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Abstract
Full Text

O. A. OLEINIK
ON A PROBLEM OF G. FICHERA

(Presented by Academician I. G. Petrovsky on 29 III 1964)

In the works of G. Fichera (1?) a formulation is given of a boundary-value
problem for the equation

L(u) = aijuxixj +blu, +cu=f, ag;€; > 0, (1)

which he calls elliptic-parabolic.* In (}2) a generalized solution of this boundary-
value problem is constructed and the question of its uniqueness is posed. In
addition, he proves the maximum principle and uniqueness for the classical
solution of this problem.

In the present paper we shall prove uniqueness of the generalized solution of G.
Fichera’ s boundary-value problem, establish for it the maximum principle and,
by a method different from that in (?), prove the existence of such a solution. By
probabilistic methods the degenerate equation (1) was studied in (3). Numerous
works are devoted to the study of particular classes of equations of the form (1),
(see (*?) and others).

We shall assume that equation (1) with the condition aijfifj > 0 is given in
a bounded domain of the space (z,,...,z,,), a¥ C C?T)(D), b* c C+*)(D),
c C C(D), 0 < a < 1. Let the domain A be such that A C D and the
boundary ¥ of the domain A belongs to the class A®), (see (%), pp. 10—11).
Let n = (nq,...,n,,) be the vector of the inward normal to the boundary of the
domain. Denote by X the set of points of ¥ where a”n;n; = 0. At the points
of X0 consider the function b = (b* — aijj)nl Denote by ¥, the set of points of
30 where b > 0, by 3, the set of points of 3° where b < 0, and by X, the points
of 3% where b = 0. The set ¥ — %0 will be denoted by 5. By I' we denote the
boundary of the set ¥, + X, on . Let

L*(u) = aijuwﬂj + b*iuwi + c*u, (2)

K o ij ik 4] i
where b —2a:cj_ba c _axzxj_bxi_FC'

Definition. A bounded measurable function v in A will be called a generalized
solution of the boundary-value problem

L(u) = f in A, u=g, on Xy + X, (3)
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if for every v in C?)(A), equal to zero on X, + %, the integral identity holds:

/uL*(v)dx:/vfdx—/ gav/afdeJr/ bgv do, (4)
A A PR ol

where 0/9v = a% cos(n, r;)0/0x;, do is the surface-area element of the surface
X

Lemma 1. The sign of the function b at the points X0 does not change under
any nondegenerate change of the independent variables in equation (1).

This assertion is proved by direct verification.

Lemma 2. Let u satisfy the equation

L (u)=eAu+ L(u) = f in A, e >0, (5)

u Cg“)(Z), u=0o0onX, |fl]l <M, c<c <0. Let the set G on X be such
that G lies inside Xy + Xy + X5 and b < 0 at the points of G belonging to the
boundary of the set £5. Then at the points

|ug, | < Mye'/2, i=1,..,m. (6)

* Here, as everywhere below, summation over repeated indices from 1 to m is
assumed.

At all points of X the inequality

| < Mye™. (7)

By M, and K, we denote positive constants independent of «.

Proof. Let P, C G. In a neighborhood of F, pass to local coordinates y,, ..., y,,
with origin at P, for which X lies in the plane y,, = 0. Let the set of points

{p* =yt + - +up, <40%}
be contained in X, + Xy 4+ 35. Put ¢(p) = /e for p < § and
B(p) = VEL— (52 — 62)3 /2759
for 6 < p < 24. In the domain

consider the function w = K,(e * — 1), where
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Equation (5) in the variables y has the form
L.(u) = guijuyiyj + Euiuyi + aijuyiyj + Biuyi +cu=f.

By Lemma 1, the function (3' — cv;J])nZ = B™ at points of X° has the sign
of b. Since b < 0 on Xy + X, it follows that 8™ < K,v/e at points of Qs
whose distance from X, + X, is not greater than y/e. Since, moreover, b < 0 at
boundary points X5 on G, ™" > 0 on X3, and

|1/)| < \/57 ‘¢y1| < K3\/gv |’l/)yiyj| < K3\/E,

it is easy to see that
L (w) > [co] Ky

in Q_s for sufficiently large K; and small ¢.

Choosing K|, sufficiently large, we obtain that L_(w4u) > 0in Q_s; and w+u < 0
on the boundary of Q_s. Consequently, w4+ v < 0 in §2_5. Since w =u =0 on
Y for p < 0, at these points

u, | < KoK e V2.
This is sufficient for the proof of (6) on G.

The estimate (7) on X is obtained analogously, putting ¢ (p) = ¢ for p < 4,
P(p) = e[l — (p* — 6%)*]/2748°

for 6 < p < 26, and
z2=K(Yn, te—)/e

for the function w.
Lemma 3. Let v satisfy the equation
eAv+ L*(v) = P, e >0, (8)

in some domain A* with boundary X* of class A®). Suppose that v C C'?(A4*),
v =0 on X*. Let 3% denote the set of points of ¥* where

aijninj # 0.

We shall assume that B
b* = (b*" — a?j)n

on ¥* — X3, b* < 0 on the boundary of the set ¥3;

;<0
|| < M, c* < ¢ <0, c—b; /2< ¢y <0,

Then
e / (Av)? dz < M, )
A*
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Proof. Multiply (8) by v and integrate over A*. Integrating by parts, we obtain

/wwvwvdaj—&—/ a"jvx,vmvdx—k/ U2dm<M4/ 2 dx. (10)
A* e A+ v A+ A+

Next, multiply (8) by eAv and integrate over A*. We have

/ e2(Av)?dx + / eAvav, , dr = / (® —c*v—b*v, )eAvdz.  (11)
A A ! ‘

A*

By Lemma 2 and the assumptions concerning >*, at all points of ¥* the estimate
(6) holds for v. Taking into account (10) and (6), and integrating by parts, we
obtain

/ eAv (P — c*v)dx
A*

*
/A* eb Uy Vg, j dx

1 1
< f/ 52(Av)2dx+f/ (® — c*v)?dz;
2 Ja 2 Ja

e
(12)

ij — ij ij 7
[4 €V, 2, 07V o, dx—/A €4y 4 Ve, z, d:E—i—/A E[ijvmkvxixk i,V Vi dx+

+ /E eav,, [vwi% cos(n, Ty) — v, 5, cos(n, xj)] do=I+I,+1I;. (13)

We note that I; > 0, while I, can be transformed by integration by parts
analogously to (12), and one can prove that |I,| < Mg. To estimate Iy, we
divide ©* into pieces ¥* (I = 1,..., N) and introduce, in a neighborhood of ¥*
local coordinates y* = y*(xy, ..., x,,), chosen so that y™ = 0 contains ¥*. Since
v =0 on X%, it follows that

1 ..
5= /Ug*l sea (v2) e [y ymys v — yiys, vy | x(y) dy' +
0 942 /
i / @I (VEL UL, — Y VEE L, ) X Y

where dy’ = dy'---dy™ ', x depends only on y’, s = 1,...,m — 1. Integrating
by parts in the first integral entering I5, we obtain |I3] < M;. The lemma is
proved.

Theorem 1. Let ¢ < ¢, < 0; let f and g be bounded and measurable functions
on A and ¥, + ¥, respectively; and let I' have measure zero on ¥. Then in
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A there exists a generalized solution of the boundary-value problem (3), which
satisfies the inequality (maximum principle)

|u < max{sup |f|/|c|, suplgl}. (14)

Proof. Let f, C C™(A), f % f as n — oo in the norm £,(A), and let
|f,,] < sup|f]; and let g, C O (22 +%3), g, — ¢ in the norm £,(X, + X5)
as n — oo. Let g, C C?(A), §, = g, on ¥y + %3, and [§,| < sup|g|. Let

u,,, be the solution of the problem L_(u) = f,, in A and u = g,, on X. By the
maximum principle, (14) is valid for u,,. Since for z,, = u,, — g, we have
L.(z.,) = f, — L.(3,), Lemma 2 is valid for u_, with fixed n. Let v C C'?)(A)
and v =0 on X; + X;. Applying Green’ s formula, we obtain

/fnvdx:/eAqu dx—|—/L*( ) U, dr+
A A

+€/Eum§:;da+/ gng da—/ bgnvda/Z Yen g, (15)

Let u, , converge weakly to u, as g, — 0. Passing to the limit in (15) as
€, — 0 we obtain that u,, satisfies (4) with f,, and g,,, since the last integral
in (15) in a é-neighborhood X% of the set T' can be estimated according to (7),
while on ¥, + £, — %, according to (6), and, evidently, it is arbitrarily small
for sufficiently small § and e. Let u,, — u weakly as nj, — co. Then, passing
to the limit in (4) for u,, as ny, — o0, we obtain the assertion of the theorem.

Theorem 2. Let ¢* < ¢; <0, 2c —b. < 2¢, <0, and T' C A®. Let the
function u from £,(A), with p > 6, be such that

/L*(v)udm =0 (16)
A

for every v from C'? (A) equal to zero on £;+3,. Then u = 0 almost everywhere
in A.

Proof. Let the domain € be such that D D Q D A+, +3,+;, the boundary
S of the domain 2 belongs to the class A®), S O % + %, — (£ N §Qy), where Q
is some domain containing the J-neighborhood of T’

and Q5 — T as § = 0. Let a(z) C C?*)(Q),a=0in A, a >0 on Q — A. Let
v satisfy in § the equation

eAV+ L*(v) + aAv =D (17)

and the condition v = 0 on S , where @ is a smooth function, finite in A. Obvi-
ously, at points of S either a"n;n; + an;n; # 0, or b* = (b* — af)n; < 0.
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Therefore (9) is valid for . Let ° be a function such that ¢° C C(>)(Q),
©® = 01in Q5 and ¢® = 1 in any closed domain lying in A, if § is sufficiently
small, 0 < ¢ < 1.

The function v = v¢?® can be substituted into (16), since v =0 on ¥; + 5. For
sufficiently small § we have

/@udaj: /eAﬁgp‘sudx—/ (L*(¢%) — c*¢?) ﬁudx—Q/aijvx_gog_udx. (18)
A A A A o

We shall show that the right-hand side of (18) is arbitrarily small for sufficiently
small 6 and £(9), i.e., the left-hand side of (18) is equal to zero and u = 0 almost
everywhere. Let u,, C C(®)(A), be finite in A, and u,, — u in £,(A) as n — occ.
By (9) we have

—0

/AsAw%dx < (/A 52(A6)2dx> v (/A(uun)Qd;p) v =

as n — 00, €(n) — 0, and fixed §. To estimate the two last integrals in (18),
divide a neighborhood of I' into pieces w; so that in w; one can introduce local
coordinates y,; such that ¥ Nw; lies on y,,, = 0 and |y,,| < §, |y,,1| < 0 at
points of Qg, and for w, Nw, we have y¥ =yl yk | =4 . Now take the
function ¢® = @((6y2, | +y2,)/02), where ¢(s) = 0 for s < 1, p(s) = 1 for s > 2,
0 < ¢ <1, and ¢(s) is a smooth function of s. We have

/aﬂA(go‘sun) dx
A

fo N meiudn= [ (00, s, 19
Nwy,

AUwy,

where x depends only on y;. Taking into account that the domain where ¢? # 0,
wgi +0, @iiyj #+ 0, has order %2, and that in this domain

0, =06, ey =0, g =007, ), =00,

gpgm W = 0(5*3/2)7 a™mm = 0(5)’ amm—1 — 0(51/2>, am—Lm-1 _ 0(1)7

X0l < Mg, uC Ly(A),

applying Holder’ s inequality, we obtain that the integral (19) tends to zero as
0 — 0. We estimate the last integral in (18), using (10) for v:
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1/2 1/2
Iy s s
< (/ av, v, da:) (/ aepy. @Iju2 dx) .
ANwy, ANwy,

/ aijvzi ‘ng udx
ANwy,
(21)

To estimate the last integral in (21), as in (19), we pass to the coordinates y
and use the estimates (20). The theorem is proved.

Remark. If T' is the empty set or b = 0 on I', then the proof of Theorem
2 remains valid for v C £5(A). The smoothness assumptions on 3 can be
weakened. Thus, for example, the proof of Theorem 1 remains valid if ¥; is
assumed only piecewise smooth, and in Theorem 2 one may assume that 3,43,
is piecewise smooth.

Moscow State University
named after M. V. Lomonosov
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