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Abstract
Full Text

M. M. LAVRENT’ EV

ON AN INVERSE PROBLEM FOR THE WAVE EQUA-
TION

(Presented by Academician N. N. Bogolyubov, 3 III 196)

In the present note a theorem is proved on the uniqueness of the solution of an
inverse problem for the wave equation.

Consider the equation

2
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where w is a function of the three variables x, y, t; n is a function of the variables
x, Y.
We shall consider the following formulation:

In the plane z,y a domain D, is given. The function n(z,y) > 0 is continuous
and is identically equal to one outside D;. In addition, in some domain D,
D, N D, empty, a family G of solutions of (1) is given for all ¢ > 0. It is required
to determine the function n(z,y) inside D.

We note that an analogous formulation in the case of one variable was considered
in [1]; close in character to the formulation considered here is the widely known
inverse Sturm—Liouville problem.

Let us formulate the uniqueness theorem for the posed problem for one family
G.

Theorem. Let D, and D; be bounded simply connected domains, let D, also
be some bounded simply connected domain not intersecting D, D;, and let G
be the set of solutions of (1) satisfying the following initial conditions:

u(z,y,0) =0,

ou(x,y,0
22 20) (o — 29, o), )
where Q(z, y,) is an arbitrary point of D,.

Then the solution of the formulated inverse problem is unique, i.e., the function
n(x,y) is determined uniquely inside D,.
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We shall present the brief content of the proof of the theorem. Denote the
solution of the Cauchy problem (2) for equation (1) by wu(z,y,x,y,t) and
consider the function
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It is easy to see:

Av=—0(z —xq, Y — Yy) — N2n2v. (3)

The function v is the fundamental solution of the Helmholtz equation

Av = —\?nv

with a singularity at the point Q(z,y). As is known, the fundamental solutions
of elliptic equations with analytic coefficients are analytic functions both of
the independent variables x,y and of the coordinates of the singularity x,y,
everywhere outside the singularity.

By the conditions of the theorem the function v is given in the domain D, of the
four-dimensional space R(x,y, zy, yy), which is the direct product of the domains
D, D, of the spaces P(z,y),Q(zy,yy) (R € D1y if P € D, Q € D,). The
function n(z,y) is identically equal to one outside D,. Consequently, by virtue
of the uniqueness of analytic continuation, the function v may be considered
given everywhere outside the domain D,—the product of Dy, by itself (R € Dy,
if Pe Dy; Q€ Dy).

Let D5 be some bounded domain containing the domains D, D;, D,, and let

==+ y—n?  rg=(rg—*+ (yo—n)*

It follows from (3) that for P € Dj:

1
U(xayaxmym)‘) = 5= ln[(x - xO)Z + (y - yO)Q]
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*%AHQ(JZ,y>/ v(63n7z03y07)‘)1nrd€dn+v(wayaxmym)‘)a (4)
DD
5:i (vglnr—@hM") ds,
27 T, on on

where I'5 is the boundary of Dj.

Denote by vy (x,y, xy,y,) the function
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It is not difficult to show that, for R € D4 (Dsgq is the product of D4 by itself),
the function v, is equal to

Y T LR R I R
Do 0

where

bu(egao ) = 2 [ L8, 9
1 Y5 Loy Yo _6A 6.738.730 6y8y0 .

In view of (5), the functions vy, ¥; for R € D33, R ¢ Dy, (D35 is the product of
Dy by itself) are analytic functions of the variables z,y, g, Yo-

Putting in (5)

T = g, Y = Yo; P(z,y) € Dy,

we obtain

1
vy = vy (2, Yy, 2, y) — Uy (Y, 2,9) :/ n(fﬂ))p d¢ dn. (6)

DO
Let us now consider the function

w(xayaxlayl) = /

1
D, p

where

pP=(z =&+ (y—n)?®+af+yi.
The function w is the potential of a simple layer in the four-dimensional space

R, (z,y,xq,y;) with density n(z,y), distributed on the two-dimensional mani-
fold:

P(z,y) € Dy; =y, =0 (Dy).

In view of the foregoing, the function w may be regarded as given on the two-
dimensional manifold:
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P(z,y) € Dy; x;=y,=0 (DY)

It can be shown that the function w is uniquely determined in the entire space
R, by its values in Di, whence, by the known theorems of potential theory, the
assertion of the theorem follows.

We note that the theorem generalizes to the case of the wave equation in a space
of any number of dimensions, to the heat equation, and also to certain equations
of hyperbolic and elliptic type of higher orders.
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