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Abstract
Full Text

M. A. NAIMARK
ON COMMUTATIVE ALGEBRAS OF OPERATORS IN
THE SPACE Π1
(Presented by Academician P. S. Novikov on 23 I 1964)

Let us consider a commutative algebra 𝑅 of bounded linear operators in the
space Π𝑘* with indefinite inner product (𝜉, 𝜂), 𝜉, 𝜂 ∈ Π𝑘. We shall call the
algebra 𝑅 symmetric if from 𝐴 ∈ 𝑅 it follows that 𝐴∗ ∈ 𝑅, where 𝐴∗ is defined
by the condition (𝐴𝜉, 𝜂) = (𝜉, 𝐴∗𝜂). Two algebras 𝑅, 𝑅′ in two spaces Π𝑘
are called equivalent if there exists a linear mapping of one space onto the
other, preserving the indefinite inner product, under which 𝑅 is mapped onto
𝑅′. In the case of ordinary Hilbert spaces, the description, up to equivalence,
of all commutative symmetric algebras is well known. It is natural to pose the
analogous problem for algebras in Π𝑘**. The present paper is devoted to the
solution of this problem for the simplest case 𝑘 = 1.
Let 𝑅 be a commutative symmetric algebra in Π1. According to Theorem 1 of
(4) (see also (5)), in Π1 there exists a one-dimensional nonnegative subspace 𝔑
invariant with respect to all 𝐴 ∈ 𝑅. Let 𝜉0 ∈ 𝔑, 𝜉0 ≠ 0. Then

𝐴𝜉0 = 𝜆(𝐴)𝜉0 for all 𝐴 ∈ 𝑅, (1)

where 𝜆(𝐴) is a numerical function on 𝑅 possessing the following properties:

𝜆(𝛼𝐴) = 𝛼𝜆(𝐴), 𝜆(𝐴 + 𝐵) = 𝜆(𝐴) + 𝜆(𝐵),

𝜆(𝐴𝐵) = 𝜆(𝐴)𝜆(𝐵), |𝜆(𝐴)| ≤ |𝐴|. (2)

The further classification of the algebras 𝑅 depends on the properties of the
space 𝔑. Only the following cases are possible:

I. Among the nonnegative invariant subspaces 𝔑 there exist positive
subspaces (i.e., such that (𝜉, 𝜉) > 0 for 𝜉 ≠ 0, 𝜉 ∈ 𝔑).

In case I 𝜆(𝐴) does not depend on the choice of the positive invariant subspace
𝔑, and for each such subspace 𝜆(𝐴∗) = 𝜆(𝐴). Put

𝔐 = {𝜉 ∶ 𝜉 ∈ Π1, 𝐴𝜉 = 𝜆(𝐴)𝜉}, ℌ = 𝔐⟂.

Then 𝔐 is positive one-dimensional or the space Π1; ℌ is negative (i.e., (𝜉, 𝜉) < 0
for 𝜉 ≠ 0, 𝜉 ∈ ℌ) and invariant with respect to all 𝐴 ∈ 𝑅. Let 𝐴1 be the

sovietrxiv.org/items/ru-196401.20748 Machine Translation

https://sovietrxiv.org/items/ru-196401.20748


restriction of 𝐴 to ℌ, and 𝑅1 = {𝐴1 ∶ 𝐴 ∈ 𝑅}. Then 𝑅1 is a commutative
symmetric algebra in an ordinary Hilbert space.

Only the following cases are possible:

Ia. There exist operators 𝐴 ∈ 𝑅 for which 𝐴1 = 0, but 𝜆(𝐴) ≠ 0.

Ib. From 𝐴1 = 0 it follows that 𝜆(𝐴) = 0.

* The study of the space Π𝑘 and of operators in it was begun by L. S. Pontryagin
(1) and then continued in works of I. S. Iokhvidov and N. G. Krein (in this
connection, as well as for definitions and basic properties of Π𝑘 and operators
in Π𝑘, see (2)).
** For the case of an algebra generated by a single Hermitian (in the sense of
(𝜉, 𝜂)) operator, in contrast to the ordinary Hilbert space this is not always the
case in Π1; this question is closely connected with the question of the spectral
representation of Hermitian operators in Π𝑘, considered by M. G. Krein and G.
Langer in (3), see also (2), Ch. V.

In case Ib the function 𝜆(𝐴) may be regarded as a function 𝜆(𝐴1) on 𝑅1, and
for 𝜆(𝐴1) the first three conditions (2) are satisfied.

Theorem 1. In case Ia the algebra 𝑅 is defined by a space 𝔐, one-dimensional
positive or of type Π1, and by a commutative symmetric algebra 𝑅1 in some
Hilbert space ℌ, and in case Ib, in addition, by a numerical function 𝜆(𝐴1) on
𝑅1 satisfying the conditions:

𝜆(𝛼𝐴1) = 𝛼𝜆(𝐴1), 𝜆(𝐴1+𝐵1) = 𝜆(𝐴1)+𝜆(𝐵1), 𝜆(𝐴1𝐵1) = 𝜆(𝐴1)𝜆(𝐵1),

𝜆(𝐴∗
1) = 𝜆(𝐴1).

Here 𝑅 is realized in the following way: Π1 consists of all formal sums 𝜉 = 𝑚+ℎ,
𝑚 ∈ 𝔐, ℎ ∈ ℌ, with componentwise definition of addition and multiplication
by a number and with scalar product

(𝜉, 𝜉′) = (𝑚, 𝑚′) − [ℎ, ℎ′]

for 𝜉 = 𝑚 + ℎ, 𝜉′ = 𝑚′ + ℎ′, where [ℎ, ℎ′] is the ordinary scalar product in ℌ.
The algebra 𝑅 consists of all operators 𝐴 defined by the formula

𝐴(𝑚 + ℎ) = 𝜆𝑚 + 𝐴1ℎ, 𝐴1 ∈ 𝑅1,

where 𝜆 is an arbitrary number independent of 𝐴1 in case Ia and 𝜆 = 𝜆(𝐴1)
in case Ib. Two algebras 𝑅 and 𝑅 of type I, corresponding to 𝔐, ℌ, 𝑅1 and
𝔐̃, ℌ̃, 𝑅1 (and to 𝜆(𝐴1), 𝜆̃(𝐴1)), in case Ib are isomorphic if and only if: a)
dim 𝔐̃ = dim𝔐; b) 𝑅1 and 𝑅1 are equivalent; c) in case Ib there exists an
isometric mapping of ℌ̃ onto ℌ, mapping 𝑅1 onto 𝑅1, under which 𝜆̃(𝐴1) passes
into 𝜆(𝐴1).
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II. All nonnegative invariant subspaces ℌ are null (i.e. (𝜉, 𝜉) = 0 for all
𝜉 ∈ 𝔐) and among them there exists an invariant subspace 𝔑1 such
that Im𝜆(𝐴) ≠ 0 for some Hermitian 𝐴 ∈ 𝑅.

On the basis of Theorem 2 from (6), in this case there exists a null invariant
subspace 𝔑2, skew-conjugate to 𝔑1, and such that

𝐴𝜉 = 𝜆(𝐴) 𝜉

for 𝜉 ∈ 𝔑2, 𝐴 = 𝐴∗ ∈ 𝑅. It is not hard to show that the pair 𝔑1, 𝔑2 is
determined uniquely up to interchange. Obviously, one can choose 𝜉1 ∈ 𝔑1 and
𝜉2 ∈ 𝔑2 so that (𝜉1, 𝜉2) = 1. Further, 𝔑1+̇𝔑2 is an invariant subspace of type
Π1. Therefore, putting

ℌ = (𝔑1+̇𝔑2)⟂,
we obtain that

Π1 = (𝔑1+̇𝔑2) ⊕ ℌ,
ℌ is negative and invariant with respect to all 𝐴 ∈ 𝑅. Let 𝐴1 be the restriction
of 𝐴 to ℌ and

𝑅1 = {𝐴1 ∶ 𝐴 ∈ 𝑅}.
Then 𝑅1 is a symmetric commutative algebra in an ordinary Hilbert space.

Only the following two cases are possible:

IIa. There exist operators 𝐴 ∈ 𝑅 for which 𝐴1 = 0, but 𝜆(𝐴) ≠ 0.
IIb. From 𝐴1 = 0 it follows that 𝜆(𝐴) = 0.
In case IIb the function 𝜆(𝐴) may be regarded as a function 𝜆(𝐴1) on 𝑅1.

Theorem 2. In case IIa the algebra 𝑅 is defined by a commutative symmetric
algebra 𝑅1 of operators in some Hilbert space ℌ, and in case IIb, in addition,
by a function 𝜆(𝐴1), defined on 𝑅1 and satisfying the conditions:

𝜆(𝛼𝐴1) = 𝛼𝜆(𝐴1), 𝜆(𝐴1 + 𝐵1) = 𝜆(𝐴1) + 𝜆(𝐵1),

𝜆(𝐴1𝐵1) = 𝜆(𝐴1)𝜆(𝐵1), 𝜆(𝐴∗
1) ≠ 𝜆(𝐴1).

The algebra 𝑅 is realized in the following way: Π1 is the space of all formal
sums

𝜉 = 𝛼1𝜉1 + 𝛼2𝜉2 + ℎ,
where ℎ ∈ ℌ; 𝛼1, 𝛼2 are arbitrary complex numbers; 𝜉1, 𝜉2 are abstract elements.
The operations of addition and multiplication by a number are defined in Π1
componentwise, and the scalar product is given by the formula

(𝜉, 𝜉′) = 𝛼1𝛼′
2 + 𝛼2𝛼′

1 − [ℎ, ℎ′]

for
𝜉 = 𝛼1𝜉1 + 𝛼2𝜉2 + ℎ, 𝜉′ = 𝛼′

1𝜉1 + 𝛼′
2𝜉2 + ℎ′,
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where [ℎ, ℎ′] is the ordinary scalar product in ℌ.

The algebra 𝑅 consists of all linear operators 𝐴 in Π1 defined by the formulas

𝐴𝜉1 = 𝜆𝜉1, 𝐴𝜉2 = 𝜇𝜉2, 𝐴ℎ = 𝐴1ℎ,

where 𝐴1 ∈ 𝑅1; 𝜆, 𝜇 are arbitrary complex numbers in case IIa and 𝜆 = 𝜆(𝐴1),
𝜇 = 𝜆(𝐴∗

1) in case IIb. Two algebras 𝑅 and 𝑅 of type II, corresponding to 𝑅1
and 𝑅1 (and to 𝜆(𝐴1), 𝜆̃(𝐴1) in case IIb), are equivalent if and only if 𝑅1 and
𝑅1 are equivalent, and in the case-

where IIb means when there exists an isometric mapping ℌ onto ℌ, under which
𝑅1 is mapped onto 𝑅1 and 𝜆̃(𝐴1) passes into 𝜆(𝐴1) or 𝜆(𝐴∗).
III. All nonnegative invariant subspaces 𝔑 are null, and for each of

them 𝜆(𝐴∗) = 𝜆(𝐴). It is not difficult to show that in this case 𝔑 is
unique and, consequently, 𝜆(𝐴) is determined uniquely. In case III we
shall additionally assume that 1 ∈ 𝑅, that Π1 is separable, and that 𝑅 is
separable in the operator norm. Let 𝜉0 ∈ 𝔑, 𝜉0 ≠ 0, and let 𝜂0 be such
that (𝜂0, 𝜂0) = 0, (𝜉0, 𝜂0) = 1. Put ℌ = {𝜉0, 𝜂0}⟂. Then ℌ is negative, and
Π1 consists of all sums 𝛼𝜉0 + 𝛽𝜂0 + ℎ, where 𝛼, 𝛽 are arbitrary complex
numbers and ℎ ∈ ℌ. The subspace ℌ is no longer invariant with respect
to the operators 𝐴 ∈ 𝑅, but

𝐴ℎ = (ℎ, ℎ𝐴)𝜉0 + 𝐴1ℎ,

where ℎ𝐴 ∈ ℌ and 𝐴1 is a bounded linear operator in ℌ. Put 𝑅1 =
{𝐴1 ∶ 𝐴 ∈ 𝑅}. Then 𝑅1 is a symmetric commutative algebra in the usual
Hilbert space ℌ, containing the identity operator; it is, up to equivalence,
determined uniquely, independently of the choice of 𝜂0.

Let 𝑅1 be the closure of 𝑅1 in the operator norm, and let 𝑇 be the bicompact
space of maximal ideals 𝑡 of the algebra 𝑅1. Let 𝐴(𝑡) be the value of the element
𝐴1 ∈ 𝑅 on the ideal 𝑡. Only the following two cases are possible:

IIIa. There exists a point 𝑡0 ∈ 𝑇 for which 𝐴(𝑡0) = 𝜆(𝐴) for all 𝐴 ∈ 𝑅.

IIIb. Such a point 𝑡0 ∈ 𝑇 does not exist.

Theorem 3. In case IIIa a separable algebra 𝑅 with identity in the separable
space Π1 is specified by:

a) a bicompact space 𝑇 ;

b) a self-adjoint algebra 𝑅1 of numerical functions 𝐴(𝑡) ∈ 𝐶(𝑇 ), everywhere
dense in 𝐶(𝑇 );

c) a measure 𝜎 with support 𝑇 ;

d) a finite or countable system of closed sets 𝐹1 = 𝑇 ⊃ 𝐹2 ⊃ ⋯, a point
𝑡0 ∈ 𝑇 , and the Hilbert space 𝔓 constructed from them, consisting of all
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vector-functions 𝑝 = {𝑝(𝑡)} = {𝑝1(𝑡), 𝑝2(𝑡), …}, 𝑡 ∈ 𝑇1 = 𝑇 − {𝑡0}, where
𝑝𝑘(𝑡) ∈ 𝐿2

𝜎(𝑇1) and 𝑝𝑘(𝑡) = 0 almost everywhere on 𝑇 − 𝐹𝑘, with the usual
definition of the operations of addition and multiplication by a number and
with scalar product

[𝑝, 𝑝′] = ∫(𝑝(𝑡), 𝑝′(𝑡)) 𝑑𝜎 = ∫ ∑
𝑘

𝑝𝑘(𝑡) 𝑝′
𝑘(𝑡) 𝑑𝜎,

where everywhere the integral is taken over 𝑇1.

Denote by 𝔓(𝑡) the subspace in 𝑙2 consisting of all vectors 𝑝 = {𝑝1, 𝑝2, …} ∈ 𝑙2
for which 𝑝𝑘 = 𝑝𝑘+1 = ⋯ = 0 when 𝑡 ∈ 𝑇1 − 𝐹𝑘. Then

𝔓 = ∫ 𝔓(𝑡) 𝑑𝜎.

If 𝑇1 = ∅, then, by definition, 𝔓 = (0).
𝑅 is specified by:

d) a Hilbert space 𝔏 (possibly = (0)), in it a linear subset ℒ (possibly = (0))
and an anti-isometric operator∗ 𝑉 , mapping ℒ onto ℒ and satisfying the
condition 𝑉 2 = 1;

e) a measurable vector-function 𝜁 = {𝜁(𝑡)} such that 𝜁(𝑡) ∈ 𝔓(𝑡) almost
everywhere on 𝑇1 and

{[𝐴(𝑡) − 𝐴(𝑡0)]𝜁(𝑡)} ∈ 𝔓

for any function 𝐴(𝑡) ∈ 𝑅1;

f) a linear manifold ℰ in the collection 𝔈 of all {𝐴(𝑡), 𝑞, 𝛾, 𝜆}, where 𝐴(𝑡) ∈
𝑅1, 𝑞 ∈ ℒ, 𝛾 ∈ 𝐶 (𝐶 is the set of all complex numbers), 𝜆 = 𝐴(𝑡0),
satisfying the following conditions: 1) if {𝐴(𝑡), 𝑞, 𝛾, 𝜆} ∈ ℰ, then also
{𝐴(𝑡), 𝑉 𝑞, 𝛾, 𝜆} ∈ ℰ; 2) if {𝐴1(𝑡), 𝑞1, 𝛾1, 𝜆1} ∈ ℰ and {𝐴2(𝑡), 𝑞2, 𝛾2, 𝜆2} ∈
ℰ, then also

{𝐴1(𝑡)𝐴2(𝑡), 𝜆2𝑞1 + 𝜆1𝑞2, 𝜆1𝛾2 + 𝜆2𝛾1 − ∫ |𝐴1(𝑡) − 𝜆1| |𝐴2(𝑡) − 𝜆2| (𝜁(𝑡), 𝜁(𝑡)) 𝑑𝜎 + (𝑉 𝑞2, 𝑞1), 𝜆1𝜆2} ∈ ℰ;

3) the projection of ℰ onto the first, second, third, and fourth components
coincides respectively with 𝑅1, ℒ, 𝐶, and 𝐶.

∗ An operator 𝑉 in ℒ is called anti-isometric if

𝑉 (𝛼1𝑞1 + 𝛼2𝑞2) = 𝛼1𝑉 𝑞1 + 𝛼2𝑉 𝑞2

and
(𝑉 𝑞1, 𝑉 𝑞2) = (𝑞2, 𝑞1)
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for 𝑞1, 𝑞2 ∈ ℒ, 𝛼1, 𝛼2 ∈ 𝐶.

The algebra 𝑅 is realized as follows. The space Π1 consists of all formal sums 𝜉 =
𝛼𝜉0+𝛽𝜂0+𝑝(𝑡)+𝑞, where 𝛼, 𝛽 ∈ 𝐶, 𝑝(𝑡) ∈ 𝔓, 𝑞 ∈ 𝔔, 𝜉0, 𝜂0 are abstract elements,
with componentwise definitions of the operations of addition and multiplication
by a number, and with scalar product

(𝜉, 𝜉′) = 𝛼 ̄𝛽′ + ̄𝛽𝛼′ − ∫(𝑝(𝑡), 𝑝′(𝑡)) 𝑑𝜎 − [𝑞, 𝑞′]

for 𝜉 = 𝛼𝜉0 + 𝛽𝜂0 + 𝑝(𝑡) + 𝑞, 𝜉′ = 𝛼′𝜉0 + 𝛽′𝜂0 + 𝑝′(𝑡) + 𝑞′, where [𝑞, 𝑞′] is the
usual scalar product in 𝔔.

The algebra 𝑅 consists of all linear operators 𝐴 in Π1 given by the formulas

𝐴𝜉0 = 𝜆𝜉0, 𝐴𝑝(𝑡) = − ∫(𝐴(𝑡) − 𝜆)(𝑝(𝑡), 𝜁(𝑡)) 𝑑𝜎 𝜉0 + 𝐴(𝑡)𝑝(𝑡); (3)

𝐴𝑞 = (𝑞, 𝑞′)𝜉0 + 𝜆𝑞; (4)

𝐴𝜂0 = 𝛾𝜉0 + 𝜆𝜂0 + (𝐴(𝑡) − 𝜆)𝜁(𝑡) + 𝑉 𝑞, (5)

where {𝐴(𝑡), 𝑞′, 𝛾, 𝜆} ∈ 𝔈.
Two such algebras 𝑅, 𝑅 with the same 𝜉0, 𝜂0, 𝑇 , 𝑡0, 𝔓, and 𝔔, but correspond-
ing, possibly, to different 𝑅1, 𝜁(𝑡), 𝔏, 𝑉 , 𝔈 and 𝑅1, ̃𝜁(𝑡), 𝔏, 𝑉 , 𝔈, respectively, are
equivalent if and only if there exist: 1) a homeomorphism 𝑠 of the space 𝑇
onto itself; 2) a measurable family, defined for almost all 𝑡 ∈ 𝑇1, of isometric
mappings 𝑈(𝑡) of the space 𝔓(𝑠𝑡) onto 𝔓(𝑡); 3) a unitary operator 𝑈0 in 𝔔; 4)
elements 𝑝0(𝑡) ∈ 𝔓 and 𝑞0 ∈ 𝔔 such that: 𝛼) 𝑠𝑡0 = 𝑡0; 𝛽) the correspondence
𝐴(𝑡) → 𝐴(𝑠𝑡) is a mapping of the algebra 𝑅1 onto 𝑅1; 𝛾) the measures 𝜎(Δ)
and 𝜎(𝑠Δ) are equivalent; 𝛿) 𝑈0 maps 𝔏 onto 𝔏 and, moreover, 𝑉 is transformed
into 𝑉 ; 𝜀)

̃𝜁(𝑡) = [𝑑𝜎(𝑠𝑡)
𝑑𝜎(𝑡) ]

1/2
𝑈(𝑡)[𝜁(𝑠𝑡) + 𝑝0(𝑠𝑡)];

𝜒) the correspondence {𝐴(𝑡), 𝑞, 𝛾, 𝜆} → {𝐴(𝑡), ̃𝑞, ̃𝛾, 𝜆̃}, where 𝐴(𝑡) = 𝐴(𝑠𝑡),
̃𝑞 = 𝑈0𝑞,

̃𝛾 = 𝛾−∫(𝐴(𝑡)−𝜆)[(𝜁(𝑡), 𝑝0(𝑡))+(𝑝0(𝑡), 𝜁(𝑡))+(𝑝0(𝑡), 𝑝0(𝑡))] 𝑑𝜎+(𝑉 𝑞′, 𝑞0)+(𝑞0, 𝑉 𝑞′)
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is a mapping of the set 𝔈 onto the set 𝔈.
In case IIIb the algebra 𝑅 is realized analogously, with the difference that now
𝑡0, 𝔔, 𝑉 , 𝑈0, 𝑞0 are absent, formula (4) and the condition 𝑠𝑡0 = 𝑡0 are absent;
𝑇1 coincides with 𝑇 , and 𝜆 runs through arbitrary complex numbers no longer
necessarily equal to 𝐴(𝑡0).
Corollary 1. In case IIIb one may assume that 𝜁(𝑡) ≡ 0, and when 𝜁(𝑡) ≡
0 formulas (3)—(5) for the operators 𝐴 ∈ 𝑅, including the coefficient 𝛾, are
determined uniquely.

Corollary 2. In cases I and II the algebras 𝑅 are semisimple; in case IIIa the
radical of the algebra 𝑅 consists of those and only those operators 𝐴 ∈ 𝑅 for
which 𝐴3 = 0 (in case IIIb, for which 𝐴2 = 0).
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