀𝑗. For each 𝑟 = 1, … , 𝑡 − 2, consider

𝑀 (𝑟)
𝑗 ≡ 𝑀 (𝑟−1)

𝑗 ∖ ⋂
𝑗∈𝐽𝑟−1

𝑀 (𝑟−1)
𝑗 for all 𝑗 ∈ 𝐽𝑟−1,

𝑀 (𝑟) ≡ ⋃
𝑗∈𝐽𝑟−1

𝑀 (𝑟−1)
𝑗 .
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Theorem 3. If for each 𝑟 = 1, … , 𝑡 − 2 there exists, in the last resort, one
𝑗𝑟 ∈ 𝐽𝑟−1 such that

𝑀 (𝑟) ∖ 𝑀 (𝑟)
𝑗𝑟

⊂ ⋂
𝑗∈𝐽𝑟

𝑀 (𝑟)
𝑗 , where 𝐽𝑟 = 𝐽𝑟−1 ∖ 𝑗𝑟,

then the multi-index problem of transportation type has a feasible solution if
and only if the consistency conditions are satisfied.

Sufficiency. For 𝑡 = 2, the consistency conditions are sufficient for any 𝑀1 and
𝑀2. In this case the feasible solution is written as follows:

𝑥𝑖1…𝑖𝑠
=

𝑏𝑀1(𝑖1…𝑖𝑠) 𝑏𝑀2(𝑖1…𝑖𝑠)
∑

𝑘∈𝑀(1)
2

𝑏𝑀1(𝑖1…𝑖𝑠)
.

Consider the case 𝑡 = 3. There exists 𝑗1 such that

𝑀 (1) ∖ 𝑀 (1)
𝑗1

⊂ ⋂
𝑗∈𝐽1

𝑀 (1)
𝑗 . (8)

It is not hard to see that 𝐽𝑟 contains 𝑡 − 𝑟 elements, i.e., for 𝑡 = 3, 𝐽1 contains
two elements.

Since for the 𝑋(𝑗1)-problem all the conditions of Theorem 2 are satisfied, for
𝑡 = 3 the problem (1), (2�), (3) has a feasible solution.

Suppose that the theorem is true for 𝑡 = 𝜏 . We shall show that it is true
for 𝑡 = 𝜏 + 1. In this case condition (8) is also satisfied, and 𝐽1 contains 𝜏
elements. Since the 𝑋(𝑗1)-problem has a solution, the 𝑋-problem also has a
solution by Theorem 2. Necessary and sufficient conditions for the existence of
a feasible solution to problem (2�), (3) were obtained in [2] by another method,
in considering mixed strategies in coalition games.

Consider the case when all 𝑎(𝑗)
𝑖1…𝑖𝑠

≥ 0 and upper and lower bounds are imposed
on all 𝑥𝑖1…𝑖𝑠

, i.e.,

0 ≤ 𝑚(1)
𝑖1…𝑖𝑠

≤ 𝑥𝑖1…𝑖𝑠
≤ 𝑚(0)

𝑖1…𝑖𝑠
≤ ∞. (3�)

Denote

∑
𝑘∈𝑀𝑗

𝑚(𝑙)
𝑖1…𝑖𝑠

𝑥𝑖1…𝑖𝑠
≡ 𝐴(𝑙,𝑙)

𝑀𝑗(𝑖1…𝑖𝑠).

We shall compute
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𝑚(𝑙)
𝑖1…𝑖𝑠

= (−1)𝑙 min
1≤𝑗≤𝑡

⎡⎢
⎣

(−1)𝑙 ⎛⎜
⎝

𝑏𝑀𝑗(𝑖1…𝑖𝑠) − 𝐴(𝑗,𝑙−1)
𝑀𝑗(𝑖1…𝑖𝑠)

𝑎(𝑗)
𝑖1…𝑖𝑠

+ 𝑚(𝑙−1)
𝑖1…𝑖𝑠

⎞⎟
⎠

, (−1)𝑙𝑚(𝑙−2)
𝑖1…𝑖𝑠

⎤⎥
⎦

.

Theorem 4. In order that problem (2), (3�) have a solution, it is necessary
that the condition

(−1)𝑙 [𝑚(𝑙)
𝑖1…𝑖𝑠

− 𝑚(𝑙−1)
𝑖1…𝑖𝑠

] ≥ 0

be satisfied for all 𝑙 = 2, 3, … ; 𝑖𝑘 = 1, … , 𝑛𝑘; 𝑘 = 1, … , 𝑠. Moreover, after a
finite number of steps 𝑙, either all

𝑚(𝑙)
𝑖1…𝑖𝑠

= 𝑚(𝑙−2)
𝑖1…𝑖𝑠

,

and in this case all lower and upper bounds are balanced, or at least in one cell
the condition

(−1)𝑙 [𝑚(𝑙)
𝑖1…𝑖𝑠

− 𝑚(𝑙−1)
𝑖1…𝑖𝑠

] ≥ 0

is violated, i.e. problem (2), (3�) has no feasible solution.

Consider the multi-index LP problem of transportation type.

Theorem 5. If 𝜇𝑖1…𝑖𝑠
and 𝑀𝑖1…𝑖𝑠

are, respectively, the values of the balanced
lower and upper bounds, then the inequalities

∑
𝑘∈𝑀𝑗

𝑀𝑖1…𝑖𝑠
+ ⎛⎜

⎝
∏

𝑙∈𝑀𝑗

𝑛𝑙 − 1⎞⎟
⎠

∑
𝑘∈𝑀𝑗

𝜇𝑖1…𝑖𝑠
≤ ⎛⎜

⎝
∏

𝑙∈𝑀𝑗

𝑛𝑙
⎞⎟
⎠

𝑏𝑀𝑗(𝑖1…𝑖𝑠) ≤

≤ ∑
𝑘∈𝑀𝑗

𝜇𝑖1…𝑖𝑠
+ ⎛⎜

⎝
∏

𝑙∈𝑀𝑗

𝑛𝑙 − 1⎞⎟
⎠

∑
𝑘∈𝑀𝑗

𝑀𝑖1…𝑖𝑠
for all 𝑗 = 1, … , 𝑡.

Special cases of Theorems 4 and 5 were considered by the author in work (3).
Central Economic-Mathematical Institute
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