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Abstract
Full Text

I. S. Shikin

RIEMANN WAVES IN RELATIVISTIC MAG-
NETIC HYDRODYNAMICS

(Presented by Academician L. 1. Sedov on 19 VI 1964)

The paper considers the general equations of relativistic magnetic hydrodynam-
ics (M.H.D.) for a nonviscous, non-heat-conducting, and perfectly conducting
substance, and Riemann waves (simple waves). Previously, simple waves in
relativistic M.H.D. were considered in (*).

1. The equations of relativistic M.H.D. for an ideal substance are:

the laws of conservation of momentum—energy
O (T + Tfie') J0x), = 0, (1)
where the energy—momentum tensor of an ideal fluid is
TP = wusuy, + oy, (2)

E%eld is the energy—momentum tensor of the electromagnetic field (the notation
coincides with the notation of (1); 4, k,l,m =1,2,3,4, a =1,2,3; x, = ict);

the induction equation

rot E = —0H /¢ Ot; (3)
the condition of ideal conductivity
E =—[v,H]/c. (4)

With the aid of the electromagnetic-field tensor Fj;,, condition (4) is written in
the form

Fikuk = 0. (47)

In expression (2), the heat function w, according to the equation of state, is,
generally speaking, a function of the pressure p and of the number of particles
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n per unit proper volume. Depending on the form of the equation of state there
may be two cases:

Case I: w = w(p,n). In this case the system of relations (1)—(4) is not closed.
To close it we shall use the law of conservation of the number of particles

d(nuy,)/0x;, = 0. (5)

Case II: w = w(p). In this case we shall use only the relations (1)—(4), which
by themselves form a closed system. Such a case is realized, for example, in the
extreme relativistic limit for temperatures, when w = 4p.

Equations (1) can be transformed by multiplying by u; and by w,u; + d,;. Using
(4"), and in case I also using (5), we obtain

in case I in case II
d /w 1dp d 0 0 [w(p) dp
— -] - —— = —_—=u,—: — = B = —_
ds (n) n ds 0 ds dz;” Oz, [B(p) ug| =0, () exp/ w(p)’
d (w Op 1 OF, wuy, 0 Op 1 oF;,
— (=) =——+ —F)—=; —~—[By|=———+ —F .
s <nul> ox; + 4 o, B 0Oz, [Bu] oz, + A * o,

(6)

If in case IT the chemical potential is equal to 0, then the scalar equation in (6)
is the continuity equation for the entropy. In each of the systems (6) only 4
relations are independent. As is seen from (6), the direct use of the 4-velocity
u; (u? = —1), w, and n proves inconvenient. Instead of them we shall use the

K3
following quantities, calling them variables of an auxiliary gas (2, 3):

in case I §; = (w/mnc®)cu;, p=(mnc®/wymn, I = (w/mnc*)?c2/2; (7)

in case 1T &, = B(p)u;, f=w(p)/B(p), I=B(p)/2. (8)

We shall also use the following expressions for the square of the sound speed of
the auxiliary gas (?):

in case I
@ = (w/mnc®)*w?/[1 — (w/c)?); 9)

in case II
a* = B*(p)w?/[1 — (w/c)?], (10)

where w is the relativistic sound speed, equal in case I to w = ¢4/(dp/de),/n
(e = w —p is the internal energy, o is the entropy per unit proper volume), and

in case I to w = ¢y/dp/de.
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In the nonrelativistic limit, in case I one must consider only the spatial compo-
nents of the 4-vector equation (6), and in the expression for the ponderomotive
force one should omit the terms containing the electric field. In the nonrela-
tivistic case it is also assumed that the magnetic field (and the current density)
is not transformed in passing from one inertial system to another, so that the
equations of nonrelativistic MHD are Galilean invariant. The quantities v, p,
and I then have the meaning of 3-velocity, density, and heat function per unit
mass.

2. A Riemann wave (simple wave) is a one-dimensional nonstationary motion
in which the wave parameters in some laboratory system depend on the
coordinate x along the direction of propagation of the wave and on the
time ¢ through some combination ¢(x,t).

We shall consider both cases I and II in parallel. To simplify the notation we
shall omit the tilde over the quantities (7)—(10), noting when necessary the
difference between the results for these two cases.

The system of basic equations for a simple wave in the variables of the auxiliary
gas is written in the form (v, = v,/i):

d(pv,) — Bd(pvy) =0, (11)

d7p (v, — Pvg) dv, = —dp—d(Hj +H?+ Ei + E? —Eg)/2+ﬂd(Esz —E.H,),

dmp (v, — Bvy) dv, = d(H, H, + E, E,) + Bd(E,H, — E H,), g?&;

4mp (v, — Pvg)dv, =d(H,H, + E_ E,) + ﬁd(EwHy — Ewa), (14)

dE, +BdH, =0, dE,—BdH, =0, (15)

H, = const, E,vy=Hyv,— H,v,, Eyy=H,v, — H,v,, (16)
E.vy=Hyv, — Hyv,.

In case I, to relations (11)—(16) one must add the equation

(v, — Bug) (pdl — dp) = 0. (17)

The quantity ¢ =V = —¢,/p, = 0x(t,p)/0t is the propagation speed of the
points of the front of constant phase ¢(x,t) = const. It also depends on ¢.

In equations (11)—(16) there appear quantities measured in the laboratory co-
ordinate system under consideration. Instead of them we shall use quantities
measured, for each phase ¢(z,t) = const, in that coordinate system (moving
with speed V along x) in which this phase is at rest ( “frozen” ). We shall
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mark these quantities with a prime. The connection between the primed and
unprimed quantities is given by the Lorentz formulas:

v, = v, ch&+vjshé, v, = Uy,
H,=H,, H,=H,ch{— E sh¢, H,=H ch¢§+ E,shé,
E.=FE, E, = FE;ch{+ H sh¢, E,=E/ch§— H,sh¢;

1 Ve

_ / _ 4 / .
v, = v, vy = vych &+ v, sh§;

ché¢=——> ghe=——21C  the=V/e
Ve MU wer MY
(18)
With the aid of (18), relations (11), (13)—(15) are brought to the form
d(pvy) + pugd§ =0, (19)
drpv, dv, = H, dH, — H E. d§ + E, dE,, (20)
drpv, dv, = H,dH, + H, E, d§ + E,dE,, (21)
dE, = H|d¢,  dE] = —H,d¢. (22)

Equation (12) and the relation

o, v, dp 1
p (UOaxZ”wagf) =0, I

0 1 0
—(E,H, —E_H,)— ——(E?+ H? =ct
Xax( yitz z y) 87T81‘O< + )a Lo c

(the time component in system (6)), with the aid of (22), are transformed to
the form

8mpvl, (dvl, + v}y d€) = —8m dp — d(H*?),

H*2EH§+H5/+H3/_E§_E§/_E3M (23)

where H*? is the square of the magnitude of the magnetic field in the proper
reference frame of the matter element,

dmpv (dvg + ), d€) = ELdH;, — B, dH, — (EZ, + E?) d¢. (24)

With the aid of (19), from (23) we obtain
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d(H*?) = 8n(v2, dp — dp). (25)
Differentiating the expressions
Eyvy = Hv, —Hv, and FElv,=H,v, — Huv,

(the condition of ideal conductivity), with the aid of (20)—(21), (22), (24), and
(19), we obtain

vi,H; dp = p(vi, — (ZQA)(E; d¢ + dHY), (26)
vy Hydp = p(v3, —a%)(—ELdS + dH), (27)

where
a%y = (Hf — E?)/4mp, H=H, E?=E,+E. (28)

From (26)—(27), taking into account that
H,E, + H E, + H E, =0,

we obtain

(v2, — a%)(H,E, d§ + H, dH],— H,dH) = 0. (29)

As the basic system we shall use relations (19), (22), (25), (26), (27), and (17).

First let us consider the case when the wave does not propagate with respect
to the particles (v, = 0). In such a wave d{/dp = 0, V = const. The wave
propagates without distortion of its profile. If, moreover, H = 0, then E?; =
E, = 0. The quantities v, and v, may vary arbitrarily, while the remaining
quantities are connected by the relation
p+[(H?— EHZ)/SW] =const, E =E, H’= HS/ + H?,.
Such a wave is called a tangential wave. In the general case the front of a
tangential wave has arbitrary width. In the particular case when the width of
the wave region is zero, the wave is a tangential discontinuity.

If, in a simple wave, v/, = 0, but H, # 0, then v = const, H = const, E = const,
p = const. In case II also p = const, so that all quantities are constant, and
we have simply a region of uniform motion. In case I, however, p = (mnc)?/w
may vary in the wave in an arbitrary manner, and together with it all the other
thermodynamic quantities, except for the pressure p (in particular, the entropy).
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The wave in this case is called an entropy wave. A particular case of such a
wave is a contact discontinuity.

From equation (29) it is seen that two possibilities may occur.

First, vfc, = ai. In this case p = const. It also follows from the equations that
d¢/dp = 0, i.e. the wave propagates without distortion of its profile, v/, = const,
Eé = const, E/ = const, H*?> = const. In the original relativistic variables we
have:

u2 = (HH2 — E?)/Amw. (30)

Such a wave is called an Alfvén wave. Among the v-systems in which the
front of the Alfvén wave is at rest, one can choose one in which £/ = 0. In this
system we have 47rpvi/ = H_H/, and the velocity is parallel to the magnetic

field. In such a system H’ ? is constant in the wave, while the orientation of the
transverse magnetic field H'| is a parameter that may vary arbitrarily. With
respect to the gas at rest in front of it, with magnetic field H*, an Alfvén wave
propagates along the normal to the front with velocity D 4:

D? = ?H:?/(4mw + H*?). (31)

The second possibility in equation (29) consists in setting the second bracket
equal to zero; this corresponds to magnetosonic simple waves. In a magne-
tosonic wave the quantity d¢/dp # 0, so that the wave profile is distorted as
it propagates. Points of fronts of constant phase move according to the law
x = V(p)t+ F(p). If F(p) = 0, the wave is centered. The quantity p (and
together with it p, which is a function of p) is variable in the wave, and it may
be taken as the variable parameter of the wave. From the system (26), (27) we
obtain

pd(H'? — E?)/dp = 202, H??/(v2, — a®A). (32)

On the other hand, differentiating the relation H, E, + HyE, + H_E, = 0 (the
condition of orthogonality of E” and H’) and using (26), (27), we obtain

pd(E3)/dp = 203, EZ/(v7, — a®A). (33)

Comparing (32), (33) with (25), taking into account that dp = a?dp, we arrive
at the biquadratic equation for v,:

vl — 2, [a® + (H*? /4mp)] + a® [(HH2 - Ef)/47rp] =0. (34)
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Equation (34) coincides with the equation for the velocities of small perturba-
tions and physically expresses the fact that points of a front of constant phase
propagate through the matter with the velocity of a magnetosonic wave of small
amplitude. In the (z,¢) plane, the lines of constant phase ¢ = const, forming
a pencil of straight lines, coincide with the characteristics of the corresponding
family.

In the original relativistic quantities, equation (34) takes the form

2 *2 H?2 — E’2 2
e (i) et )
c?—w

2 Adnw 4w 2 —w

Let us introduce the angle a of the vector H', and the angle 5 of the vector
E’, with the y-axis. Setting the second bracket in (29) equal to zero leads to
the equation

do/dé = H,E,/H?. (36)

From equations (22) we obtain

As is seen from (33), a solution exists when E, = 0 throughout the whole region
of the wave. Such a case is realized, in particular, if the matter in front of the
wave is at rest. In this case, according to (36), (37), the orientation of the
orthogonal vectors H| and E’ remains unchanged in the wave. If, however,
E, # 0, then the vectors H| and E’ rotate in the wave. Rotation of the vector
H' is absent in the nonrelativistic theory and is a purely relativistic effect. The
angle @ — 8 between H'| and E’ increases or decreases monotonically (with
respect to &) in the wave, depending on the sign of H_F, . In both cases the
vectors H' and E/ tend to become orthogonal.
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