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Abstract
Full Text

I. M. MILIN

THE AREA METHOD IN THE THEORY OF
UNIVALENT FUNCTIONS

(Presented by Academician M. A. Lavrent ev on 19 VIII 1963)

We consider the following classes of functions: Y.—the class of functions

F<O:C+O‘0+O¢1%+“"

regular and univalent in the domain 1 < |¢| < oo; the classes ¥y, %,, S, S, are

defined as usual; i ,io, ,iz are subclasses, respectively, of £, ¥, 2,, consisting of
functions mapping |[¢| > 1 onto domains without exterior points with boundary
of zero area (which is equivalent to the condition Zzozl nla,|? = 1).

The paper presents a method related to an elementary one, but which makes it
possible to obtain, in a unified way, the previously known principal results of
the theory of univalent functions and some new results.

I. The system of functions {4, (z)}
1. Simplest properties of the system {A4,(z)}.

Take an arbitrary function F({) € ¥ and an arbitrary value (;: [(;] = p =
1/r > 1. Define in the disk |z] < 1 single-valued functions 4,,(z), n = 1,2, ...,
by means of the expansion

NEACER G I I 1)

(the branch of the logarithmic function is taken which tends to zero as ¢ = c0).

If we take the function F,(¢) = /F(¢?) € X5, when F({) € ¥, and in the
same way define the system of functions {a,,(2)}:

F(QO) —Fy(G) 1 1
IHQC_—Cfl = ;an(zl)@a 2 = = (2)

then the systems {4, (z)} and {a,(z)} are related by
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A, (2?) = 2a,,,(2), n=12 ... (3)

The simplest properties of the system {A, (z)} are easily established:

a) The functions A, (2), n = 1,2, ..., are regular in the disk |z| < 1. If the
functions A,,(z), n = 1,2, ..., are expanded in Taylor series in a neighbor-
hood of z =0,

A, (2) :Zankzk, n=12 ..., (4)
k=1

then o, = ay,,, N, k=1,2,....

b) The system of functions {A,,(z)} is uniformly bounded in the disk |z| < 1,
i.e., for every z in the disk |z| <1 and n =1,2,... we have

1A, (2)] < C, ()

where C' is an absolute constant.

c¢) The system {A,(z)}, generated by the function w = F({) € %, is con-
nected with the system of Faber polynomials ®,(w), generated by the
function ¢ = ®(w), inverse to the function w = F((), by the equalities

nA, (z) =¢"—,(F()), z= n=12 ... (6)

1
C7
2. Orthogonality of the system {4, (z)}

Deeper properties of the system {A, (z)} are obtained with the aid of the fol-
lowing lemma.

Lemma. Let 1
F(()=C+ag+a-+-€X,

¢
and let Q(w) be an arbitrary function, different from a constant, regular in the
domain g, (gpO is the interior of the image of the circle || = p, > 1 under

the mapping by the function F'(¢)). Suppose that the Laurent expansion of the
function Q(F(¢)), regular in the annulus 1 < |¢| < pg, has the form

— by + Y b,C" 1< ¢ < pp. (7)

Then
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o0

YonlBa? <Y nlb, . (®)
n=1

n=1

The equality sign occurs if and only if F'(¢) € .

This lemma, established earlier by the author (!) without the conclusion concern-
ing the possibility of the equality sign in (8), is a generalization of the “external
area theorem.” Applying it to F(¢) € 3 and choosing Q(w) = AP, (w)+ 9, (w),
n,m = 1,2,..., A an arbitrary complex number (or Q(w) = Aln(w—w;)+1n(w—
wy), wy = F({;), wy = F({,)), we arrive at the theorem:

Theorem 1. For any system

{An(z):Zankzk}, n=12,..,
k=1

generated by a function F(¢) € &, the system of derivatives {A/,(z)} is orthog-
onal in the domain |z| < 1. Moreover, the equalities hold

1 00 0, ifm#n,
= / Ay () A do =S kayamr =4 5 (9)
|z|<1 k=1 -

T , if m =n.

It follows from Theorem 1 that the system of functions {y/n A, (2)}, generated
by a function F(¢) € &, is orthonormal in the domain |z| < 1. It is not difficult
to prove the completeness of this system in the class of functions regular in the
unit disk and with integrable square of the modulus in |z| < 1. This makes it
possible to formulate a theorem on the expandability of regular functions in the

system {4, (2)}.

Theorem 2. If the system {4,,(z)} is generated by a function F(¢) € 5, then
for any function

f2) =3 cp2”
n=1

regular in the disk |2] < 1 and with finite area of the image of this disk, there
is an expansion in the system {4, (z)} (10) and the area formula (11):

n

f =3 AAe), A, =2 / BCEACTE (10)

™

in|cn|2 :iM (11)
n

n=1 n=1
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Moreover, the series ZZ’;I A, A, (z) converges absolutely and uniformly inside
the circle |z| < 1.

Finally, using the orthonormality of the system {/n 4,,(z)}, we obtain the sharp
estimates (12) and (13).

Theorem 3. For any systems {A,(2)} and {a,(2)}, n = 1,2,..., generated
respectively by the functions F(¢) € ¥ and F,(¢) € X, the following inequalities
hold in the circle |z| < 1:

- 1

2 1l
7;”|An<z)| <lIn 12 r=|z; (12)
- 1. 1+7? - 1 1
7;(271—1)|(12n71(z)|2 < gln st ;2n|a2n(z)|2 < 3 In T r=|z|.
(13)

Equality in (12) holds if and only if F(¢) € &, and in (13) if F,(¢) € S,.

I1. Univalent functions

We indicate some applications of the remarkable properties of the system
{A,(2)}-

1. Distortion theorems. From the definition of the systems {4, (z)} and
{a,,(2)} we obtain the following expressions for certain functionals in the classes
¥ and S:

InF’'(¢) = ZAn(z)z”;

in(o—nizoo—”a z)z" zzl'

LB _

_ zf5(z
RO O f

(2)
@

o0
Z gy (2)2°" 71
1

n=

Estimating the modulus of each of the sums in (14) by means of Cauchy’ s
inequality and taking into account the estimates (12) and (13), we obtain the
classical distortion theorems. The Goluzin “distortion of chords” theorems (?)
and Bazilevich’s “distortion of central angles’theorems (*) are proved analogously.
Thus Theorem 3 is a universal distortion theorem in the classes S and X.

From the orthonormality of the system {\/n A,,(z)} there also easily follow the
generalized distortion-type theorems obtained by G. M. Goluzin.
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2. Conditions for univalence. Let the function F({) be given in the domain
|| > 1 by the formal Laurent series

F(C) =(C+ag+ Zancin' (15)
n=1

In the exterior of the unit circle form the formal expansion of the function

F() - F@)

In 1 in a double power series:
FO-F®) _ .
lnﬁ = Z ankC t k. (16)
n,k=1
where a,,;, are integral rational functions of a,, a, ..., a,,, m = max(n, k). Then

Theorem 1 is not difficult to reformulate in the form of conditions for the uni-
valence of F'(().

Theorem 4. In order that the function F(¢), given by formula (15), be regular
and univalent in the domain 1 < |[{| < 0o, it is necessary and sufficient that the
coefficients a,,;, of the formal expansion (16) satisfy the system of inequalities:

Y HauP<=,  n=12.. (17)
k=1

3=

Moreover, if in (17) the equality sign holds for at least one value of n, then
F(¢) € % (and the equality sign in (17) will hold for every n > 1).

For the coefficients a,,, (n,k = 1,2,...), generated by functions F(¢) € &, for
arbitrary values of the complex variables z,, (n = 1,2,...,m), m > 1, from
Theorem 2 we obtain the identity

o0 m 2 m |.T |2
Zn Tpp,| = Z . (18)
n=1 |k=1 =1

Identity (18) immediately leads to the estimate

m
§ : ankxnazk

n,k=1

2
€T

ol (19)

m
n=1

obtained by M. Schiffer* by the method of variations and by G. M. Goluzin® by
Lowner’ s parametric method.

sovietrxiv.org/items/ru-196401.19856 Machine Translation


https://sovietrxiv.org/items/ru-196401.19856

3. Mean integral modulus.

Theorem 5. For the function f(z) = f(Z) € S, for any r, 0 < r < 1, we have

the sharp estimate
1

— | lf@)dargz <

_r (20)
Jef=r L=

The equality sign occurs only for the functions
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