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A basis {e,} of a Hilbert space is called a Riesz basis if, for every element
r= ZZL agey, the inequality

A ) <lal < B(X lan?)'” (0<A<B<)

holds. Let A\, = k + 0, (k = 0,41,42,...) be real numbers satisfying the
condition

sup |0, =d < D. (1)
k

Paley and Wiener (1) showed that if D = 1/72, then the sequence {e™*!}>
where the A, are subject to condition (1), is a Riesz basis in the space Ly(—, 7).
Duffin and Eachus (2) (see also (®)) established that this result is valid for D =
In2/m ~ 0.22, and V. D. Golovin (%) raised the value of D to 0.24. According
to a theorem of Levinson (°), for D > 0.25 the assertion ceases to be true. In
the present note we shall show that the exact boundary of admissible D’ s is
D = 0.25. As in the papers (17%), the starting point of our considerations will
be the

Akt s close to the system {e*} in

=0 (; |ak|2> "

for some 6 < 1 and all finite sets of numbers ay,, then the system {e
Riesz basis in Ly(—m, ).

Paley-Wiener Lemma. If the system {e
the sense that

<0

Z aj et — Z aj, et
k k

E akeikt
k

Akt s a

Theorem 1. If the sequence A, = k + 0, is subject to the condition

sup|d,| =d <0.25 (k=0,+1,+2,...),
k
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then the system {e*'} is a Riesz basis in Lo(—m,T).

Proof. According to the Paley-Wiener lemma, the question reduces to the
investigation of the upper bound of the expression
1/2

:{2177/_: th} . (©)

taken over all finite sets of numbers a;, such that Y, |a,|> < 1. If this upper
i

U:

Z ak(l _ eiékt)eikt

k

Z ak(l _ eiékt)eikt

k

bound is less than one, then the system {e**+'} is a Riesz basis.

Expand the function () = 1 — €™ (—r < t < 7) in a Fourier series with
respect to the orthogonal system {1;cosvt;sin(v — 3)t} (v =1,2,..):

o0

4 ) 198 s
1—61&2(1—81117(6)4-2( ) 6sm7r(50081/t+

i) =t m(v? —§2)

i "25 cos o “in
- — &7

Substitute (3) into (2) and change the order of summation:

sin 7, ik V20 sinmdy,
o P G TR S e

=R (—1)"26;, cosmdy,
+i ) sin(v— ity ~—LE Tk, etk
; ’ Xk:ﬂ(”—i) 2-a "

Apply the triangle inequality:

)24, sin wd ,
cos vt Z —k)kakezkt

)’2 ,
Z (=1 5k cos ng a,e®|.
— 7[( 07

Estimate each term:

( sin ﬂ'd)
<
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cos vt Z M ikt 2d sin 7rd

57 ae E ae*,

Sll’l

(=1)V26, cosmdy, s 2d cosd
t 15 o MM —
BRI ey PRy

E:akam .
k

Thus:

sin md o 2d o 2d
<4q1- 5i —_— ; e
U { o +slnﬂd;7r(y2_d2)+cos7rd;ﬂ(y_%)2_d2]}
. . 1/2
= {1 — SH;_Z; + sinnd (ﬁ — ctgwd) + cosnd - tgwd} (2]; |ak|2>
1/2
= (1 — cosmd + sin 7d) (Z|ak|2> .
k

Thus, the required upper bound of expression (2), for any d < 0.25, is strictly
less than unity, which proves the theorem.

Duffin and Schaeffer 6 proved the following proposition:

Duffin-Schaeffer Theorem. If the system {e***}* is a Riesz basis in
Ly(—m,7), and the real numbers y, satisfy the condition sup, || < oo, then

the system {e(#= ")} is also a Riesz basis.
From this proposition and Theorem 1 there follows directly

Theorem 2. If the numbers z,, are such that
sup | Im(z;, — ik)| < 0.25; sup | Re z;,| < o0,
k k

then the system {e*'}>_ is a Riesz basis in Ly(—m, 7).
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