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Abstract

Full Text
MATHEMATICS
S. L. KRUSHKAL’

ON MAPPINGS QUASICONFORMAL ON
THE AVERAGE

(Presented by Academician M. A. Lavrent ev, 14 II 1964)

1. Let E™ be n-dimensional Euclidean space with a fixed coordinate system; |z|
is the length of the vector z = (2,29, ..., z,,) € E™, and

y=f(2) = (fi(2), ... [ (2))

is a mapping of a domain D C E™ onto a domain D’; D and D’ are bounded.
We say that f(z) € Wy(ll)(D) if all f;(x) have generalized first derivatives in the
sense of S. L. Sobolev (1), summable to the power n in D. By mA we shall
denote the n-dimensional Lebesgue measure of a set A C E™, and by D), the set
of points of D whose distance from the boundary of D is not less than h, h > 0.
Put

and denote by @, ,,(K) the class of topological mappings y = f(z) € W,<L1>(D)
of the domain D onto D’ for which

n=33(5

i=1 7

_ L (DT m
Im(f)_mD’/D<n"/2J(x,f)> Je fldr<E™,  m=1 (1)

The closure of the class @,, ,,(K) with respect to uniform convergence inside
D will be denoted by @ (K) It is clear that if f(z) € @mvn(K), then

f(z) € Wfﬂ( D); for m > 1 Q,, n(K) C Q1,n( ), and for mappings of the
class @y ,,(K) the inequality

= mD// z, /)% dx < n"’K. (2)

holds.

In particular, if n = 2 and D and D’ are unit disks, then we obtain the classes
Q. (K) and Q, (K), introduced by L. Ahlfors (), of mappings ¢ = f(z) of the
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disk |z] < 1 onto the disk || < 1, for which
ze|? + |22
Y B4R\ ", o
I¢l<1 |2¢|? |Zg|

In (?) it is proved that mappings of the class @m(K ) are equicontinuous for
m > 2 inside the disk |z| < 1 and carry a measurable set A into a set f(A)

whose measure is equal to
— [[ e =10 ao
A

In this note we study some properties of mappings from @, ,,(K), n > 2.
Lemma 1 (>%). If the function u(z) is continuous in
R: r<|z|<ry,
u(z) € Wrgl)(D), and
/[/\(x,u)]”/2 de < M,
R

then ;
/ <OSC|x\:r ) mdr <C, /[)\(x, w)|M? de < MC,,,
i R

1

where C,, is a constant depending only on n.

From Lemma 1 it follows that for every §, 0 < § < 1, there is an
r=r(0),0<r< V4, such that

1/n
2MC
< n .
o< (G @

For n = 2 this assertion coincides with a well-known lemma of R. Courant (°).

Theorem 1. Mappings of the class @1 o (K) are uniformly continuous on every
compact set B C D.

For f(z) € Qy,,(K) the assertion of the theorem is obtained by applying Lemma
1, and for mappings of the class @1 ,,(K) by a subsequent passage to the limit.

Theorem 2. If y = f(z) is an open mapping of the class Q, , (K), then for
every measurable set A the set f(A) is measurable.

Proof. Approximating the function f(z) by a sequence of continuous piecewise-

linear functions f,(z) € W,(Ll)(Dh) (for fixed h > 0) converging to f(z) uniformly
on D, and such that

| fi(@) = £ @)y p, ) = 0
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as k — 0o, one can show that for every open set G C D one has

mf(G) < x/ J(z, f)dx.

G

Hence it follows that if A is an arbitrary set of measure zero in D, then mf(A) =
0, and this is equivalent to the assertion of the theorem.

For n = 3 the following stronger theorem is valid.

Theorem 3. If y = f(x) is an open mapping of the class Q, ;(K), then for
every measurable set A the set f(A) is measurable and its Lebesque measure is
equal to

mf(A) = /AJ(x,f) da.

The proof of Theorem 3 is based on Theorem 2 and the following lemma:

Lemma 2. Let a continuous vector functiony = f(z) € Wél)(D), p > 2, realize
an open mapping of a domain D C E3. Then f(x) has a complete differential
almost everywhere in D.

The proof of Lemma 2 relies on Theorem 1.3 of (7) and some considerations
given in (9).

Theorem 4. Ify = f(z) € @m,n(K), then I, (f) < K™.

The assertion of the theorem is obtained by applying certain relations from (°),
p. 221.

Denote by U, the ball |z] < r.

Theorem 5. There exists a universal function p(e,r), defined for ¢ > 0,
0 <r <1, with u(e,r) = 0 as € — 0, such that for every mapping y = f(x) €
Qmm(l + ) of the ball Uy onto itself there exists a Mdbius mapping a(x) such
that, for |z| <r <1,

[f(z) —a(z)| < ple,r).

This theorem is proved by the same method as the analogous assertions for the
classes of mappings considered in (?,19).

As is known, for g-quasiconformal mappings y = f(x) of plane and spatial
domains (¢ < o), the inverse mappings x* = f~!(y) are also g-quasiconformal
and uniformly continuous. It can be shown that the classes @m’n(K ) no longer
possess this property for any m, 1 < m < oco.

2. Tt is known that the family of topological mappings of the disk |z| < 1 onto
the disk |w| < 1, w(0) = 0, with uniformly bounded Dirichlet integrals is
uniformly continuous in the closed disk |z| < 1*. Denote by p(z) and 0(z)
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the characteristics of the quasiconformal mapping w = f(z) in the sense
of M. A. Lavrent’ ev.

* This result is easily obtained, for example, by means of R. Courant’ s lemma;
see also (12).

Theorem 6. Let the function w = f(z) map quasiconformally the disk |z| < 1
onto the disk |w| < 1, with f(0) =0, f(1) =1, and

// —1)do, <e.
\z\<1

Then, for all z, |z| <1

[f(z) = 2| < ule), (4)
where p(e) depends only on € and lim,_,, pu(e) = 0.

Proof. Suppose that the theorem is false. Then there exist a sequence of
mappings w = f;.(z) and points z, |2] < 1 (k=1,2,...), such that

[/ (pr(z) —1)do, -0 ask — oo,
|z|<1

but

[fr(z) — 2] 2 69 > 0, €p = const. (5)

Choosing a subsequence z = f; ' (w) = ¢, (w) converging uniformly in the disk
|w| <1 to some function z = ¢y(w), we shall have:

2

) do,<7m=

Ay [ ’ // asos
< lim
//w<1 ( ow ) 5790 Jw|<1 8w
// ‘&Po 2 2 )
= —_— — o
lwl<1 ow v

whence it follows that dp,(w)/0w = 0 for almost all w, |w| < 1. Thus p,(w) is
an analytic function in the disk |w| < 1, continuous in the closed disk |w| < 1,
assumes all values from the disk |z| < 1, satisfies py(w) < 1, ¢(0) = 0, and
©o(1) = 1. Therefore p,(w) = w', where [ is some natural number. But
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I ebeldon =
w|<1

and hence [ = 1. Consequently, for any £ > 0, when s > s4(¢),

o (w) —w| <e

for all w, |w| < 1, which contradicts (5). The theorem is proved.
This theorem is proved by another method in (!1).

Theorem 7. Let w = f(z) be a g-quasiconformal mapping of the disk |z| < 1
onto the disk |w| < 1; let w = fi.(2) be a sequence of topological mappings of
the disk |z] < 1 onto |w| < 1 of class Q,(K), with

and

hi(2) = ho(2)

in measure, where

3fk 3fk

(k=0,1,2,...). Then the sequence f}(z) converges uniformly to f,(z) in the
disk |z] < 1.

The proof of Theorem 7 is based on applying Green’ s formula to the functions
felfotH(w)].

In conclusion I express my deep gratitude to Prof. P. P. Belinskii and Prof. Yu.
G. Reshetnyak for their advice and comments.
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