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Abstract
Full Text

G. A. ZAITSEV

BASIC FORMULAS FOR A MULTIDIMEN-
SIONAL REAL SPINOR AND AN ALGE-
BRAIC MODEL OF QUANTIZED WAVE
FIELDS
(Presented by Academician N. N. Bogolyubov, January 14, 1964)

The theory of quantized wave fields is based on the application of creation and
annihilation operators for fermions and bosons (1−3). These operators gener-
ate an abstract associative ring whose generators, for the discrete momentum
representation, are related by the relations

𝑏𝜎1𝑏𝜎2
+ 𝑏𝜎2

𝑏𝜎1 ≡ [𝑏𝜎1 , 𝑏𝜎2
]+ = 𝛿𝜎1𝜎2 𝑒, [𝑏𝜎1

, 𝑏𝜎2
]+ = [𝑏𝜎1 , 𝑏𝜎2 ]+ = 0; (1)

𝑐𝜇1𝑐𝜇2
− 𝑐𝜇2

𝑐𝜇1 ≡ [𝑐𝜇1 , 𝑐𝜇2
] = 𝛿𝜇1𝜇2 𝑒, [𝑐𝜇1

, 𝑐𝜇2
] = [𝑐𝜇1 , 𝑐𝜇2 ] = 0. (2)

Here 𝑒 is the element of the ring corresponding to the identity operator; 𝑏𝜎 and
𝑏𝜎 correspond to the fermion creation and annihilation operators, 𝑐𝜇 and 𝑐𝜇

to the boson creation and annihilation operators, which commute with 𝑏𝜎, 𝑏𝜎;
the indices 𝜎 and 𝜇 run through countable sequences of values. The operators
corresponding to elements of the abstract ring will be denoted by the same Latin
letters, but no longer lowercase; rather, uppercase.

Definition 1. The associative rings generated by the elements 𝑏𝜎, 𝑏𝜎 or 𝑐𝜇, 𝑐𝜇

with the commutation relations (1) or (2) will be called, respectively, the basic
rings of a quantized fermion field {𝑏} and boson field {𝑐}. By the symbol
{𝑏×𝑐} we denote the direct product of the rings {𝑏} and {𝑐}, and by the symbols
{𝑏 ×𝑃 }, {𝑐 ×𝑃}, {𝑏 ×𝑐 ×𝑃} the associative algebras of the indicated rings over
the field 𝑃 (see (4)).

For the solution of mathematical problems that have been discussed repeatedly
(2,3,5,6), connected with a deeper foundation of the theory of quantized fields,
as well as with an invariant-group restructuring of the theory, it is desirable
to find and study a clear algebraic model corresponding to the case when the
indices 𝜎 and 𝜇 take only a finite number of integer values, for example lying
between 1 and 𝑛𝑏 and 𝑛𝑐. It will be shown below that such a model can be
furnished by a correspondingly generalized theory of real spinors (7), and that
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the basic formulas for one real spinor (8) can be given the meaning of equations
for determining the vacuum.

Introduce 2𝑛𝑏 linearly independent real matrices 𝑅𝛼, related by the relations

𝑅𝛼1
𝑅𝛼2

+𝑅𝛼2
𝑅𝛼1

= 2𝜀𝛼1
𝛿𝛼1𝛼2

𝐸, 𝜀1 = 𝜀2 = ⋯ = 𝜀𝑛𝑏+1 = 1, 𝜀𝑛𝑏+2 = ⋯ = 𝜀2𝑛𝑏
= −1.

(3)

Choose such a special representation that the matrices 𝑆0 = 𝑅1, 𝑆𝜎 = 𝑅1+𝜎 are
symmetric, while 𝐴1 = 𝑅𝑛𝑏+2, … , 𝐴𝑛𝑏−1 = 𝑅2𝑛𝑏

, 𝐴𝑛𝑏
= (−1)𝑛𝑏−1𝑅1 ⋯ 𝑅2𝑛𝑏

are
antisymmetric, and the elements of these matrices are equal to 0, 1, or −1. The
existence of such a representation is easily proved by induction on 𝑛𝑏. Instead
of the matrices 𝑅𝛼, as generators of the ring {𝑅}, take 2𝑛𝑏 linearly independent
matrices 𝑆𝜎, 𝐴𝜎 of order 2𝑛𝑏 . It follows from (3) that, if one puts

𝑆+
𝜎 = (𝑆𝜎 0

0 𝑆𝜎
) , 𝐴+

𝜎 = (𝐴𝜎 0
0 𝐴𝜎

) , 𝑆+
𝑛𝑏+1 = ( 0 𝑆0

𝑆0 0 ) , 𝐴+
𝑛𝑏+1 = ( 0 −𝑆0

𝑆0 0 ) ,
(4)

then the matrices with the “plus”sign will obey relations of type (3) with 𝑛𝑏
replaced by 𝑛𝑏 + 1. Taking, for 𝑛𝑏 = 1,

𝑆1 = (0 1
1 0) , 𝐴1 = (0 −1

1 0 ) ,

with the aid of (4) we shall find, for arbitrary 𝑛𝑏, the simplest representation
of the ring {𝑅} with the indicated properties, which we shall distinguish from
other representations by a zero on the left.

Definition 2. The associative ring {𝑅} generated by the real matrices 𝑅𝑎
related to one another by the relations (3) will be called the basic ring of real
spinors. The associative algebra of this ring over the field 𝑃 will be denoted
by {𝑅 × 𝑃}.

Introducing linearly independent matrices 𝐵𝜎 and 𝐵𝜎 by the formulas

𝐵𝜎 = 1
2(𝑆𝜎 − 𝐴𝜎), 𝐵𝜎 = 1

2(𝑆𝜎 + 𝐴𝜎), (5)

with the aid of (3) we obtain

𝐵𝜎1𝐵𝜎2
+ 𝐵𝜎2

𝐵𝜎1 = [𝐵𝜎1 , 𝐵𝜎2
]+ = 𝛿𝜎1𝜎2 𝐸, [𝐵𝜎1

, 𝐵𝜎2
]+ = [𝐵𝜎1 , 𝐵𝜎2 ]+ = 0.

(6)

Comparison with (1) shows that the following is true.
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Theorem 1. The basic algebra of real spinors over an arbitrary field 𝑃 of
characteristic zero is isomorphic to the basic algebra of a fermion field over 𝑃 .1

Generalizing to the multidimensional case the basic formulas for a single real
spinor (8), we introduce a column 𝜓0 of 2𝑛𝑏 real numbers such that

1
2(𝑆𝜎 − 𝐴𝜎)𝜓0 ≡ 𝐵𝜎𝜓0 = 0, 𝜎 = 1, 2, … , 𝑛𝑏, 𝜓0 ≠ 0. (7)

Definition 3. The real column 𝜓0, determined as a result of solving the equa-
tions (7), will be called a basic real spinor.

The law of transformation of 𝜓0 with respect to one or another group of trans-
formations is determined by the law of transformation of the basic matrices 𝐵𝜎

that preserves the relations (6). For 𝑛𝑏 = 2, hence, in particular, upon pos-
tulating the corresponding transformation properties of the matrices 𝐵𝜎, one
obtains the known law of transformation of the real spinor 𝜓0 with respect to
transformations from the Lorentz group (7; 8). If one introduces the additional
normalization condition 𝜓′

0𝜓0 = 1, then (7) will be a finite-dimensional analogue
of the equations for determining the vacuum.

Theorem 2. If 𝑃 is a field of characteristic zero and there are two systems
0𝐵𝜎, 0𝐵𝜎 and 𝐵𝜎, 𝐵𝜎 of matrices of order 2𝑛𝑏 with elements from the field 𝑃 ,
related by the relations (6), then 𝐵𝜎 = 𝑆(0𝐵𝜎)𝑆−1, 𝐵𝜎 = 𝑆(0𝐵𝜎)𝑆−1, where 𝑆
is a nonsingular square matrix with elements from 𝑃 . The algebra {𝑏 × 𝑃} is
isomorphic to the algebra of square matrices of order 2𝑛𝑏 over the field 𝑃 .

Theorem 3. By specifying a representation of the ring of a fermion field, the
basic real spinor is determined up to a factor.

Taking account of Theorem 2 and formulas (7), a general 2𝑛𝑏 -dimensional col-
umn 𝜓 can be expressed in the following way through the column 𝜓0 and the
matrices 𝐵:

𝜓 = (𝜓[0]𝐸 + 1
1!𝜓

[𝜎1]𝐵𝜎1
+ 1

2!𝜓
[𝜎1𝜎2]𝐵𝜎1

𝐵𝜎2
+ ⋯ + 1

𝑛𝑏!𝜓
[𝜎1⋯𝜎𝑛𝑏 ]𝐵𝜎1

⋯ 𝐵𝜎𝑛𝑏
) 𝜓0,

where, as usual, summation over identical indices is understood.

(8)

Definition 4. A column 𝜓, expressed in terms of the basic real spinor by for-
mula (8), will be called a real spinor if the law of transformation of 𝜓 under

1After the present article had been written, the author became aware of a work by De Roha
and Schepberg (12), in which a connection is established between the Clifford and Jordan–
Wigner algebras, equivalent to the correspondence introduced above between (3) and (6).
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transformations of one or another subgroup of the automorphism group of the
basic algebra of real spinors is completely determined by the law of transforma-
tion of the matrices 𝐵𝜎, 𝐵𝜎, connected by relations (6). In other words, if the
matrices 𝐵𝜎, 𝐵𝜎 are transformed into new matrices 𝐵𝜎, 𝐵𝜎, connected by the
same relations, then the transformed spinor 𝜓 will be determined by formula
(8), in which 𝐵𝜎 and 𝜓0 are replaced by 𝐵𝜎 and 𝜓0, while all coefficients 𝜓[𝜎1…𝜎𝑘]

remain the same.

If 𝜓[𝜎1…𝜎𝑘] are complex numbers, then in this case we shall call 𝜓 a“real spinor”
over the field of complex numbers, in order to emphasize that the transformation
law of 𝜓 is determined by the automorphism group of precisely the abstract basic
algebra of real spinors, and not by the general algebra of alternions (9). If in
expression (8) the coefficients 𝜓[𝜎1…𝜎𝑘] with odd or even values of 𝑘 are equal
to zero, then, in agreement with the definition from (10), real spinors with this
restriction will be called real semispinors of the 1st and 2nd kind.

We shall consider the set of columns of the form (8) as a left {𝐵 × 𝑃}-module.
According to known results in ring theory (4), this module is isomorphic to the
factor-algebra of the algebra {𝐵 × 𝑃} by the left ideal (0 ∶ 𝜓0), formed by the
set of elements of {𝐵 × 𝑃} that turn 𝜓0 into zero.

Theorem 4. The factor-algebra {𝐵 × 𝑃} − (0 ∶ 𝜓0) is isomorphic to the
Grassmann algebra over the field 𝑃 . Moreover, to each antisymmetric tensor
with components 𝜓[𝜎1…𝜎𝑘] there corresponds the element

1
𝑘!𝜓

[𝜎1…𝜎𝑘]𝐵𝜎1
⋯ 𝐵𝜎𝑘

of this factor-algebra, and to the exterior product of antisymmetric tensors with
components 𝜓[𝜎1…𝜎𝑘] and 𝜑[𝜏1…𝜏𝑠] there corresponds the product

1
𝑘!𝜓

[𝜎1…𝜎𝑘]𝐵𝜎1
⋯ 𝐵𝜎𝑘

by

1
𝑠!𝜑

[𝜏1…𝜏𝑠]𝐵𝜏1
⋯ 𝐵𝜏𝑠

.

Since second-quantized wave functions of a fermion field, according to Kastler
(2) (see also (3)), may be regarded as elements of a certain Grassmann algebra,
Theorem 4 makes it possible to establish a correspondence between multidimen-
sional real spinors and the states of a fermion field. In order to pass to the
description of a joint fermion-boson field, we introduce, for operators with re-
lations (2), the concrete representation 𝐶𝜇 = 𝜕/𝜕𝑞𝜇, 𝐶𝜇 = 𝑞𝜇, and, assuming
that 𝐵𝜎𝜓0 = 0, 𝐶𝜇𝜓 = 0, put
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𝜓 = (∑ 1
𝑘! 𝑝!𝜓

[𝜎1…𝜎𝑘](𝜇1…𝜇𝑝)𝐵𝜎1
⋯ 𝐵𝜎𝑘

𝐶𝜇1
⋯ 𝐶𝜇𝑝

) 𝜓0, (9)

where for 𝑘 = 0 or 𝑝 = 0 𝐵𝜎1
⋯ 𝐵𝜎𝑘

or, respectively, 𝐶𝜇1
⋯ 𝐶𝜇𝑝

are taken to be
equal to the identity operator.

Definition 5. A column 𝜓, expressed in terms of the basic real spinor by for-
mula (9), will be called a generalized real spinor if the law of transformation
of 𝜓 under transformations of one or another subgroup of the automorphism
group of the algebra {𝐵 × 𝐶 × 𝑃} is completely determined by the law of
transformation of the matrices 𝐵𝜎, 𝐵𝜎 and the operators 𝐶𝜇, 𝐶𝜇, connected by
relations of type (1) and (2).

The last and decisive stage in the construction of an algebraic model of quan-
tized fields is the establishment of a connection with representations of the
fundamental Lie group 𝐺 with structural constants 𝑐𝜆3

𝜆1𝜆2
, characterizing the

invariant properties of physical phenomena (11). Let 𝑌𝜆

and 𝑍𝜆 are infinitesimal operators of two representations of the group 𝐺, charac-
terized by matrices with elements (𝑌𝜆)𝜎1𝜎2 and (𝑍𝜆)𝜇1𝜇2 . Under continuous trans-
formations from 𝐺, 𝜓𝜎1 and 𝜓𝜇1 pass into

𝜓𝜎1 = (𝑒𝜉𝜆𝑌𝜆)𝜎1
𝜎2

𝜓𝜎2 , 𝜓𝜇1 = (𝑒𝜉𝜆𝑍𝜆)𝜇1
𝜇2

𝜓𝜇2 ,

and, correspondingly, the transformation law of the tensors

𝜓[𝜎1…](…𝜇𝑝)

is defined. From permutation relations of the type (1) and (2) there follows

Theorem 5. If the matrices 𝑌𝜆 and 𝑍𝜆 are related by the relations

[𝑌𝜆1
𝑌𝜆2

] = 𝑐𝜆3
𝜆1𝜆2

𝑌𝜆3
, [𝑍𝜆1

𝑍𝜆2
] = 𝑐𝜆3

𝜆1𝜆2
𝑍𝜆3

,
then the operators

̂𝑌𝜆 = (𝑌𝜆)𝜎1𝜎2𝐵𝜎1
𝐵𝜎2 and ̂𝑍𝜆 = (𝑍𝜆)𝜇1𝜇2𝐶𝜇1

𝐶𝜇2

are related by the same relations. If, further,

𝑋̂𝜆 = ̂𝑌𝜆 + ̂𝑍𝜆,
then

[𝑋̂𝜆, 𝐵𝜎] = (𝑌𝜆)𝜎1𝜎 𝐵𝜎1
, [𝑋̂𝜆, 𝐵𝜎] = (𝑌𝜆)𝜎

𝜎1
𝐵𝜎1 ,

[𝑋̂𝜆, 𝐶𝜇] = (𝑍𝜆)𝜇1𝜇 𝐶𝜇1
, [𝑋̂𝜆, 𝐶𝜇] = (𝑍𝜆)𝜇

𝜇1𝐶𝜇1 .

Let us now choose a subgroup of the automorphism group of the algebra {𝐵 ×
𝐶 × 𝑃}, which is mentioned in Definition 5, in such a way that continuous
transformations from this subgroup are characterized by operators

̂𝑇 = 𝑒𝜉𝜆𝑋̂𝜆 ,
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which take 𝐵𝜎, … , 𝐶𝜇 into

𝐵𝜎 = ̂𝑇 𝐵𝜎 ̂𝑇 −1, … , 𝐶𝜇 = ̂𝑇 𝐶𝜇 ̂𝑇 −1.

Putting
|𝜓⟩ = (∑ 1

𝑘! 𝑝! 𝜓[𝜎1…𝜎𝑘](𝜇1…𝜇𝑝)𝐵𝜎1
… 𝐶𝜇𝑝

) 𝜓0,

⟨𝜑| = 𝜓0 (∑ 1
𝑘! 𝑝! 𝜑[𝜎1…𝜎𝑘](𝜇1…𝜇𝑝)𝐵𝜎1 … 𝐶𝜇𝑝) ,

where
𝜑[𝜎1…𝜎𝑘](𝜇1…𝜇𝑝)

transform dually with respect to

𝜓[𝜎1…𝜎𝑘](𝜇1…𝜇𝑝),

from Theorem 5, taking into account ̂𝑇 𝜓0 = 𝜓0, we obtain that the transformed
|𝜓⟩ and ⟨𝜑| can be obtained from the original ones as a result of replacing
𝐵𝜎, … , 𝐶𝜇 by 𝐵𝜎, … , 𝐶𝜇, or as a result of replacing

𝜓[𝜎1…](…𝜇𝑝) and 𝜑[𝜎1…](…𝜇𝑝)

by
𝜓[𝜎1…](…𝜇𝑝) and 𝜑[𝜎1…](…𝜇𝑝).

The generalized real spinor |𝜓⟩ and the “dual”real spinor ⟨𝜑| may be regarded
as analogues of the state amplitude and the“dual”state amplitude of the theory
of quantized fields. For a complete identification it is still necessary to consider
the passage to the infinite-dimensional Hilbert space corresponding to infinite-
dimensional representations of the inhomogeneous Lorentz group. The model
constructed also makes it possible to consider various generalizations of the
usual theory of quantized fields, connected with replacing the inhomogeneous
Lorentz group by other Lie groups.

In conclusion, let us emphasize that we could dispense with the use of represen-
tations of the algebra {𝑏 × 𝑐 × 𝑃} and construct the theory of generalized real
spinors exclusively in terms of an abstract associative algebra. In particular,
|𝜓⟩ and ⟨𝜑| would then have to be replaced by factor algebras with respect to
abstract left and right ideals corresponding to the ideals (0 ∶ 𝜓0) and (0 ∶ 𝜓′

0).
This opens possibilities for such a purely algebraic reconstruction of the existing
theory of quantized fields, in which the apparatus of the theory of abstract as-
sociative rings and algebras will serve as the mathematical basis of the physical
theory.

Received
15 VIII 1963
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