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SOLUTION OF A MULTIDIMENSIONAL KI-
NETIC EQUATION BY THE SPLITTING
METHOD

Consider the one-speed equation describing neutron transport in a medium with
isotropic scattering:

dp

A Os )/ )/ 0
ZaJrQVgoJra(p—E/dQ o(r, ' t) + S(r,Q,t). (1)

For equation (1) we pose the mixed Cauchy problem

o(r,Q,t) =0, On<0, r,Qtel; (2)

(p(r’ 970) = Q(r’ Q)? r7 Q E D? (3)

in the cylindrical domain II = D x T" with base D, lateral boundary I' = v x T,
vy=D-—D.

Along with the nonstationary problem (1)—(3), we shall consider the stationary
problem (cf. (1))

W+ op= 2 / AV o(r, ) + S(r, ), (1a)

o(r,Q) =0, On<0, r,Qen. (2a)

For integrating problem (1)—(3), let us apply the following scheme (the scheme
of incomplete splitting):
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where
A =B+ Z2AQS, A, =—Qdp
4

are difference approximations of the operators

Os )/ o

—cE+ = [ dSY, —QV o,

4

respectively; S is an approximation of S, 7 = vAt, a >0, >0, a+ = 1.

Scheme (4) is implemented as follows. Summing (4a) over all angles Q, we
obtain:

SDnH/z —¥0 1/2 =
00 — o apy ™ + Bio) + By (5)
Yo = Z OALY | Sy = Z?AQ’, o.=0—0, (5a)
and, consequently,
nelje  1—Bro, . =
0+/ =5+ 5T (6)

~ l+aro, 1+ aro,’

After this, equation (4a) is integrated; it can be rewritten in the form

n+1/2 _  n

¥ ¥ n+1/2 =

g
—— +o(ap" 2 4 Be") = 2(apg T+ Bef) + 5. (4e)
By a method analogous to (2), one can show that the scheme (4) of incomplete
splitting converges for any 7/h, if a = 1.

Splitting the operator of the second fractional step, we obtain the scheme of
complete splitting:

n+l/m _  n _
e — A(ag™Ym 4 B + 5 (7a)

T
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Fig. 1

Figure 1: Fig. 1

n+(s+1)/m n+s/m

P — ¥

= A25<0z<p"+(3+1)/m + Bs&n-&-s/m)’ s=1,2,....m—1,
(7b)

T

where Ay = Ay + ... + Ay,,,_1; Ay, are approximations of the one-dimensional
operators Q,0/0z;,i=1,...,m —1; (m — 1) is the dimension of space. Scheme
(7) also converges for any 7/h, if @ > 1/2.

If the domain IT of problem (1)—(3) is a parallelepiped, the implementation of
the boundary conditions (2) in the complete splitting scheme is obvious: at
each s-th fractional step (7b) an upwind scheme is carried out along z, in
the direction from the illuminated face (Qn < 0). In the case of an arbitrary
cylindrical domain II, with base D, the latter is enclosed in a parallelepiped
I1, and the values of ¢ are correspondingly completed in the domain II —1II,.

Fig. 1

Figure 1 shows how, in the two-dimensional case, ¢ is completed in the section
D = ABCD of the parallelepiped D at the time ¢t = (n + 1/3)7.

When carrying out the first fractional step (s = 1) from (7b), one sets:

O™ 213 — ) on AB; ©"t1/3 =0 in FByg, gAE.

After this, the second fractional step (s = 2) from (7b) is performed in the
square ABC'D with initial data ¢"2/3, obtained in the indicated way, and
with boundary conditions ¢"** on AD. For a = 8 = 1/2, schemes (4), (7)
have second order of accuracy and may be used as relaxation schemes (iterative
schemes) for solving the stationary problem (1la), (2a). In this case the scheme
(4) of incomplete splitting will converge for any 7, while scheme (7) requires, for
convergence, that the condition 7 — 0 be satisfied.

Let us note that the iterative scheme (4) for relaxation can be realized as scheme
(7) with internal iterations in (7b).

In an analogous way, in the case of incomplete splitting, a solution of problem
(1a), (2a) can be obtained with the aid of the equation

(E—7A)(E —7Ay)e" ! = (B +7A)(E + 7Ay) " — 2785, (8)

This scheme converges for any step 7.
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The iterative relaxation scheme for m > 2 will have second order of accuracy in
T, if it is defined in the following way:

m—1 m—1
E—7A)) H E—71Ay )" = (E+7A,) HE—FTA%, " —27S. (8a)

s=1 s=1

Splitting schemes are also expedient to apply in the one-dimensional case. The
algorithms set out above are, in an obvious way, transferred to the case of an
arbitrary scattering indicatrix and to problems with energy dependence.
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