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MATHEMATICS
M. I. FREIDLIN

ON A PRIORI ESTIMATES OF SOLUTIONS
OF DEGENERATING ELLIPTIC EQUATIONS
(Presented by Academician A. N. Kolmogorov, 17 IV 1964)

Let in the 𝑛-dimensional space 𝑅𝑛 there be given an elliptic, possibly degener-
ating, differential operator

𝐿 = 1
2

𝑛
∑
𝑖,𝑗=1

𝑎𝑖𝑗(𝑥) 𝜕2

𝜕𝑥𝑖𝜕𝑥𝑗 +
𝑛

∑
𝑖=1

𝑏𝑖(𝑥) 𝜕
𝜕𝑥𝑖 , (1)

and a bounded domain 𝐷 with boundary Γ. Consider the Dirichlet problem

𝐿𝑢(𝑥) − 𝑐(𝑥)𝑢(𝑥) = 0, 𝑥 ∈ 𝐷,
𝑢(𝑥)∣Γ = 𝜓(𝑥), (2)

where 𝑐(𝑥) is a continuous nonnegative function in 𝑅𝑛; 𝜓(𝑥) is a continuous
function defined on Γ. We assume that the coefficients of the operator 𝐿 − 𝑐(𝑥)
are bounded and satisfy the Lipschitz condition in the whole space. In addition,
we assume that there exists a matrix 𝜎(𝑥) = {𝜎𝑖𝑗(𝑥)} with coefficients satisfying
the Lipschitz condition such that 𝜎2(𝑥) = {𝑎𝑖𝑗(𝑥)}. Denote by 𝐾 the Lipschitz
constant (the same one for the functions 𝜎𝑖𝑗(𝑥), 𝑏𝑖(𝑥)).
In the work (2) a generalized solution of problem (2) was constructed, and
conditions ensuring the continuity and uniqueness of this solution were given.
The purpose of the present note is to establish certain a priori estimates which
make it possible to judge the smoothness properties of the generalized solution.
A priori estimates of the derivatives are valid under certain restrictions. The
example given below shows their essential nature. Under very weak restrictions
on the coefficients, an a priori estimate of solutions in the Hölder norm holds.

Consider the stochastic equation
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𝑥𝑥
𝑡 = ∫

𝑡

0
𝜎(𝑥𝑢) 𝑑𝜉𝑢 + ∫

𝑡

0
𝑏(𝑥𝑢) 𝑑𝑢. (3)

Here 𝜉𝑢 = {𝜉1
𝑢, … , 𝜉𝑛

𝑢} is an 𝑛-dimensional Wiener process, 𝑏(𝑥) =
{𝑏1(𝑥), … , 𝑏𝑛(𝑥)}. It is known that a solution of this equation exists (see
(1)). From it one can construct a Markov process 𝑋 = {𝑥𝑡(𝜔), 𝑃𝑥}. With the
aid of this process, the solution of problem (2) is written in the form:

𝑢(𝑥) = 𝑀𝑥𝜓(𝑥𝜏) exp {− ∫
𝜏

0
𝑐(𝑥𝑢) 𝑑𝑢} ,

where 𝜏 = inf{𝑡 ∶ 𝑥𝑡 ∈ Γ}.

A point 𝑥0 ∈ Γ will be called normally regular if

𝑀𝑥𝜏
𝜌(𝑥, Γ) < 𝐴 < ∞

as 𝑥 → 𝑥0 (𝜌(𝑥, Γ) is the distance from 𝑥 to the set Γ). Sufficient conditions for
normal regularity can be given in terms of the coefficients. (It is sufficient, for
example, that at the point 𝑥0 the coefficient be nonzero ⋯)

diffusion in the direction of the normal to Γ, or that the vector 𝑏(𝑥) be directed
outward from the domain 𝐷.) If the constant 𝐴 can be chosen the same for
all points 𝑥0 ∈ Γ̂ ⊂ Γ, then the points of the set Γ̂ will be called uniformly
normally regular.

As shown in (2), in order that the generalized solution be unique it is necessary
(for 𝑐(𝑥) ≡ 0) and sufficient that 𝑃𝑥{𝜏 < ∞} = 1 for all 𝑥 ∈ 𝐷. We shall say
that the trajectories leave the boundary uniformly rapidly if

lim
𝑇 →∞

𝑃𝑥{𝜏 > 𝑇 } = 0

uniformly in 𝑥 ∈ 𝐷. In order that the trajectories leave the boundary uniformly
rapidly, it is sufficient that at least one coefficient of the operator 𝐿 be different
from zero in the closed domain 𝐷 ∪ Γ (see (2)).

Lemma 1. If the trajectories of the process leave the boundary uniformly rapidly,
then for some 𝛼 > 0

𝑃𝑥{𝜏 > 𝑡} ≤ 𝑒−𝛼𝑡.

Remark. One can give an estimate for 𝛼 in terms of the coefficients of the
operator and the diameter 𝑑 of the domain 𝐷. For example, if 𝑎𝑖𝑖(𝑥) > 𝑎 > 0
for 𝑥 ∈ 𝐷 and 𝑏𝑖(𝑥) ≡ 0, then 𝛼 > 𝑎/𝑑2. An estimate of the constant 𝛼 in terms
of the coefficients can also be given in a more general case.
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Theorem 1. Suppose that the boundary points are uniformly normally regular
and that the boundary function satisfies the Hölder condition:

|𝜓(𝑥) − 𝜓(𝑦)| < 𝐾1|𝑥 − 𝑦|𝛾1 .
Suppose, moreover, that the trajectories of the process 𝑋 leave the boundary
uniformly rapidly. Then, for

𝛾 < min (𝛾1, 𝛼
2𝑛2(𝑘2 + 𝑘)) = ̄𝛾,

the a priori estimate holds

|𝑢(𝑥) − 𝑢(𝑦)| < 𝑁2|𝑥 − 𝑦|𝛾.
The constant 𝑁1 depends on the constants 𝐾, 𝐾1, 𝛼 and on the maximum of
the moduli of the coefficients.

From the example given at the end of the note it follows that, without restric-
tions of the type of the inequalities (see below), one cannot obtain an a priori
estimate for arbitrary 𝛾. If min 𝑐(𝑥) = 𝑐 > 0, then in the expression for ̄𝛾 one
may replace 𝛼 by 𝛼 + 𝑐.

Theorem 2. Suppose that the conditions of Theorem 1 are fulfilled with 𝛾1 = 1,
and let

𝛼 + min
𝑥∈𝐷

𝑐(𝑥) > 2𝑛2(𝑘2 + 𝑘).

Then the a priori estimate is valid

|𝑢(𝑥) − 𝑢(𝑦)| < 𝑁2|𝑥 − 𝑦|.

Remark. If a part Γ̂ of the boundary Γ consists of unattainable points (see (2)),
then in Theorems 1 and 2 it is sufficient to require uniform normal regularity
on the set Γ ∖ Γ̂.

Theorem 3. Suppose that the operator 𝐿 does not degenerate in a neighborhood
of the boundary and that the trajectories of the process 𝑋 leave the boundary of
the domain 𝐷 uniformly rapidly. Then there exists a function 𝑓(𝑛, 𝑟, 𝐾) such
that, if

𝑓(𝑛, 𝑟, 𝐾) < 𝛼 + min
𝑥∈𝐷

𝑐(𝑥), (4)

then the a priori estimate holds

max
𝑥, 𝑖1,…,𝑖𝑛𝑖1+𝑖2+…+𝑖𝑛=𝑟

∣ 𝜕𝑟𝑢(𝑥)
𝜕𝑥𝑖1

1 𝜕𝑥𝑖2
2 … 𝜕𝑥𝑖𝑛𝑛

∣ < 𝑁3.

The constant 𝑁3 depends on the first 𝑟 derivatives of the coefficients, the width
of the degeneracy strip, the ellipticity constant inside this strip, and also on
max𝑥∈Γ |𝜓(𝑥)| and 𝛽 = 𝑓(𝑛, 𝑟, 𝐾) − 𝛼 − min𝐷 𝑐(𝑥).
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The function 𝑓(𝑛, 𝑟, 𝑘) is a polynomial in 𝐾, whose coefficients depend on 𝑛 and
𝑟; it can be computed explicitly by means of recurrence relations. The example
given below shows the essential nature of condition (4).

From the formulated results, the usual methods yield theorems on the smooth-
ness of solutions of degenerating equations. If an inequality of type (4) is not
assumed, then the generalized solution will only satisfy a Hölder condition.

A theorem analogous to Theorem 3 can also be proved in the case of a mixed
problem for a parabolic equation. In this case, the condition of nondegeneracy
at the lower boundary may be replaced by a smoothness requirement on the
initial function.

Using the generalized solution of the problem with oblique derivative con-
structed in (4), and the formulated a priori estimates, one can study the
smoothness of solutions of the problem with oblique derivative for degenerating
equations.

In the special case (degeneration occurs only in the direction 𝑥1), results analo-
gous to Theorems 2 and 3 were obtained in (3).

The proof of the formulated assertions is carried out by purely probabilistic
methods—by studying the trajectories of the corresponding Markov process.

The obtained a priori estimates make it possible to construct a generalized
solution of the Dirichlet problem for degenerating quasilinear equations and to
study its smoothness.

Let us give an example showing the essential nature of the conditions of Theo-
rems 1, 2, 3. Let the domain 𝐷 be the square:

𝐷 = {𝑥, 𝑦 ∶ |𝑥| < 1, |𝑦| < 1}.

Denote by 𝜑(𝑥, 𝑦) an infinitely differentiable function, even in 𝑦, equal to zero
outside an 𝜀-neighborhood of the boundary Γ of the square 𝐷. Consider the
Dirichlet problem

𝐿𝑢 = 𝛼𝜕2𝑢
𝜕𝑥2 + 𝛽𝑦 𝜕𝑢

𝜕𝑦 + 𝜑(𝑥, 𝑦) (𝜕2𝑢
𝜕𝑥2 + 𝜕2𝑢

𝜕𝑦2 ) = 0,

𝑢(𝑥, 𝑦)∣Γ ≡ 𝑦.

The operator 𝐿 does not degenerate in a neighborhood of the boundary, and
𝛼 > 0 throughout the whole domain 𝐷; therefore this equation has a unique
continuous generalized solution. This solution can be written in the form
𝑢(𝑥, 𝑦) = 𝑀(𝑥,𝑦)𝑦𝜏 , where (𝑥𝑡, 𝑦𝑡) is the process governed by the operator 𝐿,
and 𝜏 is the first time at which the trajectory reaches the boundary. Obviously,
𝑢(0, 0) = 0. It can be shown that

𝑢(0, 𝑦) = 𝑀0,𝑦𝑦𝜏 > 𝑐𝑦𝛼/𝛽.
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Hence we obtain
𝑢(0, 𝑦) − 𝑢(0, 0) > 𝑐𝑦𝛼/𝛽.

It follows from the last inequality that the function 𝑢(𝑥, 𝑦), without additional
assumptions on the size of 𝛼/𝛽, may fail to have derivatives. For any 𝛾 one
can choose 𝛼/𝛽 so small that the function 𝑢(𝑥, 𝑦) will not satisfy the Hölder
condition with exponent 𝛾.

Received
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