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MATHEMATICS
V. V. STRYGIN

ON THE DEPENDENCE ON A PARAMETER
OF AN INTEGRAL OPERATOR

(Presented by Academician A. Yu. Ishlinskii, 15 V 1964)

1. Consider a system of ordinary differential equations with deviating argu-
ment

‘C% — LA 2t =y (£)), ey 2t — By ()] (1)

here z(t) is a vector-function with values in R™. We shall assume that the

right-hand sides of system (1) and the deviations h,(t), i = 1,..., k, possess the
property of w-periodicity in ¢,

f(t+w7xlayla“'?yk> = f<t7$,y1,---7yk>7

hz(t+w):hz<t)7 i:17"'7k7

where —oco <t <oco, x € R™, y, € R™, j=1,...,k.

M. A. Krasnosel’skii proposed in (1) a method for proving existence theorems for
periodic solutions of systems (1), using reduction to special nonlinear integral
equations whose right-hand sides depend on an auxiliary parameter A. The
operator defining the mentioned integral equations has the form

Alz; A) = /0 [ls,2(s), Z,(s = hy(s, X)), .o Ty(s — g (s, A))] ds, — (2)

where 7, is the w-periodic extension of the function z(t) from the interval (0, w]
to the whole axis.

With respect to the functions h,;(s,A) (0 < s <w, 0< A<, i=1,...,k) we
assume that, for each fixed A\, € [0, 1], they are measurable in s and, as A — A,
converge in measure to the functions h;(s, \y).

We shall assume that the vector-function f(t,z,yy,...,y;) is continuous in the
aggregate of variables (¢, z,y,,...,y;) (t € [0,w], x € R™, y;, € R™, i=1,.... k).
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Then, for each fixed \,, the operator (2) acts in the space C' of vector-functions
continuous on [0,w] and is continuous in z uniformly with respect to A, € [0, 1].

It can be shown that the fixed points of the operator

B(z;\) = z(w) + A(z; A)

are w-periodic solutions of the equation

dx

g = B at), 2t =hy(8), .., 2t — hi(1))]- (3)
For applying to equation (1) the alternative principle for proving existence the-
orems for w-periodic solutions, proposed in (1), it is necessary that the operator
(2) be continuous in the aggregate of variables (A, z) (A € [0,1], x € C). For this,

as is easily seen, it is sufficient that the operator (2), for fixed x, be continuous
in A

In the present paper we give conditions under which operator (2) is continuous
with respect to the parameter \. Then, with the aid of the assertions proved
and the alternative principle, existence theorems are established for w-periodic
solutions for a certain class of equations (1).

2. Consider a vector-function g(¢,y) (¢t € [0,w], © € R™ ), taking its values
in R™2. Suppose that the operator

gy = g[t,y(t)] (4)

acts from the space S, into S, , where S,, denotes the space of measurable
vector-functions on [0, w] with values in R™.

We shall say that a point (t,, ;) of the topological product [0,w] x R™t has
type 7, if there exists a set K C R™ such that the intersection of K with the
ball T(zg, p) = {x | z € R™, |x —xy| < p} has interior points in R™1 for every
positive p, and

li to,y. ) = g(t .
poeni  9(to: yn) = 9(to, Yo)

Everywhere in what follows we shall assume that all points (¢,y) € [0,w] x R™
are points of type 7. Below, I'(¢) denotes the set of points of the space R™1 at
which the function g(t, ), for fixed ¢, has discontinuities.

Theorem 1. Suppose that the following conditions are satisfied:

1) The sequence of vector-functions y,, (t) (n =1,2,...) converges in measure
to the vector-function yy(t) (0 <t <w).
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2) The set Q of points t € [0,w] for which yy(t) € T'(t) is measurable.
3) The equality holds

lim mes(?,, = mes (), (5)
n—oo

where Q,, ={t |t €Q, y,(t) =yo(t)} (obviously, ,, is measurable).

n

Then the sequence of vector-functions

g[tvyl(t)]’ g[t’y2(t)]’ (6)

converges in measure to the vector-function gt, y,(t)].

Below, by C,, we denote the subspace of vector-functions z(t) € C satisfying

the condition z(0) = z(w).

Theorem 2. Operator (2) is continuous in the aggregate of the variables (X, x)
for € [0,1] and x € C,,.

It follows from this theorem that the operator

Diz; \) = / F[5:2(8), T2 — My (5)), o, (s — Mg (s))] ds,

where h;(s) (i = 1,...,k; s € [0,w]) are finite and measurable almost everywhere,
acts in C' and is continuous in the aggregate of the variables (A, z) (A € [0,1], = €

C,).

The following example shows that the operator D, if considered on the whole
space C', may fail to possess the property of continuity with respect to A. For
simplicity, consider the space of scalar functions continuous on [0, w], and define
the operator Ay(x; \) by the equality

Ay )) = / To[s — M(s)] ds; (7)

here h(s) is the w-periodic extension of the function ¢(s) = 2s from the interval
(0,w] to the entire axis. Let Ay = 1/2, and let the function x,(¢) be defined as
follows:

zo(t) =

{0, for t € {O, g] ,

=Y te(w ]
5 for 5%

1 1
It is not difficult to verify that for A € ( ) the equality

R
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1
(5—2)\>, for s =0,

, for s € (0, w].

Fou (s _ %h(s)) ~ Fou(s — Ah(s)) =

[CIESERS

holds.

It follows from this that Ay(zy, Ng) — Ap(zg,A) = wt/2 (0 < t < w) for A €
(1/8w, 1/2), i.e., the operator (7) does not have the property of continuity with
respect to A at Ay = 1/2.

3. Suppose that the functions h;(s) (i = 1, ..., k) are finite and measurable al-
most everywhere. We introduce into consideration the family of functions
h;(s,A),0<A<1,0<s <w, defined by the formula

h;(s), for A =1;
hi(s,\) = ¢ N(\)signh,(s), for A €[0,1) and |h;(s)] > N(\); (8)
h;(s), for A € (0,1) and |h;(s)] < N(N);

here N()\) = tgmA/2. Obviously, for any fixed A € [0, 1] the functions h,(s, \)
are finite and measurable almost everywhere. One can show that, for almost
every s € [0,w], h;(s,A) are continuous in A.

Theorem 3. Let the functions h;(s,A) (i =1,..., k) be defined by equality (8).

Then the operator (2) is continuous in the aggregate of the variables (x,\)
(xeC, Ae[0,1]).

Tt follows from Theorem 3 that in equation (1) one can introduce the parameter
A (0 < A < 1) in such a way that the operator (2) corresponding to this equation
will be continuous in the aggregate of the variables (z,\) (z € C, X € [0, 1]).

4. Consider the system of ordinary differential equations

dx
E:f(t,x,m,...,w), 9)

obtained from system (1) when h,(s) = 0 (i = 1,...,k). Suppose that the
solution z(t) = q(t,x,), (0) = z,, of the Cauchy problem for system (9) is
unique and defined on [0, w]. The operator U, defined by the equality

Uz =q(w,x),

is called the translation operator along the trajectories of system (9) over the
time w.
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Following M. A. Krasnosel’ skii, we shall say that the right-hand side of system
(9) is nondegenerate at “infinity” if there exists a positive number p, such that
for all p > pg, on the spheres S, = {z [ z € R", |z| = p}, the vector field

pr=x—Uz

does not vanish and has nonzero rotation.
From the results of work (!) and Theorem 3 it follows that

Theorem 4. Suppose that, for arbitrary w-periodic, measurable, and almost
everywhere finite deviations h;(s), the w-periodic solutions of equation (1) (if,
of course, they exist) lie in the ball |x| < r. Let system (9) be nondegenerate at
“infinity.”

Then equation (1), for arbitrary h;(s) (i =1, ..., k), has w-periodic solutions in
the ball |z;| < r.

From Theorem 4 one can obtain various criteria for the existence of w-periodic
solutions of system (1). We give one simple assertion.

Below, by I, (k =1,...,m) we denote the components of the vector I € R™.

Theorem 5. Suppose that the right-hand sides of the system

d;i = filt,sx(t), ...,z (t); 21 (6 — h(t)), ...,z (t —h(t)] (i=1,..,m) (10)

satisfy the following conditions:

1) The functions f;(t,zq,...,Z,,; Y1, Y,,) are continuous in the aggregate
of their variables and are w-periodic in t.

2) The function h(t) is measurable, finite almost everywhere, and periodic in
t with period w.

3) For each i = 1,...,m, each of the functions f;(¢,21,...,Z,; Y15+ s Ypp)s fOr
all values of (21, ...,%,,;Y1, - Yy ), Satisfies one of the conditions:

a) fill, @1, T3 Y s Yn) 2 =7,

b) filt,Tys e T3 Yrs o U) <
where v > 0.

4) One of the two inequalities holds:

¢) x;sign f,(6, Ty, oo, T Yty ooe s Upm) > 0,

d) a;sign f;(6, @0, oo s Ty Yps ooe s Uppy) < 0
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fori=1,...,mand x,y € G,, where
G, =A{z ||z <r+yw (k=1,2,...,i—1); |z;| <r; z), € (—00,0) (k=1i+1,...,m)}.

5) The system

dx;

— = filt,xq, e T Ty ey T,y) (E=1,.0,m)

dt

is nondegenerate at “infinity.”

Then system (10) has at least one w-periodic solution lying in the ball |z| <
r+ yw.

The author expresses his gratitude to M. A. Krasnosel’ skii for supervising the
work.
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