
Soviet-era science, translated into English

Mathematics
1964

SovietRxiv

View the original and related papers at https://sovietrxiv.org/items/ru-196401.06642

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the original.

https://sovietrxiv.org/items/ru-196401.06642


Abstract
Full Text

Mathematics
N. A. Khmyrova

On Polynomials with Small Prime Divisors
(Presented by Academician I. M. Vinogradov on 6 I 1964)

I. M. Vinogradov in (1) introduced numbers with small prime divisors. Subse-
quently they were studied by many authors (2−6) and found numerous applica-
tions in various problems of number theory. However, in all the works listed,
the laws of distribution of these numbers were studied either in the natural se-
quence or in progressions. But, in view of the importance of these numbers, it
is of interest to study the laws of their distribution in polynomials with integral
rational coefficients.

In this note we consider the problem of the number of values of an irreducible
polynomial

𝑓(𝑦) = 𝑦𝑛 + 𝑎1𝑦𝑛−1 + … + 𝑎𝑛,

each prime factor of which is ≤ 𝑧; 𝑦 runs through the integral rational numbers
≤ 𝑥. The case of a more general polynomial is trivially reduced to this one.

The method of the paper (6) can no longer be applied to polynomials. To achieve
the aim, one has to use the theory of normal algebraic number fields and the
laws of factorization of prime numbers in these fields. In connection with the
complication of the problem, the estimates for the function 𝐹𝑓(𝑥, 𝑧) obtained
in the present work will be somewhat weaker than the corresponding estimates
for 𝐹(𝑥, 𝑧) in (6). This deficiency is apparently hidden in the method of proof
used here. Let us formulate precisely the theorem to whose proof the work is
devoted.

Theorem. Let 𝐹𝑓(𝑥, 𝑧) be the number of values of the polynomial 𝑓(𝑚), 𝑚 ≤ 𝑥,
under the condition that every prime divisor 𝑝 ∣ 𝑓(𝑚) satisfies

𝑝 ≤ 𝑧 ≤ 𝑥.

If 𝛼 = ln 𝑧/ ln 𝑥, then in the interval ln ln 𝑥/ ln 𝑥 ≤ 𝛼 ≤ 1 the estimate

𝐹𝑓(𝑥, 𝑧) ≤ 𝑐(𝐾) 𝑥 exp (− 1
4𝛼 ln 1

𝛼) ,
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holds, where 𝑐(𝐾) is an absolute constant depending only on the constants of
the normal field 𝐾 generated by the polynomial 𝑓 .

Proof. Consider the normal field 𝐾 of the polynomial 𝑓 . In this field 𝑓(𝑦)
decomposes into linear factors:

𝑓(𝑦) = ∏
𝑖≤𝑛

(𝑦 − 𝜔𝑖). (1)

By assumption, 𝑓(𝑚) (𝑚 an integral rational number) has as prime divisors
only numbers 𝑝 ≤ 𝑧. Consequently, in the field 𝐾 any linear factor (1)

(𝑚 − 𝜔𝑖) (2)

has as prime divisors only prime ideals 𝔭 satisfying the condition:

𝑁𝔭 = 𝑝𝑟, 𝑝 ≤ 𝑧, 𝑟 ≤ 𝑔(𝑛), (3)

where 𝑔(𝑛) is the degree of the field 𝐾, with the estimate 𝑔(𝑛) ≤ 𝑛!. Let us
take some fixed number 𝜔𝑖. In this case 𝐹𝑓(𝑥, 𝑧) will not exceed the number of
𝑚 ≤ 𝑥 for which the linear expression (2) in the field 𝐾 has only those prime
divisors 𝔭 that are subject to condition (3).

Consider two possibilities for 𝛼.

1. Let 𝛼 lie in the range

1 ≤ 1
𝛼 ≤ 𝑔(𝑛) + 2 ln ln 𝑥

ln ln ln 𝑥. (4)

In this interval we apply to the sequence (2) the method of A. A. Buchstab, set
forth in the paper (3), with the corresponding interpretation of it for the field
𝐾. We obtain, in a completely analogous way to (3), the estimate

𝐹𝑓(𝑥, 𝑧) ≤ 𝑐(𝐾) 𝑥 exp (− 1
𝛼 ln 1

𝛼) + 𝑂 ( 𝑥√
ln 𝑥

) .

But in the interval (4) the inequality holds:

1√
ln 𝑥

≤ exp (− 1
4𝛼 ln 1

𝛼) .

Therefore, finally, for the interval (4) we obtain the estimate

𝐹𝑓(𝑥, 𝑧) ≤ 𝑐(𝐾) 𝑥 exp (− 1
4𝛼 ln 1

𝛼) . (5)
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2. Let 𝛼 lie in the interval

𝑔(𝑛) + 2 ln ln 𝑥
ln ln ln 𝑥 ≤ 1

𝛼 ≤ ln 𝑥
ln ln 𝑥.

Decompose 𝑚 − 𝜔𝑖 into prime factors in the field 𝐾:

𝑚 − 𝜔𝑖 = 𝔭1𝔭2 ⋯ 𝔭𝑟. (6)

From the factorization (6) one can always choose an ideal 𝔟 subject to the
condition

𝑥
𝑧𝑔(𝑛) ≤ 𝑁𝔟 ≤ 𝑥. (7)

Indeed, let in (6)

𝑁𝔭1 < 𝑥,

𝑁𝔭1𝔭2 < 𝑥,

⋯ ⋯ ⋯ ⋯ ⋯

𝑁𝔭1𝔭2 ⋯ 𝔭𝑗 < 𝑥,

but already

𝑁𝔭1𝔭2 ⋯ 𝔭𝑗𝔭𝑗+1 ≥ 𝑥.

Consequently, for 𝔟 = 𝔭1𝔭2 ⋯ 𝔭𝑗 we have

𝑥
𝑁𝔭𝑗+1

≤ 𝑁𝔟 < 𝑥.

But, by assumption, 𝑁𝔭𝑗+1 ≤ 𝑧𝑔(𝑛). Hence (7) is obtained. Consequently,
𝐹𝑓(𝑥, 𝑧) does not exceed the number of solutions of the congruence

𝑚 ≡ 𝜔𝑖 (mod 𝔡), (8)

summed over all 𝔡 of the interval (7) subject to condition (3). Let 𝑚0 be the
least integer rational number from the interval (0, 𝑥) satisfying the congruence
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𝜔𝑖 ≡ 𝑚0 (mod 𝔡)

(if there is no such number, then the congruence (8) has no solutions). Replacing
𝜔𝑖 by 𝑚0 in (8), we obtain that the number of solutions of (8) does not exceed
twice the number of solutions of the congruence

𝑚 ≡ 0 (mod 𝔡), 𝑚 ≤ 2𝑥.

But if an integer rational number 𝑚 is divisible by the ideal 𝔡, then it is divisible
also by 𝑁𝔡; therefore the number of solutions of the congruence (8) is no more
than 4𝑥/𝑁𝔡. Consequently,

𝐹𝑓(𝑥, 𝑧) ≤ 4𝑥 ∑
𝑥

𝑧𝑔(𝑛) <𝑁𝔡≤𝑥

1
𝑁𝔡. (9)

To estimate the sum on the right-hand side of (9), split it into sums of the form

∑
𝑄𝑖<𝑁𝔡≤2𝑄𝑖

1
𝑁𝔡; 𝑄𝑖 = 𝑥

𝑧𝑔(𝑛) 2𝑖, 0 ≤ 𝑖 ≤ 𝑔(𝑛) ln 𝑧
ln 2 . (10)

But the sum (10) does not exceed the quantity

1
𝑄𝑖

∑
𝑁𝔡≤2𝑄𝑖

1. (11)

We estimate the sum in (11) under the condition that each prime factor 𝔭/𝔡 is
subject to condition (3). We have

∑
𝑁𝔡≤𝑄

1 ≤ 𝑒 ∑
𝔡

exp (−𝑁𝔡
𝑄 ) = 1

2𝜋𝑖 ∫
2+𝑖∞

2−𝑖∞
𝑄𝑠Γ(𝑠)Π𝐾(𝑠, 𝑧) 𝑑𝑠, (12)

where

Π𝐾(𝑠, 𝑧) = ∏
𝑁𝔭=𝑝𝑟

𝑝=𝑧, 𝑟≥1

(1 − 1
𝑁𝔭𝑠 )

−1
.

Applying to the function Π𝐾(𝑠, 𝑧) and to the integral (12) the technique of
estimates developed in (6), with the corresponding correction for the field 𝐾,
we obtain the estimate
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∑
𝑁𝔡≤2𝑄𝑖

1 ≤ 𝑐(𝐾) 𝑄𝑖 exp (− ln 𝑄𝑖
ln 𝑧 ln ln 𝑄𝑖

ln 𝑧 ) . (13)

Substituting (13) into (11) and then summing over all 𝑖, we find

𝐹𝑓(𝑥, 𝑧) ≤ 𝑐′(𝐾) 𝑥 ln 𝑧 exp (− ( 1
𝛼 − 𝑔(𝑛)) ln ( 1

𝛼 − 𝑔(𝑛))) .

But, by assumption,

1
𝛼 − 𝑔(𝑛) ≥ 2 ln ln 𝑥

ln ln ln 𝑥.

Therefore,

ln 𝑧 exp [−2
3 ( 1

𝛼 − 𝑔(𝜂)) ln ( 1
𝛼 − 𝑔(𝜂))] < 1.

Moreover,

1
3 ( 1

𝛼 − 𝑔(𝜂)) ln ( 1
𝛼 − 𝑔(𝜂)) > 1

4𝛼 ln 1
𝛼.

Consequently, for the second interval as well, the estimate

𝐹𝑓(𝑥, 𝑧) < 𝑐(𝐾)𝑥 exp (− 1
4𝛼 ln 1

𝛼)

is valid.

Combining it with estimate (5), we obtain the validity of the theorem.
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