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Abstract
Full Text

O. A. OLEINIK

ON A PROBLEM OF G. FICHERA
(Presented by Academician I. G. Petrovsky on 29 III 1964)

In the works of G. Fichera (1,2) a formulation is given of a boundary-value
problem for the equation

𝐿(𝑢) ≡ 𝑎𝑖𝑗𝑢𝑥𝑖𝑥𝑗
+ 𝑏𝑖𝑢𝑥𝑖

+ 𝑐𝑢 = 𝑓, 𝑎𝑖𝑗𝜉𝑖𝜉𝑗 ⩾ 0, (1)

which he calls elliptic-parabolic.* In (1,2) a generalized solution of this boundary-
value problem is constructed and the question of its uniqueness is posed. In
addition, he proves the maximum principle and uniqueness for the classical
solution of this problem.

In the present paper we shall prove uniqueness of the generalized solution of G.
Fichera’s boundary-value problem, establish for it the maximum principle and,
by a method different from that in (2), prove the existence of such a solution. By
probabilistic methods the degenerate equation (1) was studied in (3). Numerous
works are devoted to the study of particular classes of equations of the form (1),
(see (4,5) and others).

We shall assume that equation (1) with the condition 𝑎𝑖𝑗𝜉𝑖𝜉𝑗 ⩾ 0 is given in
a bounded domain of the space (𝑥1, … , 𝑥𝑚), 𝑎𝑖𝑗 ⊂ 𝐶(2+𝛼)(𝐷), 𝑏𝑖 ⊂ 𝐶(1+𝛼)(𝐷),
𝑐 ⊂ 𝐶(𝛼)(𝐷), 0 < 𝛼 < 1. Let the domain 𝐴 be such that 𝐴 ⊂ 𝐷 and the
boundary Σ of the domain 𝐴 belongs to the class 𝐴(3), (see (6), pp. 10—11).
Let 𝑛 = (𝑛1, … , 𝑛𝑚) be the vector of the inward normal to the boundary of the
domain. Denote by Σ0 the set of points of Σ where 𝑎𝑖𝑗𝑛𝑖𝑛𝑗 = 0. At the points
of Σ0 consider the function 𝑏 = (𝑏𝑖 − 𝑎𝑖𝑗

𝑥𝑗)𝑛𝑖. Denote by Σ1 the set of points of
Σ0 where 𝑏 > 0, by Σ2 the set of points of Σ0 where 𝑏 < 0, and by Σ0 the points
of Σ0 where 𝑏 = 0. The set Σ − Σ0 will be denoted by Σ3. By Γ we denote the
boundary of the set Σ0 + Σ2 on Σ. Let

𝐿∗(𝑢) ≡ 𝑎𝑖𝑗𝑢𝑥𝑖𝑥𝑗
+ 𝑏∗𝑖𝑢𝑥𝑖

+ 𝑐∗𝑢, (2)

where 𝑏∗𝑖 = 2𝑎𝑖𝑗
𝑥𝑗 − 𝑏𝑖, 𝑐∗ = 𝑎𝑖𝑗

𝑥𝑖𝑥𝑗 − 𝑏𝑖
𝑥𝑖

+ 𝑐.
Definition. A bounded measurable function 𝑢 in 𝐴 will be called a generalized
solution of the boundary-value problem

𝐿(𝑢) = 𝑓 in 𝐴, 𝑢 = 𝑔, on Σ2 + Σ3, (3)
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if for every 𝑣 in 𝐶(2)(𝐴), equal to zero on Σ1 + Σ3, the integral identity holds:

∫
𝐴

𝑢𝐿∗(𝑣) 𝑑𝑥 = ∫
𝐴

𝑣𝑓 𝑑𝑥 − ∫
Σ3

𝑔 𝜕𝑣/𝜕𝛾 𝑑𝜎 + ∫
Σ2

𝑏𝑔𝑣 𝑑𝜎, (4)

where 𝜕/𝜕𝛾 = 𝑎𝑖𝑗 cos(𝑛, 𝑥𝑗)𝜕/𝜕𝑥𝑖, 𝑑𝜎 is the surface-area element of the surface
Σ.

Lemma 1. The sign of the function 𝑏 at the points Σ0 does not change under
any nondegenerate change of the independent variables in equation (1).

This assertion is proved by direct verification.

Lemma 2. Let 𝑢 satisfy the equation

𝐿𝜀(𝑢) ≡ 𝜀Δ𝑢 + 𝐿(𝑢) = 𝑓 in 𝐴, 𝜀 > 0, (5)

𝑢 ⊂ 𝐶(1)(𝐴), 𝑢 = 0 on Σ, |𝑓| ⩽ 𝑀 , 𝑐 ⩽ 𝑐0 < 0. Let the set 𝐺 on Σ be such
that 𝐺 lies inside Σ0 + Σ2 + Σ3 and 𝑏 < 0 at the points of 𝐺 belonging to the
boundary of the set Σ3. Then at the points

|𝑢𝑥𝑖
| ⩽ 𝑀1𝜀−1/2, 𝑖 = 1, … , 𝑚. (6)

* Here, as everywhere below, summation over repeated indices from 1 to 𝑚 is
assumed.

At all points of Σ the inequality

|𝑢𝑥𝑖
| ⩽ 𝑀2𝜀−1. (7)

By 𝑀𝑖 and 𝐾𝑖 we denote positive constants independent of 𝜀.
Proof. Let 𝑃0 ⊂ 𝐺. In a neighborhood of 𝑃0 pass to local coordinates 𝑦1, … , 𝑦𝑚
with origin at 𝑃0, for which Σ lies in the plane 𝑦𝑚 = 0. Let the set of points

{𝜌2 = 𝑦2
1 + ⋯ + 𝑦2

𝑚−1 ⩽ 4𝛿2}

be contained in Σ0 + Σ2 + Σ3. Put 𝜓(𝜌) = √𝜀 for 𝜌 ⩽ 𝛿 and

𝜓(𝜌) = √𝜀 [1 − (𝜌2 − 𝛿2)3/27𝛿6]

for 𝛿 ⩽ 𝜌 ⩽ 2𝛿. In the domain

Ω𝜀𝛿{0 < 𝜌 < 2𝛿, 0 < 𝑦𝑚 < 𝜓(𝜌)}

consider the function 𝑤 = 𝐾0(𝑒−𝑧 − 1), where

𝑧 = 𝐾1(𝑦𝑚 + √𝜀 − 𝜓)/√𝜀.
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Equation (5) in the variables 𝑦 has the form

𝐿𝜀(𝑢) ≡ 𝜀𝜇𝑖𝑗𝑢𝑦𝑖𝑦𝑗
+ 𝜀𝜈𝑖𝑢𝑦𝑖

+ 𝛼𝑖𝑗𝑢𝑦𝑖𝑦𝑗
+ 𝛽𝑖𝑢𝑦𝑖

+ 𝑐𝑢 = 𝑓.

By Lemma 1, the function (𝛽𝑖 − 𝛼𝑖𝑗
𝑦𝑗)𝑛𝑖 = 𝛽𝑚 at points of Σ0 has the sign

of 𝑏. Since 𝑏 ⩽ 0 on Σ0 + Σ2, it follows that 𝛽𝑚 ⩽ 𝐾2
√𝜀 at points of Ω𝜀𝛿

whose distance from Σ0 + Σ2 is not greater than
√𝜀. Since, moreover, 𝑏 < 0 at

boundary points Σ3 on 𝐺, 𝛼𝑚𝑚 > 0 on Σ3, and

|𝜓| ⩽ √𝜀, |𝜓𝑦𝑖
| ⩽ 𝐾3

√𝜀, |𝜓𝑦𝑖𝑦𝑗
| ⩽ 𝐾3

√𝜀,

it is easy to see that
𝐿𝜀(𝑤) ⩾ |𝑐0|𝐾0

in Ω𝜀𝛿 for sufficiently large 𝐾1 and small 𝜀.
Choosing 𝐾0 sufficiently large, we obtain that 𝐿𝜀(𝑤±𝑢) ⩾ 0 in Ω𝜀𝛿 and 𝑤±𝑢 ⩽ 0
on the boundary of Ω𝜀𝛿. Consequently, 𝑤 ± 𝑢 ⩽ 0 in Ω𝜀𝛿. Since 𝑤 = 𝑢 = 0 on
Σ for 𝜌 ⩽ 𝛿, at these points

|𝑢𝑦𝑚
| ⩽ 𝐾0𝐾1𝜀−1/2.

This is sufficient for the proof of (6) on 𝐺.

The estimate (7) on Σ is obtained analogously, putting 𝜓(𝜌) = 𝜀 for 𝜌 ⩽ 𝛿,

𝜓(𝜌) = 𝜀[1 − (𝜌2 − 𝛿2)3]/27𝛿6

for 𝛿 ⩽ 𝜌 ⩽ 2𝛿, and
𝑧 = 𝐾1(𝑦𝑚 + 𝜀 − 𝜓)/𝜀

for the function 𝑤.

Lemma 3. Let 𝑣 satisfy the equation

𝜀Δ𝑣 + 𝐿∗(𝑣) = Φ, 𝜀 > 0, (8)

in some domain 𝐴∗ with boundary Σ∗ of class 𝐴(3). Suppose that 𝑣 ⊂ 𝐶(2)( ̄𝐴∗),
𝑣 = 0 on Σ∗. Let Σ∗

3 denote the set of points of Σ∗ where

𝑎𝑖𝑗𝑛𝑖𝑛𝑗 ≠ 0.

We shall assume that
𝑏∗ = (𝑏∗𝑖 − 𝑎𝑖𝑗

𝑥𝑗)𝑛𝑖 ⩽ 0
on Σ∗ − Σ∗

3, 𝑏∗ < 0 on the boundary of the set Σ∗
2;

|Φ| ⩽ 𝑀, 𝑐∗ ⩽ 𝑐1 < 0, 𝑐 − 𝑏∗
𝑥𝑖

/2 ⩽ 𝑐2 < 0.

Then
𝜀2 ∫

𝐴∗
(Δ𝑣)2 𝑑𝑥 ⩽ 𝑀3. (9)
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Proof. Multiply (8) by 𝑣 and integrate over 𝐴∗. Integrating by parts, we obtain

∫
𝐴∗

𝜀𝑣𝑥𝑖
𝑣𝑥𝑖

𝑑𝑥 + ∫
𝐴∗

𝑎𝑖𝑗𝑣𝑥𝑖
𝑣𝑥𝑗

𝑑𝑥 + ∫
𝐴∗

𝑣2 𝑑𝑥 ⩽ 𝑀4 ∫
𝐴∗

Φ2 𝑑𝑥. (10)

Next, multiply (8) by 𝜀Δ𝑣 and integrate over 𝐴∗. We have

∫
𝐴∗

𝜀2(Δ𝑣)2 𝑑𝑥 + ∫
𝐴∗

𝜀Δ𝑣 𝑎𝑖𝑗𝑣𝑥𝑖𝑥𝑗
𝑑𝑥 = ∫

𝐴∗
(Φ − 𝑐∗𝑣 − 𝑏∗𝑖𝑣𝑥𝑖

)𝜀Δ𝑣 𝑑𝑥. (11)

By Lemma 2 and the assumptions concerning Σ∗, at all points of Σ∗ the estimate
(6) holds for 𝑣. Taking into account (10) and (6), and integrating by parts, we
obtain

∣∫
𝐴∗

𝜀Δ𝑣 (Φ − 𝑐∗𝑣) 𝑑𝑥∣ ⩽ 1
2 ∫

𝐴∗
𝜀2(Δ𝑣)2 𝑑𝑥 + 1

2 ∫
𝐴∗

(Φ − 𝑐∗𝑣)2 𝑑𝑥;

∣∫
𝐴∗

𝜀𝑏∗𝑖𝑣𝑥𝑖
𝑣𝑥𝑗𝑥𝑗 𝑑𝑥∣ = ∣∫

𝐴∗
(𝜀𝑏∗𝑖

𝑥𝑖
𝑣𝑥𝑗

𝑣𝑥𝑗
/2 − 𝜀𝑏∗𝑖

𝑥𝑗
𝑣𝑥𝑖

𝑣𝑥𝑗
) 𝑑𝑥 + ∫

Σ∗
𝜀𝑏∗𝑖 (𝑣𝑥𝑖

𝑣𝑥𝑗
cos(𝑛, 𝑥𝑗) − 1

2𝑣𝑥𝑗
𝑣𝑥𝑗

cos(𝑛, 𝑥𝑖)) 𝑑𝜎∣ ⩽ 𝑀5;
(12)

∫
𝐴∗

𝜀𝑣𝑥𝑘𝑥𝑘
𝑎𝑖𝑗𝑣𝑥𝑖𝑥𝑗

𝑑𝑥 = ∫
𝐴∗

𝜀𝑎𝑖𝑗𝑣𝑥𝑘𝑥𝑖
𝑣𝑥𝑘𝑥𝑗

𝑑𝑥+∫
𝐴∗

𝜀 [𝑎𝑖𝑗
𝑥𝑗𝑣𝑥𝑘

𝑣𝑥𝑖𝑥𝑘
− 𝑎𝑖𝑗

𝑥𝑘𝑣𝑥𝑘
𝑣𝑥𝑖𝑥𝑗

] 𝑑𝑥+

+ ∫
Σ∗

𝜀𝑎𝑖𝑗𝑣𝑥𝑘
[𝑣𝑥𝑖𝑥𝑗

cos(𝑛, 𝑥𝑘) − 𝑣𝑥𝑖𝑥𝑘
cos(𝑛, 𝑥𝑗)] 𝑑𝜎 = 𝐼1 + 𝐼2 + 𝐼3. (13)

We note that 𝐼1 ≥ 0, while 𝐼2 can be transformed by integration by parts
analogously to (12), and one can prove that |𝐼2| ≤ 𝑀6. To estimate 𝐼3, we
divide Σ∗ into pieces Σ∗𝑙 (𝑙 = 1, … , 𝑁) and introduce, in a neighborhood of Σ∗𝑙,
local coordinates 𝑦𝑖 = 𝑦𝑖(𝑥1, … , 𝑥𝑚), chosen so that 𝑦𝑚 = 0 contains Σ∗𝑙. Since
𝑣 = 0 on Σ∗, it follows that

𝐼3 = ∫
∪Σ∗𝑙

1
2𝜀𝑎𝑖𝑗(𝑣2

𝑦𝑚)𝑦𝑠 [𝑦𝑚
𝑥𝑘

𝑦𝑚
𝑥𝑘

𝑦𝑠
𝑥𝑖

𝑦𝑚
𝑥𝑗

− 𝑦𝑚
𝑥𝑘

𝑦𝑠
𝑥𝑘

𝑦𝑚
𝑥𝑖

𝑦𝑚
𝑥𝑗

] 𝜒(𝑦) 𝑑𝑦′+

+ ∫
Σ∗𝑙

𝜀𝑎𝑖𝑗𝑣2
𝑦𝑚 (𝑦𝑚

𝑥𝑘
𝑦𝑚

𝑥𝑘
𝑦𝑚

𝑥𝑖𝑥𝑗
− 𝑦𝑚

𝑥𝑘
𝑦𝑚

𝑥𝑖
𝑦𝑚

𝑥𝑖𝑥𝑗
) 𝜒 𝑑𝑦′,

where 𝑑𝑦′ = 𝑑𝑦1 ⋯ 𝑑𝑦𝑚−1, 𝜒 depends only on 𝑦𝑖, 𝑠 = 1, … , 𝑚 − 1. Integrating
by parts in the first integral entering 𝐼3, we obtain |𝐼3| ≤ 𝑀7. The lemma is
proved.

Theorem 1. Let 𝑐 ≤ 𝑐0 < 0; let 𝑓 and 𝑔 be bounded and measurable functions
on 𝐴 and Σ2 + Σ3, respectively; and let Γ have measure zero on Σ. Then in
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𝐴 there exists a generalized solution of the boundary-value problem (3), which
satisfies the inequality (maximum principle)

|𝑢| ≤ max{sup |𝑓|/|𝑐0|, sup |𝑔|}. (14)

Proof. Let 𝑓𝑛 ⊂ 𝐶(∞)(𝐴), 𝑓𝑛 → 𝑓 as 𝑛 → ∞ in the norm ℒ2(𝐴), and let
|𝑓𝑛| ≤ sup |𝑓|; and let 𝑔𝑛 ⊂ 𝐶(∞)(Σ2 + Σ3), 𝑔𝑛 → 𝑔 in the norm ℒ2(Σ2 + Σ3)
as 𝑛 → ∞. Let ̃𝑔𝑛 ⊂ 𝐶(2)(𝐴), ̃𝑔𝑛 = 𝑔𝑛 on Σ2 + Σ3, and | ̃𝑔𝑛| ≤ sup |𝑔|. Let
𝑢𝜀𝑛 be the solution of the problem 𝐿𝜀(𝑢) = 𝑓𝑛 in 𝐴 and 𝑢 = ̃𝑔𝑛 on Σ. By the
maximum principle, (14) is valid for 𝑢𝜀𝑛. Since for 𝑧𝜀𝑛 = 𝑢𝜀𝑛 − ̃𝑔𝑛 we have
𝐿𝜀(𝑧𝜀𝑛) = 𝑓𝑛 − 𝐿𝜀( ̃𝑔𝑛), Lemma 2 is valid for 𝑢𝜀𝑛 with fixed 𝑛. Let 𝑣 ⊂ 𝐶(2)(𝐴)
and 𝑣 = 0 on Σ1 + Σ3. Applying Green’s formula, we obtain

∫
𝐴

𝑓𝑛𝑣 𝑑𝑥 = ∫
𝐴

𝜀Δ𝑣 𝑢𝜀𝑛 𝑑𝑥 + ∫
𝐴

𝐿∗(𝑣) 𝑢𝜀𝑛 𝑑𝑥+

+𝜀 ∫
Σ

𝑢𝜀𝑛
𝜕𝑣
𝜕𝑛 𝑑𝜎 + ∫

Σ3

𝑔𝑛
𝜕𝑣
𝜕𝛾 𝑑𝜎 − ∫

Σ2

𝑏𝑔𝑛𝑣 𝑑𝜎 − ∫
Σ0+Σ2

𝜀𝑣𝜕𝑢𝜀𝑛
𝜕𝑛 𝑑𝜎. (15)

Let 𝑢𝜀𝑘𝑛 converge weakly to 𝑢𝑛 as 𝜀𝑘 → 0. Passing to the limit in (15) as
𝜀𝑘 → 0, we obtain that 𝑢𝑛 satisfies (4) with 𝑓𝑛 and 𝑔𝑛, since the last integral
in (15) in a 𝛿-neighborhood Σ𝛿 of the set Γ can be estimated according to (7),
while on Σ0 + Σ2 − Σ𝛿, according to (6), and, evidently, it is arbitrarily small
for sufficiently small 𝛿 and 𝜀. Let 𝑢𝑛𝑘

→ 𝑢 weakly as 𝑛𝑘 → ∞. Then, passing
to the limit in (4) for 𝑢𝑛𝑘

as 𝑛𝑘 → ∞, we obtain the assertion of the theorem.

Theorem 2. Let 𝑐∗ ≤ 𝑐1 < 0, 2𝑐 − 𝑏𝑖
𝑥𝑖

≤ 2𝑐2 < 0, and Γ ⊂ 𝐴(2). Let the
function 𝑢 from ℒ𝑝(𝐴), with 𝑝 ≥ 6, be such that

∫
𝐴

𝐿∗(𝑣)𝑢 𝑑𝑥 = 0 (16)

for every 𝑣 from 𝐶(2)(𝐴) equal to zero on Σ3+Σ1. Then 𝑢 = 0 almost everywhere
in 𝐴.

Proof. Let the domain Ω be such that 𝐷 ⊃ Ω ⊃ 𝐴+Σ2 +Σ0 +Ω𝛿, the boundary
𝑆 of the domain Ω belongs to the class 𝐴(3), 𝑆 ⊃ Σ1 + Σ3 − (Σ ∩ Ω𝛿), where Ω𝛿
is some domain containing the 𝛿-neighborhood of Γ
and Ω𝛿 → Γ as 𝛿 → 0. Let 𝑎(𝑥) ⊂ 𝐶(2+𝛼)(Ω), 𝑎 = 0 in ̄𝐴, 𝑎 > 0 on Ω − ̄𝐴. Let
𝑣 satisfy in Ω the equation

𝜀Δ ̄𝑣 + 𝐿∗( ̄𝑣) + 𝑎Δ ̄𝑣 = Φ (17)

and the condition ̄𝑣 = 0 on 𝑆, where Φ is a smooth function, finite in 𝐴. Obvi-
ously, at points of 𝑆 either 𝑎𝑖𝑗𝑛𝑖𝑛𝑗 + 𝑎𝑛𝑖𝑛𝑖 ≠ 0, or 𝑏∗ = (𝑏𝑖 − 𝑎𝑖𝑗

𝑥𝑗)𝑛𝑖 < 0.
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Therefore (9) is valid for ̄𝑣. Let 𝜑𝛿 be a function such that 𝜑𝛿 ⊂ 𝐶(∞)(Ω),
𝜑𝛿 = 0 in Ω𝛿 and 𝜑𝛿 = 1 in any closed domain lying in 𝐴, if 𝛿 is sufficiently
small, 0 ≤ 𝜑𝛿 ≤ 1.
The function 𝑣 = ̄𝑣𝜑𝛿 can be substituted into (16), since 𝑣 = 0 on Σ1 + Σ3. For
sufficiently small 𝛿 we have

∫
𝐴

Φ𝑢 𝑑𝑥 = ∫
𝐴

𝜀Δ ̄𝑣 𝜑𝛿𝑢 𝑑𝑥−∫
𝐴

(𝐿∗(𝜑𝛿) − 𝑐∗𝜑𝛿) ̄𝑣𝑢 𝑑𝑥−2 ∫
𝐴

𝑎𝑖𝑗𝑣𝑥𝑖
𝜑𝛿

𝑥𝑗
𝑢 𝑑𝑥. (18)

We shall show that the right-hand side of (18) is arbitrarily small for sufficiently
small 𝛿 and 𝜀(𝛿), i.e., the left-hand side of (18) is equal to zero and 𝑢 = 0 almost
everywhere. Let 𝑢𝑛 ⊂ 𝐶(∞)( ̄𝐴), be finite in 𝐴, and 𝑢𝑛 → 𝑢 in ℒ2(𝐴) as 𝑛 → ∞.
By (9) we have

∣∫
𝐴

𝜀Δ ̄𝑣 𝜑𝛿𝑢 𝑑𝑥∣ ≤ (∫
𝐴

𝜀2(Δ ̄𝑣)2 𝑑𝑥)
1/2

(∫
𝐴

(𝑢 − 𝑢𝑛)2 𝑑𝑥)
1/2

= ∣∫
𝐴

𝜀 ̄𝑣Δ(𝜑𝛿𝑢𝑛) 𝑑𝑥∣ → 0

as 𝑛 → ∞, 𝜀(𝑛) → 0, and fixed 𝛿. To estimate the two last integrals in (18),
divide a neighborhood of Γ into pieces 𝜔𝑙 so that in 𝜔𝑙 one can introduce local
coordinates 𝑦𝑖 such that Σ ∩ 𝜔𝑙 lies on 𝑦𝑚 = 0 and |𝑦𝑚| ≤ 𝛿, |𝑦𝑚1| < 𝛿 at
points of Ω𝛿, and for 𝜔𝑘 ∩ 𝜔𝑙 we have 𝑦𝑘

𝑚 = 𝑦𝑙
𝑚, 𝑦𝑘

𝑚−1 = 𝑦𝑙
𝑚−1. Now take the

function 𝜑𝛿 = 𝜑((𝛿𝑦2
𝑚−1 +𝑦2

𝑚)/𝛿2), where 𝜑(𝑠) = 0 for 𝑠 ≤ 1, 𝜑(𝑠) = 1 for 𝑠 ≥ 2,
0 ≤ 𝜑 ≤ 1, and 𝜑(𝑠) is a smooth function of 𝑠. We have

∫
𝐴∩𝜔𝑘

(𝐿∗(𝜑𝛿) − 𝑐∗𝜑𝛿) ̄𝑣𝑢 𝑑𝑥 = ∫
𝐴∪𝜔𝑘

(𝛼𝑖𝑗𝜑𝛿
𝑦𝑖𝑦𝑗

+ 𝛽𝑖𝜑𝛿
𝑦𝑖

) ̄𝑣𝑢𝜒 𝑑𝑦, (19)

where 𝜒 depends only on 𝑦𝑖. Taking into account that the domain where 𝜑𝛿 ≠ 0,
𝜑𝛿

𝑦𝑖
≠ 0, 𝜑𝛿

𝑦𝑖𝑦𝑗
≠ 0, has order 𝛿3/2, and that in this domain

𝜑𝛿
𝑦𝑚

= 𝑂(𝛿−1), 𝜑𝛿
𝑦𝑚−1

= 𝑂(𝛿−1/2), 𝜑𝛿
𝑦𝑚𝑦𝑚 = 𝑂(𝛿−2), 𝜑𝛿

𝑦𝑚−1𝑦𝑚−1
= 𝑂(𝛿−1),

𝜑𝛿
𝑦𝑚−1𝑦𝑚

= 𝑂(𝛿−3/2), 𝛼𝑚𝑚 = 𝑂(𝛿), 𝛼𝑚𝑚−1 = 𝑂(𝛿1/2), 𝛼𝑚−1,𝑚−1 = 𝑂(1),
(20)

|𝜒 ̄𝑣| ≤ 𝑀8, 𝑢 ⊂ ℒ𝜃(𝐴),

applying Hölder’s inequality, we obtain that the integral (19) tends to zero as
𝛿 → 0. We estimate the last integral in (18), using (10) for ̄𝑣:
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∣∫
𝐴∩𝜔𝑘

𝑎𝑖𝑗𝑣𝑥𝑖
𝜑𝛿

𝑥𝑗
𝑢 𝑑𝑥∣ ≤ (∫

𝐴∩𝜔𝑘

𝑎𝑖𝑗𝑣𝑥𝑖
𝑣𝑥𝑗

𝑑𝑥)
1/2

(∫
𝐴∩𝜔𝑘

𝑎𝑖𝑗𝜑𝛿
𝑥𝑖

𝜑𝛿
𝑥𝑗

𝑢2 𝑑𝑥)
1/2

.

(21)

To estimate the last integral in (21), as in (19), we pass to the coordinates 𝑦
and use the estimates (20). The theorem is proved.

Remark. If Γ is the empty set or 𝑏 = 0 on Γ, then the proof of Theorem
2 remains valid for 𝑢 ⊂ ℒ2(𝐴). The smoothness assumptions on Σ can be
weakened. Thus, for example, the proof of Theorem 1 remains valid if Σ1 is
assumed only piecewise smooth, and in Theorem 2 one may assume that Σ2 +Σ0
is piecewise smooth.
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