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Abstract
Full Text

E. V. MAIKOV

𝜏-CONTINUITY AND 𝜏-DIFFERENTIABILITY
OF A FUNCTIONAL
(Presented by Academician P. S. Aleksandrov, 25 XI 1963)

For functionals defined on the set of piecewise-continuous functions 𝜉(𝜏), 𝜏 ∈
𝐷 = [0; 1], this note introduces and considers notions which we call 𝜏 -continuity
and 𝜏 -differentiability. They are connected with a perturbation of the indepen-
dent variable 𝜉(𝜏), localized in a small neighborhood of an arbitrarily fixed 𝜏 .
These notions were used by the author (see (1)) in generalizing the concept of
a measure in a functional space. One may expect that they will also be useful
in other questions (for example, in the theory of optimal control, etc.).

The space Ξ. Let 𝜉(𝜏), 𝜏 ∈ 𝐷, be a real piecewise-continuous function such
that 𝜉(𝜏 + 0) = 𝜉(𝜏), 𝜉(1 − 0) = 𝜉(1). The set of points 𝜏 ∈ 𝐷 at which 𝜉(𝜏)
is discontinuous will be denoted by 𝐶𝜉. Let Ξ = {𝜉(𝜏)}. Elements of Ξ will be
denoted by 𝜉 (when necessary, with an upper index).

Take 𝜉0, 𝜉1 ∈ Ξ. Denote (for 0 < 𝜃 < 1)

𝜉𝜃 = 𝜉𝜃(𝜏) = {𝜉1(𝜏), for 0 ≤ 𝜏 < 𝜃,
𝜉0(𝜏), for 𝜃 ≤ 𝜏 ≤ 1. (1)

The set [𝜉0; 𝜉1] = {𝜉𝜃; 0 ≤ 𝜃 ≤ 1} will be called the 𝜏 -segment joining the point
𝜉0 with the point 𝜉1. Note that [𝜉0; 𝜉1] = [𝜉1; 𝜉0] if and only if 𝜉0 = 𝜉1.

𝜏-continuity. Let an arbitrary complex-valued functional 𝑓(𝜉) be given on Ξ.
Take some 𝜉0 ∈ Ξ. Fix 𝑡 ∈ 𝐷 and 𝑥 ∈ 𝑅 = (−∞; +∞), and choose 𝜉 ∈ Ξ such
that 𝜉(𝑡 − 0) = 𝜉(𝑡) = 𝑥. Denote

𝜉𝜂 = {𝜉(𝜏), for 𝜏 ∈ [𝑡; 𝑡 + 𝜂),
𝜉0(𝜏), for the remaining 𝜏 ∈ 𝐷 (2)

(for 𝜂 < 0 we take [𝑡; 𝑡 + 𝜂) = {𝜏; 𝑡 + 𝜂 ≤ 𝜏 < 𝑡}). If, independently of the choice
of 𝜉(𝜏), the equality

lim
𝜂→+0

𝑓(𝜉𝜂) = 𝑓(𝜉0)
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holds, then 𝑓(𝜉) is called 𝜏 -continuous from the right at the point 𝜉0 with respect
to the pair (𝑡, 𝑥). 𝜏 -continuity from the left is defined analogously. If, at the
point 𝜉0, the functional 𝑓(𝜉) is 𝜏 -continuous from the left and from the right
with respect to all pairs (𝑡, 𝑥), then it is called 𝜏 -continuous at the point 𝜉0. If
𝑓(𝜉) is 𝜏 -continuous at every point, we shall simply say that it is 𝜏 -continuous
or, more briefly, 𝑓(𝜉) ∈ 𝑇0.

A functional 𝜏 -continuous at the point 𝜉0 from the right with respect to the pair
(𝑡, 𝜉0(𝑡)) and from the left with respect to the pair (𝑡, 𝜉0(𝑡 − 0)) will be called
elementarily continuous for 𝜉 = 𝜉0 with respect to 𝜏 = 𝑡.
Example 1. The functional

𝑓(𝜉) = ∫
1

0
𝜉(𝑡) 𝑑𝑡

is 𝜏 -continuous.

Example 2. The functional 𝑓(𝜉) = 𝑙{𝜏; 𝜉(𝜏) > 0}, where 𝑙 is Lebesgue measure
on the interval 𝐷, is 𝜏 -continuous.

Example 3. The functional 𝑓(𝜉) = sup𝜏 𝜉(𝜏) is not 𝜏 -continuous at any point
𝜉 ∈ Ξ (but it is elementarily continuous).

Properties of 𝜏-continuous functionals.
1. The functional 𝑓(𝜉) is 𝜏 -continuous if and only if it is continuous on every

𝜏 -segment, i.e., if for any 𝜉0, 𝜉1 the function of one variable

𝐹(𝜃) = 𝐹𝜉0𝜉1(𝜃) = 𝑓(𝜉𝜃), (3)

is continuous, where 𝜉𝜃 is the same as in (1).

2. Whatever the numbers 𝑧𝑗 and the (distinct) points 𝜉𝑗 ∈ Ξ (𝑗 = 1, … , 𝑛),
there exists an 𝑓(𝜉) such that 𝑓(𝜉𝑗) = 𝑧𝑗.

3. If the functionals 𝑓1, 𝑓2 ∈ 𝑇0, then 𝜆1𝑓1 + 𝜆2𝑓2, 𝑓1 ⋅ 𝑓2 ∈ 𝑇0, and, for
𝑓2 ≠ 0, 𝑓1 ∶ 𝑓2 ∈ 𝑇0.

4. If 𝑓(𝜉) ∈ 𝑇0, and 𝑤(𝑧) is a continuous function of a complex variable, then
𝑤(𝑓(𝜉)) ∈ 𝑇0.

5. If 𝑓1, 𝑓2, … ∈ 𝑇0 and 𝑓𝑛 ⇒ 𝑓 , then 𝑓 ∈ 𝑇0.

Relation to other definitions of continuity of a functional.
Denote by 𝐶0 the totality of functionals continuous in the sense of the uniform
topology on Ξ. As Examples 1–3 show, each of the sets 𝐶0∩𝑇0, 𝐶0∩𝑇0, 𝐶0∩𝑇 0 is
nonempty. Obviously, 𝐶0∩𝑇 0 is also nonempty. If the topology 𝐿𝑝 is introduced
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in Ξ, then from the continuity of 𝑓(𝜉) in this topology its 𝜏 -continuity follows.
The converse is false (Example 2).

𝜏-Differentiability.
Let 𝜉0 be a fixed point of Ξ; 𝜉𝜂 is the same as in (2). If there exists, independent
of the choice of 𝜉,

lim
𝜂→+0

𝑓(𝜉𝜂) − 𝑓(𝜉0)
𝜂 = 𝑓 (1)

+ (𝜉0, 𝑡, 𝑥), (4)

then 𝑓(𝜉) is called 𝜏-differentiable from the right at the point 𝜉0 with
respect to the pair (𝑡, 𝑥), and this limit is the right 𝜏-derivative of 𝑓(𝜉) at
the point 𝜉0 with respect to (𝑡, 𝑥). Similarly, the left 𝜏-derivative is the limit
(if it exists)

lim
𝜂→−0

𝑓(𝜉𝜂) − 𝑓(𝜉0)
−𝜂 = 𝑓 (1)

− (𝜉0, 𝑡, 𝑥). (5)

If the limits (4) and (5) exist for (𝑡, 𝑥) ∈ (𝐷 × 𝑅), coincide for 𝑡 ∈ 𝐶𝜉0 , and for
the remaining 𝑡 (their number is finite for each 𝜉0) the “jump condition”

𝑓 (1)
+ (𝜉0, 𝑡, 𝜉0(𝑡 − 0)) + 𝑓 (1)

− (𝜉0, 𝑡, 𝜉0(𝑡)) = 0,

is fulfilled, then 𝑓(𝜉) is called 𝜏-differentiable at the point 𝜉0, and the func-
tion of two variables defined on 𝐶𝜉0 × 𝑅,

𝑓 (1)(𝜉0, 𝑡, 𝑥) = 𝑓 (1)
+ (𝜉0, 𝑡, 𝑥) = 𝑓 (1)

− (𝜉0, 𝑡, 𝑥)

is called the 𝜏-derivative of the functional 𝑓(𝜉) at the point 𝜉0 and is
denoted by 𝛿𝑓/𝛿𝜏 , or, more briefly, 𝑓 (1). Everywhere below we shall assume
that this function is extended in such a way that for 𝑡 ∉ 𝐶𝜉0 it is equal to
𝑓 (1)

+ (𝜉0, 𝑡, 𝑥). If 𝑓(𝜉) has a 𝜏 -derivative for all 𝜉0 ∈ Ξ, we shall simply say that
it is 𝜏 -differentiable, or, more briefly, 𝑓(𝜉) ∈ 𝑇1.

Example 4. Let

𝑓(𝜉) = ∫
1

0
𝜑(𝑡, 𝜉(𝑡)) 𝑑𝑡,

where 𝜑(𝑡, 𝑥) is a continuous function on 𝐷 × 𝑅. Then 𝑓(𝜉) ∈ 𝑇1 and

𝑓 (1)(𝜉, 𝑡, 𝑥) = 𝜑(𝑡, 𝑥) − 𝜑(𝑡, 𝜉(𝑡)).
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Properties of 𝜏-differentiable functionals.
1. 𝑇1 ⊂ 𝑇0.

2. If 𝑓(𝜉) ∈ 𝑇1, then for any 𝜉0, 𝜉1 the function 𝐹(𝜃) (see (3)) is continuous
and, for 𝜃 ∈ 𝐶𝜉0 ∩ 𝐶𝜉1 , differentiable, so that

𝐹 ′(𝜃) = 𝑓 (1)(𝜉𝜃, 𝜃, 𝜉1(𝜃)).
3. If 𝑓1, 𝑓2 ∈ 𝑇1, then 𝜆1𝑓1 + 𝜆2𝑓2, 𝑓1 ⋅ 𝑓2 ∈ 𝑇1, and, for 𝑓2 ≠ 0, 𝑓1 ∶ 𝑓2 ∈ 𝑇1,

with

(𝜆1𝑓1 + 𝜆2𝑓2)(1) = 𝜆1𝑓 (1)
1 + 𝜆2𝑓 (1)

2 , (𝑓1 ⋅ 𝑓2)(1) = 𝑓 (1)
1 ⋅ 𝑓2 + 𝑓1 ⋅ 𝑓 (1)

2 ,

(𝑓1
𝑓2

)
(1)

= 𝑓 (1)
1 ⋅ 𝑓2 − 𝑓1 ⋅ 𝑓 (1)

2
𝑓2

2

(analogous equalities are also satisfied by the left 𝜏 -derivatives).

4. If 𝑓(𝜉) ∈ 𝑇1, and 𝑤(𝑧) is a differentiable function of a complex variable,
then 𝑔(𝜉) = 𝑤(𝑓(𝜉)) ∈ 𝑇1 and 𝑔(1) = 𝑤′(𝑓) ⋅ 𝑓 (1).

5. If 𝑓(𝜉) ∈ 𝑇1 and 𝑓 (1)(𝜉, 𝑡, 𝑥) ≡ 0, then 𝑓(𝜉) = const.

6. For any 𝑓(𝜉) ∈ 𝑇1, for all 𝜉, 𝑡, the equality

𝑓 (1)(𝜉, 𝑡, 𝜉(𝑡)) = 0

holds.

7. If 𝑓(𝜉) ∈ 𝑇1 attains a maximum (minimum) at 𝜉 = 𝜉0, then
𝑓 (1)(𝜉0, 𝑡, 𝑥) ≤ 0 (≥ 0) for all 𝑡, 𝑥.

From properties 5 and 6 there follows the curious consequence: if 𝑓 (1) ≡ const
(or even only does not depend on 𝜉, or does not depend on 𝑥), then 𝑓 (1) ≡ 0,
i.e. 𝑓(𝜉) ≡ const.

Finite-dimensional analogue of the 𝜏-derivative. Let
𝑅𝑛 = {𝜉 = (𝜉1, … , 𝜉𝑛)} be an 𝑛-dimensional space and 𝑓(𝜉) = 𝑓(𝜉1, … , 𝜉𝑛). The
analogue of the concept of the 𝜏 -derivative for a function 𝑓(𝜉) is the expression

𝑓 (1)(𝜉, 𝑘, 𝑥) = 𝑓(𝜉1, … , 𝜉𝑘−1, 𝑥, 𝜉𝑘+1, … , 𝜉𝑛) − 𝑓(𝜉1, … , 𝜉𝑘−1, 𝜉𝑘, 𝜉𝑘+1, … , 𝜉𝑛).

Thus, the finite-dimensional analogue of the 𝜏 -derivative is not (in contrast, for
example, to the variational derivative) an infinitesimal concept. Every function
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of a finite number of variables is “𝜏 -differentiable,”and a passage to the limit
appears only in the case of an infinite-dimensional space.

Connection with the variational derivative. Let 𝑓(𝜉) ∈ 𝑇1 and at the same
time have the variational derivative 𝛿𝑓/𝛿𝜉 at the point 𝜉0. Suppose, moreover,
that 𝑡 ∈ 𝐶𝜉0 and the function 𝑓 (1)(𝜉0, 𝑡, 𝑥) is differentiable with respect to 𝑥 at
𝑥 = 𝜉0(𝑡). Then

𝛿𝑓
𝛿𝜉 = 𝜕

𝜕𝑥 (𝛿𝑓
𝛿𝑡 )∣

𝑥=𝜉0(𝑡)
.

Continuous 𝜏-derivative. In this note we shall call a 𝜏 -derivative 𝑓 (1) contin-
uous if, for each 𝜉, it is continuous jointly in the variables (𝑡, 𝑥) for 𝑡 ∈ 𝐶𝜉, and
if, moreover, on each 𝜏 -segment the expression 𝑓 (1)(𝜉0

𝜃 , 𝜃, 𝜉1(𝜃)) is continuous for
𝜃 ∈ 𝐶𝜉0 ∩ 𝐶𝜉1 and has finite left and right limits for the remaining 𝜃.

𝜏-Integral. Can one reconstruct the functional 𝑓 from a given 𝜏 -derivative
𝑓 (1)? This question is answered by

Theorem 1. If 𝑓(𝜉) ∈ 𝑇1 and, for any fixed 𝜉0, 𝜉1, the expression
𝑓 (1)(𝜉0

𝜃 , 𝜃, 𝜉1(𝜃)) is bounded, then

𝑓(𝜉1) − 𝑓(𝜉0) = ∫
1

0
𝑓 (1)(𝜉0

𝜃 , 𝜃, 𝜉1(𝜃)) 𝑑𝜃 = ∫
𝜉1

𝜉0

𝛿𝑓
𝛿𝜏 𝑑𝜏, (6)

i.e. the 𝜏-derivative determines the functional up to an additive constant.

On the right-hand side of (6) we have introduced a new notation (the 𝜏 -integral),
clear from the formula itself.

It is easy to see that (6), in particular, is valid for continuously differentiable
functionals.

𝜏-Derivatives of higher orders. The first 𝜏 -derivative 𝑓 (1)(𝜉, 𝑡1, 𝑥1) of a 𝜏 -
differentiable functional, for arbitrary fixed (𝑡1, 𝑥1), is a functional of 𝜉. Let us
take one more pair of numbers (𝑡2, 𝑥2) and compute the 𝜏 -derivative of 𝑓 (1) with
respect to this pair.

We shall say that 𝑓(𝜉) is twice 𝜏 -differentiable if 𝑓 (1) is 𝜏 -differentiable
for all (𝑡2, 𝑥2), except, possibly, 𝑡2 = 𝑡1, and is elementarily continuous
for every 𝜉 with respect to 𝜏 = 𝑡1. Further, if the (𝑛 − 1)-st 𝜏 -derivative
𝑓 (𝑛−1)(𝜉, 𝑡1, 𝑥1, … , 𝑡𝑛−1, 𝑥𝑛−1) of the functional 𝑓(𝜉) is elementarily continuous
with respect to 𝑡1, … , 𝑡𝑛−1 and is 𝜏 -differentiable for 𝑡𝑛 ≠ 𝑡1, … , 𝑡𝑛−1, then 𝑓(𝜉)
is called 𝑛 times 𝜏 -differentiable, and

𝛿
𝛿𝜏 (𝛿 𝑛−1𝑓

𝛿𝜏 𝑛−1 ) = 𝛿 𝑛𝑓
𝛿𝜏 𝑛 = 𝑓 (𝑛)(𝜉, 𝑡1, 𝑥1, … , 𝑡𝑛, 𝑥𝑛)
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is called its 𝑛-th 𝜏 -derivative.

The continuity of the 𝑛-th 𝜏 -derivative is defined analogously to the continuity
of the first 𝜏 -derivative.

Theorem 2. If 𝑓(𝜉) is continuously 𝜏 -differentiable and 𝑓 (2) ≡ 0, then 𝑓(𝜉) can
be represented in the form

𝑓(𝜉) = ∫
1

0
𝜑(𝑡, 𝜉(𝑡)) 𝑑𝑡,

where 𝜑(𝑡, 𝑥) is some function of two variables, continuous on 𝐷 × 𝑅.

Proof. Find 𝑓 (1)(𝜉, 𝑡1, 𝑥1), regarding (𝑡1, 𝑥1) as fixed. Take two points 𝜉0 and
𝜉1 such that 𝜉0(𝑡1 ±0) = 𝜉1(𝑡1 ±0). Consider the function 𝐹(𝜃) = 𝑓 (1)(𝜉𝜃, 𝑡1, 𝑥1).
Using the definition of the second 𝜏 -derivative, we find that for all 𝜃 this function
is continuous and is differentiable everywhere except, possibly, at a finite number
of points, and moreover 𝐹 ′(𝜃) = 0. Consequently, 𝐹(𝜃) = const, i.e.

𝑓 (1)(𝜉0, 𝑡1, 𝑥1) = 𝑓 (1)(𝜉1, 𝑡1, 𝑥1).

Hence

𝑓 (1)(𝜉, 𝑡1, 𝑥1) = 𝜓(𝑡1, 𝑥1, 𝜉(𝑡1 − 0), 𝜉(𝑡1)),

where 𝜓 is a function of real variables, defined on 𝐷 × 𝑅3. Now using Theorem
1 and putting 𝜉0 = 0 in (6), we obtain

𝑓(𝜉1) = ∫
1

0
𝜑(𝑡, 𝜉(𝑡)) 𝑑𝑡,

where 𝜑(𝑡, 𝑥) = 𝑓(0) + 𝜓(𝑡, 𝑥, 𝑥, 0). We shall not dwell on the proof of the
continuity of 𝜑.

Similarly one proves

Theorem 3. If 𝑓(𝜉) is 𝑛 times continuously 𝜏 -differentiable and 𝑓 (𝑛+1) ≡ 0,
then

𝑓(𝜉) = ∫
1

0
⋯ ∫

1

0
𝜑(𝑡1, 𝜉1, … , 𝑡𝑛, 𝜉𝑛) 𝑑𝑡1 ⋯ 𝑑𝑡𝑛, (7)

where 𝜉𝑖 = 𝜉(𝑡𝑖), and 𝜑(𝑡1, 𝑥1, … , 𝑡𝑛, 𝑥𝑛) is some continuous function defined on
(𝐷 × 𝑅)𝑛.
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Theorem 4. A functional of the form (7), for any continuous function
𝜑(𝑡1, 𝑥1, … , 𝑡𝑛, 𝑥𝑛), has continuous 𝜏 -derivatives of all orders, and moreover
𝑓 (𝑛+1) ≡ 0.

The last theorems show that functionals of the form (7) possess, with respect
to 𝜏 -differentiation, the properties of polynomials. We call them 𝜏 -polynomials.
Some of their properties have been used by us in constructing the notion of
𝜏 -analytic functionals.

I am pleased to express my gratitude to Prof. S. V. Fomin for numerous discus-
sions of questions related to this work.

Moscow State University
named after M. V. Lomonosov
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