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of Functions Vanishing at the Endpoints

(Presented by Academician I. N. Vekua, January 11, 1964)

In the paper (1) we established existence and uniqueness theorems for a bounded
solution of the equation

u(x) = )\/ Mds (1)

S—X

in the Hélder space Hy 5 (even if K(z,s,u) has power growth). The elements
of the space Hy 5 on the segment [a, b] satisfy the conditions

u@)| <K,  |u(z+Az) —u(z)] < K|Az|,

where K = const, 0 < § < 1.

The purpose of the present note is to prove the theorem of existence and unique-
ness of the solution of the equation

)]

S—X

u(@) = Ag(x)

a

(2)
in the class HY, 5, whose elements on the segment [a, b] satisfy the conditions

u(2)] < Mi(z), (3)

u(z + Az) —u(z)| < M|Az’, (4)
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where M = const, I(z) = (v —a)’(b—2)°,0 < 6 < 1, ¢(z) = (x—a)® x (b—z)%,
0<d<d; <1

In HY, ; the metric is introduced:

e, (u,v) = max 1 (z)|u(z) —v(z)],

z€(a,b]

L(z)=[(x—a)b— a:)]*‘;’, 0<d <. (5)
We note that HJOVL s is a closed, convex, and compact set in the sense of the

metric C(l;). In addition, HY, s C £,(p), and H,, ; is complete in the sense of
convergence in £, (p).

The space £,(p) consists of functions u(x) for which

b
/ p(x)|u(x)|P de < 400,

where p(z) = [(z —a)(b— )] 797, 1 <p < da’

Lemma 1. If on the interval [-M (b — a)?®, M(b — a)?°] the function f(u)
satisfies the Lipschitz condition

|f(uq) = flug)| < Alug —uyl, (6)

then the function

/fs—:v )S Q

for z € [a,b], 0 < Az < min ( I a | 1 ), u(z) € HY, 5 satisfies the conditions

|[W(x)| < MAL, |W(x + Az) — W(x)| < MAL|Az|°, (8)

where L = const, independent of M and A.

Lemma 2. Under condition (6), the operator

b

maps HY, s into Hg/[, 5 Where M" = MC,
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C = max{AL(b—a)?®1=9 [(b—a)?1° + (b—a)?°]AL}.

Lemma 3. Under condition (6), the operator B is continuous in the sense of
the metric C(ly).

Consider the operator

Ku =\ (w)/bwds—ABu+>\f(0) ()In =2 (10)
- | s—x ¢ r—a
Since
‘[(w —a)(b—2)]%In b=z <L
rT—a ’
then, by Lemma 2, we have
[v(@)| = [Ku| < [A\(MC + L'L")l(x), (11)
[o(z + Az) —v(z)| < [A(MC + L"L")|Az]’, (12)

where L” = |f(0)|, and L” is the Hélder constant for the function g(z)In 2=2,

r—a

From the continuity of the operator B in the sense of C'(l;), it is easy to obtain
the continuity of the operator K in the same sense.

Thus, applying Schauder’ s principle, the following is established.

Theorem 1. If on [~M (b—a)?®, M(b—a)?’] the function f(u) satisfies condition
(6), then there exists a number

M M
)\Ozmin( ),

MC+L'L" MC+L'L"

such that for |A| < A, the nonlinear singular integral equation (2) has at least
one solution

u(z) € HY 5.
Above we noted that the space H]% s is complete in the sense of the metric

£,(p). On the other hand, for the operator K it is easy to prove the validity of
the inequality

[ Ku— Kol < |A(b—a)* AFu—v| (), (13)
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where F is the norm of a certain linear singular operator in the sense of £,(p)
(2). Consequently, the following is true.

Theorem 2. If f(u) satisfies the conditions of Theorem 1 and condition (13),
then for

. 1
|)\| < min ()\0’ (b—a/)26114}7>

equation (2) has a unique solution ¢(z) in the space HY, ;. The successive
approximations will converge in the metric of the space £p(p).

We shall now establish the nature of the convergence of the successive approxi-
mations. Let

1/p

b
q, = ( / plz) |un<x>—so<x>pdx> ,

where

S§—X

b

(x) is the solution of equation (2). We have u,(z) € HR/M and d, — 0 as
n — 0. Noting this, construct the set

dy, dy,
ot r 8]

En<$0) =

where x is an arbitrary point of the interval (a,b). Note that E, (z,) C (a,b).
The inequality

‘ U, (§,) — (&)

1-1/2
(gn _a)(y(b_é_n)y < dn p’ (14)

is easily established, where &, is some point of E, (x,). Introduce the notation:

’

up (@) = [z —a)(b—2)] " u, (), ¢ (@) =z —a)(b—2)] " p().
Since ¢(x) and u, () belong to HJ?LN by virtue of (3) (see p. 25),

’

(2 —a)(b— )] u, (2) = u;,(2) € Hypr 55
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We may now estimate the differences:

|(170 —a) ™ (b—w0) " [u, (w) — W(%)H <

< Jup (o) = un(§)l + (U (§,) — @7 (6) + @7 (w0) — " (£,);

or

(g — a) (b — 20)] 7 Tuy, () — ()] < 2M7diy~° 02 L g1-1/2p,

(15)

Since x, is an arbitrary point of [a,b], from (15) we obtain that the sequence

{u,,(z)} converges to p(z) in the metric C(I;).
Thus the following has been proved.

Theorem 3. Convergence of a sequence of elements of HJ?/[ 5 in the metric

£,(p) entails convergence of the same sequence in the metric C'(ll).

From Theorems 2 and 3 it follows:

Theorem 4. Under the conditions of Theorem 2, the unique solution in H ](34 5
of equation (2) can be found by the method of successive approximations. The

successive approximations converge in the metric C(I;).

Remark. These results are valid for more general equations

o [ 20,
u(x) = A\F[z, w(z)],

where

fxsu
s—w
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