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Abstract
Full Text

Cybernetics and Control Theory
He Chen-Yu

On Completely Reversible Turing Machines

(Presented by Academician P. S. Novikov on 4 VII 1963)

In the present note the following variant of the definition of a Turing machine
is used. We shall consider alphabets

Agy Qpyeeey (1)

q07 qla"'7 qm7 (2)

which do not contain the symbols L, R, C, |. Every word of the form g;a; | arq?,
where 6 € {L, R, C}, will be called an instruction; the word g;a; is the left-hand

side of this instruction, and the word akqlg is the right-hand side. A Turing
machine is a nonempty finite set 2 of instructions in which no two instructions
have graphically equal left-hand sides. The alphabet (1) is called the alphabet
of the machine 2, and the alphabet (2) the alphabet of states of the machine 2.
The letter a is called the blank symbol; it will play a special role. g; is called
the initial state, g, the final state of the machine 2I.

Define the operation __ on words in the alphabet (1):

Ae ag, if A€{ay}",
- agad’, if ADA”aA’, where A"€{ay}, a # ay.

Analogously define the operation

T o, if A€{ao},
Az LA ,
A'aay, if ADA’aA”, where A”€{ay}, a # ay.
A situation of the machine 2l is any nonlinear expression

ﬁa’i ﬁ? (3)

where Ay, Ay€{ag, ay,...,a,}, a; € {ag,ay,...,a,}, ¢; € {do> 15+ G }-
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Sometimes, to denote the situation (3), we shall use the notation A; ZJ A,.

The situations A, ZJ A,, A3 & A, of the machine 2 are called identical if A;DA4;,
ADA,, r = i, | = j: otherwise they are called distinct. If j = 1, then the
situation (3) is called a g;-situation. A ¢;-situation of the form a ' A, is called
initial if either a;A;€{ay}, or in the word a;A, there are no occurrences of the
letter ay, not counting the outer letters. If j = 0, then the situation (3) is called

final.

We shall say that, in one step, the machine 2 transforms the situation (3)
(denote it by C;) into a situation C,, writing this briefly as 2 : C; — Cj, if in
the machine 24 there exists an instruction of the form g;a, | aq? and one of the
following three conditions is satisfied:

1) 65R and C,54,a; ), Ay, where a, AjSAy;
2) 65L and C, DAL & a, Ay, where Aja, DAy,
3) 65C and C,DA, & A,.

* Following A. A. Markov, we use the notation A€A to express that A is a word
in the alphabet A.

A situation C” is called reachable from a situation C” in the machine 2 if either
C’” and C” are identical, or there exists a sequence of situations of the machine
A: Cy,...,C, (k> 1) such that C; = C’, C,, = C”, and for every i (1 <i < k)
one has % : C; — C; . This is denoted by

A:C"— - = C".

A situation of the machine 2 is called reachable if it is reachable from some
initial situation of the machine 2.

A situation C of the machine 2 is called elementarily reachable if there exists
a situation C” such that A : ¢’ — C. Let C;,Cy, C; be any situations of
the machine ; if the situations C,Cy are not identical and 2 : C; — Cj,
A : Cy — O, then the situations C,C, are called merging, each of them
nonunique, and Cy multiple. A state ¢ of the machine 2 is called one-sided if in
the machine 2 there are no commands in whose right-hand sides ¢ would occur
with different letters 6 (0 € {L, R,C'}).

A Turing machine is called reversible if it has no merging reachable situations,
and completely reversible if it has no merging situations at all.

The question of the existence of a reversible and completely reversible Turing ma-
chine equivalent to a given Turing machine was considered by V. S. Chernyavskii
(1). He called Turing machines equivalent with respect to an alphabet /4 if, hav-
ing begun work from one and the same initial situation in the alphabet A, they
yield one and the same final situation every time that one of them yields some
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final situation. V. S. Chernyavskii proved that for every Turing machine T in
an alphabet A there exists a reversible Turing machine equivalent to the ma-
chine T with respect to the alphabet .4, and that for every Turing machine T
there exists a machine equivalent to it with respect to its alphabet which is a
composition of three completely reversible machines.

We shall call Turing machines completely equivalent with respect to an alphabet
A if, having begun work from one and the same ¢;-situation in the alphabet A,
they yield one and the same final situation every time that one of them yields
some final situation.

It is obvious that if machines are completely equivalent with respect to an
alphabet A, then they are equivalent with respect to this alphabet.

Theorem 1. For every Turing machine T in an alphabet A one can construct
a completely reversible machine T~ such that, for any q,-situation C; and final
situation C, of the machine T', the situation C, is reachable from C; in the
machine T if and only if the situation C, is reachable from C, in the machine
T

Theorem 2. For every Turing machine T in an alphabet A one can construct
a completely reversible machine T, completely equivalent to the machine T with
respect to the alphabet A.

Theorem 2 is a strengthening of the above-mentioned results of V. S.
Chernyavskii.

The main features of the proof of Theorems 1 and 2 are as follows. For a given
machine 7' in an alphabet A an auxiliary machine 7} is constructed in this
alphabet, completely equivalent to the machine T' with respect to A and pos-
sessing the following properties: a) all states are one-sided, and no more than
two commands can have identical right-hand sides; b) every ¢-situation is ele-
mentarily unreachable, and a g¢;-situation to which the machine T} is applicable
is nonunique; ¢) every situation to which the machine T, is applicable is either
elementarily unreachable, or multiple, or nonunique. From property a) of the
machine 7T} it follows that, in the machine T, every situation is reachable from
no more than two situations.

For each pair of commands of the machine 7, with a common right-hand side,
let us agree once and for all to call one of them the d-command and the other
the b-command. Let

B=oy-o, 120, o;€{bd}, i=1,..[

then the expression

(5)
T:C ?m%C’Q

means that in the sequence of situa-
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tion T' : C| — -+ — (4 the order of use of the o-commands, where o = b or
o =d, is as follows: the o,-command, the o,-command, ..., the o;-command.

Then to each final situation C| of the machine T, there corresponds a set 9t of
such words B in the alphabet {b,d} that B € 9t if and only if|

)

there exists a situation C' such that T, : C' — --- — Cj;. The set 90 is called the
tree corresponding to the final situation C; each word of the set 21 is called a
branch.

The machine 71 is constructed from the machine 7). Let the alphabet and the
alphabet of states of the machine T, be, respectively, 4 = {ag,aq,...,a,} and
{40,415 -, 4, }- Then the alphabet of the machine 71 is

Y =AU{ENYU{h,d,b,d, 00}, j=0,1,...,m; i=0,1,..,n.

We order all words in the alphabet {b,d} as follows: words of different length
—in increasing order of length, and words of equal length—lexicographically,
regarding the letter b as preceding the letter d.

4
By records of the situation A, a; A, of the machine T, we shall mean any situ-
ations of the machine 7! of the form

Qe
[B, B, - Ay B/ Ay,

where Qg is a fixed state of the machine T-1, B, C {b,d}, By C {b,d}, B; B, =
A, and the word [B;B, - A] is obtained from the words B; B, and A; in the
following way: we replace, from right to left, each occurrence of the letter a,
in the word A; by the letters of the word B; B,; moreover, if the length of the
word B, B, is greater than the number of occurrences of the letter a, in the
word A,, then we prefix the remaining letters of the word BB, on the left to
the already replaced word. The word B, B, is called the A-word of this record.

q
Starting from any final situation C, = A, ai A, of the machine T}, the machine
T—! will operate along the tree 9t corresponding to the situation C, in the
following way:

q
1. It transforms the situation A4 ai A, into the record of this situation
Qs
[ba AS] ESAZL

2. Starting from some record H of an arbitrary situation C, of the machine
T, (in particular, C; may be a final situation), the machine will, according
to the A-word B; B, of the record H, transform this record in the following
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way. If there exists a situation C; such that T, : C; — C5 and C,, is not
multiple, then the machine 7! transforms this record H of the situation
C, into a record of the situation C;; in doing so, the A-word of the record
H does not change. If the situation C, is multiple, i.e. there exist situations

C,,Cq such that T, : C; g Cyand T, : C] (ii C,, and the A-word of the
record H has the form B,oB,, where o € {b,d}, then the machine T~
transforms this record H of the situation C, either into a record of the
situation C; or into a record of the situation C7, depending on whether
0 = b or ¢ = d; in doing so, the letter ¢ is underlined, and the remaining
letters of the word B,oB, do not change. Thus, the machine 7! will

transform any record
Qs
[B- Ag] ERA,

q
of the final situation A4 a(; A, along the branch B, converting records into
records.

In the process of transforming by the machine 7! the record

Qs
(B 4, BDA,

one of the following three cases may occur: 1) the machine 7! has not under-
lined at least one letter of the word B and has arrived at the record of some
elementary unreachable situation of the machine 7T, which is not a ¢-situation;
2) all letters of the word B have already been underlined and the machine 7!
has not arrived at the record of a g;-situation; 3) the machine 77! has arrived
at the record of a ¢;-situation C,. In cases 1) and 2) the machine 7! returns

to the record
Qs

[B' - Ag] EPA,,

where the word B’ immediately follows the word B. In case 3), if the machine
T still-

has not underlined all the letters of the word B, then it also returns to the record
(B - A;;]E?” Ay; if all the letters of the word B have already been underlined,
then the machine 7! first transforms this record of the situation C; into the

situation C;, and then returns to the record [B’ - 143]ETQ0 A,

Thus, starting from any record [B- A?’]ETQ0 A, of the final situation A33’12,A4, the

machine 7~% will sooner or later return to the record [B’ - Aj]E,Q °A, with the
A-word B’ immediately following B. Next the machine 7! will, according to
the word B’, transform the record [B’ ~A3]E90A4. Hence, taking 1 into account,

q
it follows that the machine 71, starting from the final situation A3a(;A4, for

q
any B € {b,d}, transforms the situation A3a1A4 into the record [B- A3]E9° Ay,
and if there exists a ¢;-situation C such that
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Ty : C) — - — Agar Ay,

then the machine 7! transforms the record [B- A3}ETQ ® A, into the ¢-situation
C.

q
If the final situation Asa,.A, is reachable from some ¢,-situation C, then from
property b) of the machine T, it follows that there exists a nonempty word
By € {b,d} such that T, : C — -+ — C,. Then the machine 7! will transform

the final situation A333A4 into the record [B, - A3]E9(’A4, and then, along the
branch B, will seek this ¢;-situation C. Thus, the machine 7-! can find all

a
g;-situations from which the final situation A3aOTA4 is reachable in the machine
T, (and therefore in the machine T').

The machine T™ indicated in Theorem 2 is easily constructed from the machine
T
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