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MATHEMATICS
V. A. SOLONNIKOV

ON BOUNDARY-VALUE PROBLEMS FOR
GENERAL LINEAR PARABOLIC SYSTEMS

(Presented by Academician V. I. Smirnov on 6 February 1964)

In the cylinder @ = Q x [0,T], where © is a bounded n-dimensional domain
with smooth boundary S, consider the system of equations

Zlkﬂ (m t, 88 8875) = fi(z,1)

(k=1,....m; © = (2q,...,2,) €Q, t€[0,T)), (1)
where [, ; are linear differential operators with complex coefficients that are
smooth functions of z and ¢.

It is assumed that there exist integers sy, ¢, (k= 1,...,m, max, s, = 0) and an
integer b > 0 such that the following conditions are satisfied:

1. The degree of the polynomial lkj(x,t,zf)\,p)\%) in the variable A at each
point (z,t) € Q does not exceed s, + t;; moreover, if s, +t; < 0, then

ly; =0 (here i = V=1 and £ = (&, ..., §,)).

2. Let 12, y be the “principal part” of the polynomial [, ;, i.e., the sum of those
terms of the polynomial [, ; which satisfy the condition

lgj (:Ev ta ZE/\v p>‘2b) = /\Sk+tjl2j ((L’, ta igaP)a

and let £y(z,t,i€,p) be the matrix with entries [9 (z,t,i€,p). The poly-
nomial

L(z,t,i&,p) = det Ly(x,t, i€, p)

must have the following properties:

a) L(z,t,0,p) = y(z,t)p*, v # 0, r > 0;

b) the roots of the polynomial L(z,t,, p) with respect to the variable p, at
each point (z,t) € @ and for any real &, satisfy the inequality
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Rep, < —§|¢? (6>0, s=1,...,7).

By virtue of the homogeneity of the polynomials l% i

Lz, t,i60, pA2) = AZi=1 " G0 Lt i€, p).
From property a) it follows that

(8;+1t;) = 2br.

j=1

Systems for which all these conditions are satisfied will be called parabolic.
Systems parabolic in the sense of I. G. Petrovskii (!) and in the sense of T.

Shirota (?) are special cases of the general parabolic systems defined above.
There exist general parabolic systems that do not belong to these classes.

We shall consider in the cylinder @ the problem consisting in finding a solution
of system (1) satisfying the initial conditions

n 0
Z C’aj (:U, a) u;

J=1

t=0

and also the boundary conditions on the lateral surface I' = S x [0,7] of the
cylinder @:

m )
> B, (x,t,%,a> | — 0 (e t)  (g=1,...br). 3)

Jj=1

Here C,,; and B,; are linear differential operators with smooth coefficients, de-
fined respectively in 2 and on T'.

Suppose that there exist integers p, (o = 1,...,7) such that

1
C’aj(x)pﬁmﬁtj), if 2—b(p,JZ +t;) is a nonnegative integer,

0, in all other cases.

Caj(xap) =

The matrix C(x,p) of size r x m, with elements C,;(z,p), must satisfy the
following algebraic condition: the rows of the matrix

D(x,p) = C(x,p)Zy(x,0,0,p),
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where £A0 is the adjugate matrix of £ (Z?O = LLy'), are linearly independent
modulo the polynomial p".

The possibility of constructing a matrix C' possessing the prescribed properties
for any given parabolic system is determined by the topological structure of the
domain © and by the matrix £,(x,0,0,1). If such a construction is possible,
then the matrix C is determined uniquely up to certain algebraic transforma-
tions.

We now formulate the requirements imposed on the operators B ;. Suppose
that there exist integers o, such that the degree of

; 2b
B ;(w,t,iEA, pA?Y)

with respect to A does not exceed o, +t;, and if o, +t; <0, then B ; = 0. Let
ng be the sum of those terms of the polynomial B, ;(z,t,i§, p) for which

BY(w,t,i€X, pA*") = X7a % BY (, 1,4€, p).

Let z € S; v(z) = (vq, ..., v,,) be the unit vector of the inward normal to S; and
let {(x) be a vector lying in the tangent plane to S at the point z. It follows
from the parabolicity condition that at each point (z,t) € I', for any ¢ and p
satisfying the condition

Rep > —0,/¢[*, (4)

where 0 < §; < §, and § enters into the formulation of the parabolicity condition,
the polynomial L(z,t,i({ + Tv),p), as a function of 7, has br roots 77 with
positive imaginary part and br with negative imaginary part. Let

br

M (x,t,(,p,T) = H(T—Tj(x,t,é,p)).

s=1

The matrix B, of size br x m, with elements B%—(x,t,i&p), must satisfy the
following algebraic complementarity condition: at each point (z,t) € T, for any
tangent ((x) and any p satisfying condition (4), the rows of the matrix

—~

A(z,t,i(C + Tv),p) = By(x,t,i(C + Tv),p) Lo (2, t,i(¢ + TV), D)

are linearly independent modulo the polynomial M.

In addition, we impose one more algebraic requirement, which is probably con-
nected with our approach to this problem. We assume that there exists a matrix
By (z,t,i&,p) of size br x m possessing the following properties:
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1) The elements ggj(x, t,i§,p) are polynomials in §; and p, and
BYj(x, 1,76, pA*) = Nt B, (x,t,3€, p),
where the 1, are integers.

2) The matrix Eo satisfies the complementing condition with the transposed
matrix £f. If n = 1, then we may omit this requirement.

Let [ > 0 be a noninteger, C'(Q2) the class of functions defined and [I] times
continuously differentiable in €, whose derivatives of order [I] satisfy the Holder

condition with exponent {— [I], and Cifib I(Q) the class of functions defined in @,
whose derivatives of order [I] with respect to the variables z satisfy the Holder
condition in these same variables with exponent [ — [I], and, moreover, whose
derivatives with respect to ¢ of order [—] satisfy the Holder condition in ¢ with

exponent 2 — [4:]. The class C ’2*’( ) is defined analogously. Norms in these
classes are introduced in the usual way.

Under the conditions listed above, the following theorem holds.

Theorem. Let ! be a noninteger satisfying the condition | > max(0,04, ..., 0y,).
If the coefficients of the operators l;; belong to the classes Cl skozp (1 sk)(Q), the
coefficients of the opemtors C,; to the classes Clra(Q), those of the operators

B,; to the classes C oz (=0 )(I‘), the surface S is a Lyapunov surface of

class Cimax, f, € C“ w3l (Q), € Clra(), @, € LB ),
and, finally, the functzons [is o Py salisfy certain compatzbzlzty condz’tz’ons de-
termined by the system, the initial and the boundary conditions, then problem

(1)—(3) has a unique solution u = (uy, ..., u,,), with u; € C’Ht”’?”(Ht )(Q), for
which the inequality

m
3 bl g < €4 3o il i g
r br
+ Z H()Oa“Cl*f’a (Q) + Z ”(PqH l—og, 35 (-0 g) )
a=1 q=1 Cz,t (F)

holds, where the constant C' does not depend on u;, f;, P, P,-

In the case where the integers t;, s;, p, are divisible by 2b, one can prove the

existence of a solution u = (uq, ..., u,,), with
.
2bl+t 5, I+ 5%
u; € Wy (@),

for which the inequality

S bl < {lefjll iz +

Wha,t Wit T (Q)
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pa,t

T br
+ az::l ”‘panBibz—pa—% @ + qz:; ||(quBZbl—aq7%, 21,7(2510(111,)<F)}
holds; here [ is an integer,

1
2bl > max(0, 04, ...,0p,) + —.
p

Definitions of the norms entering this inequality may be found, for example, in
(3).

The study of general boundary-value problems for systems that are parabolic
in the sense of I. G. Petrovskii is the subject of works 9.
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