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In the present article we clarify conditions under which the solution u(z4, ..., z,,)
of a certain differential equation, defined in the half-space z,, > 0, has a limit
as z,, — +0. Here only equations that can be solved with respect to the highest
derivative in x, are considered, and the limit is understood in the sense of

convergence of generalized functions (see (1?)).
We shall denote by x a point of n-dimensional space, x = (x4, ...,x,), and by
x’ a point of (n — 1)-dimensional space, 2’ = (z,...,,_;). Every point 2 can
be represented in the form z = (2’,z,,). Let a positive number a > 0 be given.
By I,,(a) we shall denote the open cube of n-dimensional space
lz,| < ay ..., |z,| <a,

by I (a) the open parallelepiped

|zl < @y |2y 4] <a, 0<uz, <a,

and by I,,_;(a) the open cube of (n — 1)-dimensional space

|z, | < ay ..., |z, 4] <a.

Definition. Let u(x) be a certain generalized function defined in the domain
I (a). We shall say that u(z) has a limit as z,, — +0 if, for 0 < ¢ < a, in
I,,_4(a) one can find a generalized function v,(z"), depending continuously on ¢

for all 0 < t < a, such that for every basic function ¢(x) with support in I} (a)

(1) = / o, (&), (' 2,)] dety. (1)
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It is easy to see that there can be only one such function v,(z"). Moreover, the
following is readily established.

Lemma 1. If the generalized functionv,(z’), defined in I,,_;(a) for all0 <t < a,
depends continuously on the parameter t, then expression (1) defines a certain
generalized function in I, (a).

Thus, in order that the generalized function u(z), defined in I'f (a), should have
a limit as x,, — +0, it is necessary (but by no means sufficient) that u(z) can
be extended to some generalized function defined in I,,(a).

We now introduce new spaces G'.(a). By G (a) we shall denote the set of all
generalized functions defined in I} (a) which have, as z, — 40, a limit in the
sense of the definition given above. If r > 0 is an integer, then by G’ (a) we
shall denote the set of all generalized functions u(z), defined in I} (a), such that

uweG(a), Ou/dz,cGY(a),.., O u/dxl € GY(a).

If » < 0 and r is an integer, then by G’ we shall denote the set of those
generalized functions u(z), defined in I} (a), which can be represented in the

form of a sum )
P

U= I
055<r 9%

where all u; belong to GY (a). By G¥°(a) we shall denote the intersection of all

G (a), and by G;°°(a) their union.

As an example we note that every function absolutely summable in I,/ (a) be-
longs to the space G7(a). Directly from the definition of the spaces G, (a) the
following is derived.

Lemma 2. Differentiation 0/0x,...,0/0x,_, and multiplication by infinitely
differentiable functions map the spaces G7_(a) into themselves.

Somewhat more difficult to establish is
Lemma 3. If du/0z, € G', ' (a), then u € G',(a).

Proof. Let first r = 1. From the fact that du/dz,, € G (a) it follows that for
every test function ¢(x)

(o) = [ [onataote’ )] i,

where w,(z”) is a generalized function defined in I,,_;(a) for all 0 < ¢t < a and
depending continuously on ¢. To show that u € G (a), consider the generalized
function v(x), which is defined by the formula

mwzl Lzmu%wmmﬁww @)
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From this formula it is clear that v € G} (a) and G—(U —wv) = 0. But it is
In

well known that every generalized function whose derivative with respect to x,,

is zero can be represented in the form of the direct product of a generalized
function depending only on z’ and the unit (see (9), p. 112). Thus it is clear
that u — v € G°(a), while expression (2) shows that v € G2 (a), whence we
obtain u € G (a). In the case of arbitrary r the assertion of the lemma is
proved by analogous arguments.

The spaces G”,(a), which were defined above, are very close to the spaces intro-
duced in the work of T. Kasyug (6). The only difference is that in (6) generalized
functions are considered without any conditions on their behavior as =, — 0.
However, it is precisely the behavior as z,, — 0 that will interest us most of all.

Let us now have a system of differential equations

Qu;(x) & ﬁ‘a‘uj(x)
or, S aa) 92 a0t +b;(x), (3)

7=0 0<|al<!

where a; ; ,(z) are infinitely differentiable functions. Just as in the work of T.

Kasyug (6), one can easily establish the following assertion:

Theorem 1. Let the generalized functions u,(x) (i = 1,...,m) belong to the
space G7°°(a). If b;(z) € G (a) (i =1,...,m), then u;(z) € G",(a).

Proof. Since u;(xz) € G;*(a) (i = 1,...,m), for some —oo < p < 400 all u;(x)
(i =1,...,m) belong to G¥ (a). If p < r—1, then the right-hand sides in equality
(3) belong to G (a) and, consequently, du,/dz,, € G¥ (a). As Lemma 3 asserts,
it follows that wu,(x) € G¥"'(a). If p+1 < r — 1, then this argument can be
repeated once more. After a finite number of steps we obtain that u;(z) € G7.(a).
In the particular case when all b;(x) are equal to zero or belong to G°(a), we
obtain that u,;(x) € G (a).

Theorem 2. Let the generalized functions u,(x), defined in I (a), satisfy the
system (3) and let all b;(z) belong to G7'(a). In order that

u,;(x) have a limit as x,, — +0, it is necessary and sufficient that they extend
to generalized functions defined in I, (a).

Proof. If all u,;(a) extend to generalized functions defined in I,,(a), then in any
I,(b) (0 < b < a) they have finite order and, consequently, belong to G *°(b).
As now follows from Theorem 1, u;(z) € GY.(b) for any 0 < b < a. But from
this it easily follows that u;(z) € G%(a).

We now consider the differential operator

omy e dleltiy,
P(D)u = aoﬁ + Z Z A o 0z ) (4)

X1 7
i=0 0<|al<l 1O, O,
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where a, # 0. We shall apply the result obtained above to the solutions of the dif-
ferential equation P(D)u(xz) = f(x). Denoting u; = u, uy = du/dz,,, ..., u,, =
O™ 1u/0x™~1, we obtain that the functions w;(x) satisfy a system of the form
(3). Therefore Theorems 1 and 2 will be valid for the solutions of such an equa-
tion. Applying, in particular, these theorems to a fundamental solution E(z),
i.e., to a solution of the equation P(D)E(x) = d(x), we obtain the following

assertion (cf. the result from (11)):

Theorem 3. If E(z) is an arbitrary fundamental solution of the differential
operator (4), then one can find a generalized function e; (z’), depending on ¢
for 0 < t < oo as a parameter in an infinitely differentiable manner, and a
generalized function e; (z’), depending on the parameter ¢t for —oo < ¢t < 0 in
an infinitely differentiable manner, such that

0 [e’s)
(E.p) = / le5. (&), (e’ 2,)] dery + / led (&), (e 2)) . (5)

The generalized functions e, and e; satisfy, for ¢t = 0, the relations

ot — e dey _ deZy dm el _ dm2ez,
+0 7 - dt dt dtm—2 dtm=2 "’
dmfleio B dm—le:() _ id(;p’) (6)
dtm—1 dtm=1  a, ’

The functions ef (z’) for z,, > 0 and e (z') for x,, < 0 are solutions of the
differential operator (4). Conversely, if there are e and e; with these properties,
then expression (5) defines a fundamental solution.

Proof. After everything said above, only the matching conditions (6) need
to be checked. To verify these conditions, it is enough to compute P(D)E(x),
where E(x) is given by (5), and to set the result obtained equal to d(x). Techni-
cally, everything reduces to repeated integration by parts of expression (5) with
p(z) = P(D)yY(x) and to computing the nonintegral terms.

Finally, let us apply Theorem 2 to the solutions of a hypoelliptic equation (see

(*19)
P(D)u(z) = 0. (7)

Theorem 4. In order that a solution w(z) of the hypoelliptic equation (7),
defined in the domain I} (a), have a limit as x,, — +0, it is necessary and
sufficient that, for every 0 < b < a, in the domain I} (b) the inequality

u(z)] < C(b) /27"

hold with some constants C'(b) > 0 and r(b) > 0, depending on b.

This follows directly from Theorem 2 and the following assertion:
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Theorem 5. Let, in some domain €2, there be a solution u(x) of the hypoelliptic
equation (7). In order that u(z) can be extended as a generalized function to
the whole space, it is necessary and sufficient that for every b > 0 there exist
constants C'(b) > 0 and r(b) > 0 such that in the domain Q2 N1, (b)

Ju(@)] < C®)/[p(z, ).

In turn, this theorem is a consequence of the following assertion:

Lemma 4. Let P(D) be a hypoelliptic operator. For any m > 0 one can find
constants C' and k such that for all 0 < b < 1

o) 2. (3)] < g hute) T, )

where wu(x) is an arbitrary solution of equation (7) in the domain I, (), and
|u(z), £,, is the norm in the corresponding space W3 (2).

Proof. Let ¢(x) be an infinitely differentiable function equal to one for z €
I,(b/8) and equal to zero for « ¢ I,(b/4). Applying to u(x) the mean-value
theorem (see (1Y)), we obtain that, for z € I,,(b/2),

ulz) = / u(€)U(z — €) de, (9)

where U (z) = P(D)[1 — ¢(x)]E(x), and E(x) is a fundamental solution. In-
equality (8) easily follows from relation (9), if one takes into account that the
fundamental solution FE(x) and its derivatives as © — 0 have power growth (see
(*))-

Remark. Theorems 4 and 5 are also valid for solutions of formally hypoelliptic
equations with variable coefficients (see (+578)). The fact that the operator
P(D) has constant coefficients was used by us only in the proof of Lemma 4.
An assertion analogous to this lemma also holds for operators with variable
coefficients.

Lemma 5. Let P(x, D) be a formally hypoelliptic operator. For any number
m > 0 and compact set K one can find constants C' and k such that for all
0<b<1

e (2)

C
< ol +y), LOL,. (10)

where u(z) is an arbitrary solution of the equation P(x,D)u(x) = 0 in the
domain K + I,,(b), and y is an arbitrary point of K.
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To prove this assertion, instead of the fundamental solution one may now use the
“parametrix”constructed in (48), first estimating the singularity of its derivatives,
or else repeat all the arguments from (7), (°), or (12), carefully estimating all
the constants that occur in the course of the proof.
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