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Abstract

Full Text
A. D. DZHABRAILOV

ON CERTAIN FUNCTION SPACES

DIRECT AND INVERSE EMBEDDING THEOREMS
(Presented by Academician I. M. Vinogradov on 26 VI 1964)

We shall assume (following the notation of S. M. Nikol’ skii (3,®)) that e is a
subset of the natural numbers e,, = {1,...,n}. If K = (k{,...,k,) is a given
vector, then let K¢ = (k{, ..., k%), where

»'n

e — k;, for j€e,
J 0, forjee,\e.

We shall denote by e, the support of the vector K, i.e. the smallest subset e C e,
for which K¢ = K. Let a vector r = (rq,...,r, ) with nonnegative components

r'n

be given. Put r; = r; + a;, where 7; is the greatest integer less than r;, so that
0 <a; <1, and if r; = 0, then 7; = 0. Thus the vector r uniquely determines

j
the vector ¥ = (7, ...,7,,).

Let f(x) be a smooth function defined in E™ = {x = (x,,...,2,)}. Denote
by f~7)(z) the partial derivative of the function f(x) of order (7. ,7¢) with
respect to the variables (z,,x¢), respectively, where e is any fixed subset of the
set e,., and 7 € e, \ e. The order of differentiation is arbitrary, for example:

e

87’-7 87’-1 6?;

- 7 L
oxor 83:711 oy

£ @)

f(@).

For any 7 € e, \ e put

e = e P 1/p
dt i HA%M Aitjt’: >f(='17)HL (Em)
— T P
@l o= | [ T i |
s 0 Ur jce J0 t
where w = (1,...,1) is a vector whose components consist only of ones,

AZ2°A, . f is the finite difference of order 2 with respect to the variable
x, and of order 2w® with respect to the variables z¢, with steps ¢ and t°,
respectively; 1 < p < oo.
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Definition 1. The space ,C(pr)(e; E™) will mean the closure of the set of smooth
finite functions in the norm

”f(‘r)”l/g'](e;En - Z ||f ||Lr"' Te En) (]‘)

TEE, . \e

If e, is the empty set and e, = e,, then the space £](Dr>(eo7E”) is the space
£§)T1"“’T")(E”), which was considered earlier by V. P. II' in, V. A. Solonnikov
(), and others.

Definition 2. The space Bglp(e; E™) will mean the closure of the set of smooth
finite functions in the norm

L@ ey = 1@, 0+ 1@ @)
where || f(2)], (gn) is the norm of the function in L, (E™) (1 < p, < 00).
Po

If e is the empty set and e, = e,,, then B,S’;),p(eo; E™) coincides with the well-
known space Byl 5", (E™), defined for p, = p by O. V. Besov (7), the theory
of which was later developed by V. P. II' in (%), and others.

Definition 3. We shall say that a function f(z) belongs to the space Sér)ﬁ(E”)

if it belongs simultaneously to all L’;,T)(e; E™) for every e from e,. We define the
norm in this space as follows:

”f( ”S‘T)L En) Z ”f ”L(T (e;E™) (3)

eCe,.

Definition 4. We shall say that a function f(x) belongs to the space
Sy, B(E™) if it belongs simultancously to all By, (e; E™) for every e from e, .
We define the norm in this space as follows:

1@ s i = D 1@ eony (4)

ECE

It is obvious that the norm (4) and the following norm are equivalent:

@y my = 1@y ) + W @l ey (5)

Put B\ (e; E") = BY)(e; E™), S B(E™) = SS)B(E™). Some embedding the-
orems have been obtained for the classes BI(,T>(6; E™) and SLT)B(E"), which are
a development of S. M. Nikol’ skii’ s results for the classes S,(,T>H and S’;f)W
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Theorem 1. Let f(z) € S}, B(E™), where r;, > 0 (i = 1,...,n), p > 1. Let
natural numbers v; (i = 1,...,n) and m (0 < m < n) be given, as well as
numbers ¢ (p < g < ), p, (5 =1,...,m), and suppose that the conditions

11 NS Z B RN |
e=1—--Y ==Y Z4+-3"—>q, (A)
== 45T

=3

0<p, <er, (s=1,...,m). (B)
are satisfied.

Let e be any fixed subset of the set e,. Then, for any fixed z,, ,...,,, the
function f)(z) € £ (eNe,,; E™) and the inequality

”f(y)(x)”LS{’)(eﬁem;Em) < C'””Sﬂ”B(E”) (6)

holds, where v = (vy,...,1v,), €, = {1,...,m}.

Theorem 2. Let f(z) € Spr B(E")7 where r;, >0 (i = 1,...,n), p > 1. Let
natural numbers v; (i = 1,...,n) and m (0 < m < n) be given, as well as
numbers ¢ (p < ¢ < ), p (s = 1,...,m), and let the conditions (A), ( ) of
Theorem 1 be satisfied. Then, for any fixed z,,,, ... the function f*)(z) €

S((Imﬁ(Em) and the inequality

yLps

Hf(l/)('r)”,sg/’)(;(Em) < C”f“g ) B(E™) (7)
holds.
Theorem 3. Let f € S,(,T)B(E”), where r; (i = 1,...,n), p > 1. Let natural
numbers v; (i = 1,...,n) and m (0 < m < n) be given, as well as numbers ¢

(p < ¢ <), p, (s =1,...,m), and let the conditions (A), (B) of Theorem 1
be satisfied. Further, let e be any fixed subset of the set e,,. Then the function

f¥(x) € Bf{))(e Ne,,; E™) and the inequality

L@ i ey < Ol e ®)
holds.
Theorem 4. Let f € SZ(,T)B(E"), where 7, > 0 (i = 1,...,n), p > 1. Let
natural numbers v; (i = 1,...,n) and m (0 < m < n), as well as numbers ¢

(p < q< ), py (s=1,...,m), be given, and suppose that the conditions (A),
(B) of Theorem 1 are satisfied. Then, for any fixed z,,_, ... the function

f¥(x) € S,Sp>B(Em), and the inequality

y Ls

||f(V) (.’B)H B Em™) — CHf ||S;)"')B<En)' (9)

holds.
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We now introduce weighted spaces with fractional indices and formulate for
them some embedding and extension theorems.

Let f(z) be a smooth function given in the space E*" = {x = (2, ..., ,,), 2, >

0}; A2(¢)f(z) is the finite difference of order 2 with respect to the variable z;
with step t. Let 1 <p < o0, 0<r; <1 (i=1,...,n). Introduce the following

norms:
[e’e] 1/p
dt a 2 P i 4n
Lplo, a(ET) (/0 tl+pr; /E+n z"|Ai (t)f(x)| dE™ ) )

gy = DI

£ ()]

(E+n>

@l girsimm ony = M@, gy 1@ gy rar ey
Bp.a o(E (E

Definition 5. By the spaces z;fa'“””")(EW) and Bl(f,a"”’r")(E*”) we shall mean
the closures of the set of smooth finite functions, respectively, in the norms

Hf” =T +n) ||f” ) (fn
E E )

Theorem 5. Let p > 1, 0<r, <1( =1,..,n), and let m be a natural
number such that 0 < m < n and

Then, if f(z) € B](fa """ (E*”) then for any fixed z,,,1,...,2,_; and z, =0
the function f(x) € L,(E™), and the inequality

17z, 5m) < CUflgiryarnt g (10)

holds.

Theorem 6. Let p > 1,0 < r; <1 (i =1,...,n), and let m be a natural
number such that 0 < m < n, and suppose the conditions

5,1772777>0 0<p,<er, (s=1,...,m).

are satisfied. Then, if the function f € Bm’ o )(E+"), then for any fixed
Tppats > Tpy and x, = 0 the function
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f(l‘) c £(pp17"'ap77L> (Em)’

and, moreover, the inequality

Hf||£(p"1 ----- Pm)(Em> < C”f”Bg:l’""rn'(E‘FTL)7 (11)

o

holds; and if p, = er, (s =1,...,m), then

70 g gy S O gy (12)

As a consequence of Theorems 5 and 6 we obtain that, under the conditions of
Theorem 6, if
fe BO:}J """ T")(E”—}—), then for any fixed z,,, .+, ..., z,,_; and z,, = 0 it also belongs

to the space B](Dpl"“’pm)(Em), and the inequality

11 gom ey < Ol s (13)

o

holds.

Theorem 7. Let p > 1,0 <r; <1 (i =1,...,n), let m be a natural number
such that 0 <m <n, a > —1, and

Then, if on the hyperplane z,,,, = -- = z,, = 0 a function

P(Tq,n s Tpy) € £§f1""’p’”)(Em) is given, with p, = er, (s = 1,...,m), there
exists a function -
Fxy, ) € LU ") (E"+) such that

f

Em = 807 ||f|‘£(p":1a""’7‘n)<E‘nr+> S C”@Hz;)”lw-»ﬁ?m)(Em)' (14)

Theorem 8. Let p > 1,0 < r; <1 (i =1,...,n), let m be a natural number
such that 0 < m < n, —1 < «, and

Then, if on the hyperplane z,,,, = -~ = z,, = 0 a function
oz, .. x,,) € Bé;pl""’pm)(Em) is given, with p, = ery (s = 1,...,m), there
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exists a function -
F(xy, .. w,) € BUL")(E™ + \oo) such that

f

Em™ = SD? Hf”BE;}) ----- Tw,)<E7l+\oo) S CH@”B‘ppl ----- Pm)(Em,>7 (15)
vghere ~
E"+\co={x € E"+; x, <00, i=m+1,...,n}.

Inequality (12) was obtained earlier by L. D. Kudryavtsev for r; = 1 (i =
1,...,m), m = n — 1, but under a more general assumption, i.e. there the p-
summability of the function itself is not required. Inequality (14) was also
proved earlier by L. D. Kudryavtsev for r, =1 (i = 1,...,n), m =n—1. A
result close to inequality (9) was obtained simultaneously and independently of
the author, by another method, by T. I. Amanov.

The author expresses sincere gratitude to his adviser Prof. L. D. Kudryavtsev
for posing the problem and for valuable advice.
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Note: Figure translations are in progress. See original paper for figures.
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