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Abstract
Full Text

M. Kh. Zakhar-Itkin

On the Growth of the Eigenvalues of a Linear
Integral Equation
(Presented by Academician P. S. Novikov on 26 VI 1964)

1. Consider the linear integral equation

𝑦(𝑥) = 𝜆 ∫
1

0
𝐾(𝑥, 𝑡)𝑦(𝑡) 𝑑𝑡. (1)

The eigenvalues of this equation are the zeros of the entire function

𝐷(𝜆) =
∞

∑
𝑛=0

(−1)𝑛

𝑛! (∫
1

0
⋯ ∫

1

0
Δ𝑛 (𝑥0, 𝑥1, … , 𝑥𝑛−1

𝑥0, 𝑥1, … , 𝑥𝑛−1
) 𝑑𝑥0 𝑑𝑥1 ⋯ 𝑑𝑥𝑛−1) 𝜆𝑛,

where

Δ𝑛 (𝑥0, 𝑥1, … , 𝑥𝑛−1
𝑥0, 𝑥1, … , 𝑥𝑛−1

) = ∣
𝐾(𝑥0, 𝑥0) ⋯ 𝐾(𝑥0, 𝑥𝑛−1)

⋯ ⋯ ⋯
𝐾(𝑥𝑛−1, 𝑥0) ⋯ 𝐾(𝑥𝑛−1, 𝑥𝑛−1)

∣ .

In [1] an estimate is given for the growth of 𝐷(𝜆), under the assumption of
analyticity of the kernel in the second variable on [0, 1], excluding the endpoints
of the interval, where singularities of a special kind are possible.

We shall consider in the 𝑧-plane a domain with boundary Γ∗, symmetric with
respect to the real axis and lying inside the circle |𝑧 − 1

2 | ≤ 1
2 . The boundary

of the domain Γ∗ touches the real axis at the points (0, 0) and (1, 0). Γ∗ is the
envelope of the family of oval curves Γ𝑛 = Γ[𝛼(𝑛), 𝑞(𝑛)], obtained under the
mapping of the circle

𝑤 = 1
2 + 𝜌𝑛𝑒𝑖𝜃, 0 < 𝜃 ≤ 2𝜋,

𝜌𝑛 = 1
2 − [𝛼(𝑛)]𝑞(𝑛)

[𝛼(𝑛)]𝑞(𝑛) + [1 − 𝛼(𝑛)]𝑞(𝑛) , 𝑧(𝑤) = 𝑤1/𝑞(𝑛)

𝑤1/𝑞(𝑛) + (1 − 𝑤)1/𝑞(𝑛) .
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The order of contact of Γ∗ does not exceed 𝑝, if 𝑞(𝑛) = 𝑂(𝑛𝑝) and 𝛼(𝑛) =
𝑂( 1

ln 𝑛 ).

Theorem 1. Suppose the following conditions are satisfied:

A. The kernel 𝐾(𝑥, 𝑧) is an analytic function of 𝑧 inside the envelope Γ∗ and
on its boundary, with the exception of the points (0, 0), (1, 0) of the 𝑧-plane,
0 ≤ 𝑥 ≤ 1.

B. On the curve Γ𝑛 the inequality

|𝐾(𝑥, 𝑧)| < 𝑒𝛾1 [𝛼(𝑛)]−𝑘

[𝑥(1 − 𝑥)]1/2−𝛿 , 0 ≤ 𝛿 < 1
2, 𝑘 arbitrary

holds.

C. In the square 0 ≤ 𝑥 ≤ 1, 0 ≤ 𝑡 ≤ 1 the inequality

|𝐾(𝑥, 𝑡)| < 𝑒𝛾0

[𝑥𝑡(1 − 𝑥)(1 − 𝑡)]1/2−𝛿 , 𝛾1 ≥ 𝛾0 > 0.

holds.

If the order of contact of Γ∗ does not exceed 1 − 2/𝑖, 𝑖 ≥ 2 arbitrary, then the
eigenvalues of the integral equation (1) have the growth estimate

|𝜆𝑛| > 𝑒𝜃 𝑖√𝑛+𝛾,

where 𝜃, 𝛾 are certain constants.

If 𝑖 = 2, then 𝐾(𝑥, 𝑧) is an analytic function of 𝑧 in some circular lune containing
the interval 0 < Re 𝑧 < 1; Theorem 1 reduces to Theorem XI of A. O. Gel′fond
(1).
In the proof of Theorem 1 the following estimate is basic (Theorem X of (1)):

∫
1

−1
⋯ ∫

1

−1

𝑛
∏
𝑠=0

(1 − 𝑥2
𝑠)1/𝑞(𝑛+1)−1

∣
∣
∣
∣
∣

1
1 − 𝜇2𝑥2

0
⋯ 1

1 − 𝜇2𝑥0𝑥𝑛
⋯ ⋯ ⋯
1

1 − 𝜇2𝑥0𝑥𝑛
⋯ 1

1 − 𝜇2𝑥2𝑛

∣
∣
∣
∣
∣

𝑑𝑥0 ⋯ 𝑑𝑥𝑛 <

< 𝐶2

(1 − 𝜇)𝑛+1 exp [− 𝜋
√

2
10√𝑞(𝑛 + 1)

(𝑛 + 1)3/2] .

Here 𝜇 < 1, 𝜀0 ≥ 1/𝑞(𝑛 + 1) > 0. Its application makes it possible to obtain
the estimate of the growth of 𝐷(𝜆)
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max
|𝜆|=𝑟

|𝐷(𝜆)| <
∞

∑
𝑛=0

𝑟𝑛 exp [−𝜃𝑛3/2−𝑝/2 + 𝑂(𝑛 ln 𝑛)] ,

whence, with the aid of Jensen’s inequality, we obtain an estimate for the growth
of the zeros of this entire function.

In connection with Theorem 1 it is interesting to mention (2,3 ) that if the kernel
𝐾(𝑥, 𝑧) is analytic in 𝑧 on the whole interval [0, 1], including its endpoints,
uniformly in 𝑥, then |𝜆𝑛| > 𝑒𝜃𝑛+𝛾.

2. Let us consider (1) under other assumptions concerning the kernel 𝐾(𝑥, 𝑡).
We shall assume that 𝐾(𝑥, 𝑡) is a function of Green’s-function type:

1) The function 𝐾(𝑥, 𝑡), its partial derivatives with respect to 𝑥 up to order
𝑛 + 2, and its partial derivative [𝐾(𝑛)

𝑥 (𝑥, 𝑡)]′𝑡 exist, are continuous and
bounded in the square 0 ≤ 𝑥 ≤ 1, 0 ≤ 𝑡 ≤ 1, with the exception of the
diagonal of the square 𝑥 = 𝑡, on which

𝐾(𝑖)
𝑥 (𝑥 + 0, 𝑡) − 𝐾(𝑖)

𝑥 (𝑥 − 0, 𝑡) = 𝑟𝑖(𝑥).

Consider the simplest case 𝑟𝑛+1(𝑥) ≡ 1, 𝑟𝑖(𝑥) ≡ 0, 𝑖 ≤ 𝑛 + 1.

We make the additional assumptions:

2) The integral equation

𝑦(𝑥) + ∫
1

0
𝑅(𝑥, 𝑡)𝑦(𝑡) 𝑑𝑡 = 0

with kernel

𝑅(𝑥, 𝑡) = 𝐾(𝑛)
𝑥 (𝑥, 𝑡) − 𝛿(𝑥 − 𝑡)

has only the trivial solution.

3) For 𝑥 = 0 the equalities hold (𝑖 = 0, 1, … , 𝑛 − 1)

𝐾(𝑖)
𝑥 (𝑥, 1) − ∫

1

0
𝐾(𝑖)

𝑥 (𝑥, 𝑡)(𝐸 + 𝐿)−1𝑅(𝑡, 1) 𝑑𝑡 =

= 𝐾(𝑖)
𝑥 (𝑥, 0) − ∫

1

0
𝐾(𝑖)

𝑥 (𝑥, 𝑡)(𝐸 + 𝐿)−1𝑅(𝑡, 0) 𝑑𝑡 + 𝛾𝑖.

Here
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𝛾𝑖 = {0, 0 ≤ 𝑖 ≤ 𝑛 − 2,
1, 𝑖 = 𝑛 − 1; 𝐿𝑦(𝑥) = ∫

1

0
𝑅(𝑥, 𝑡)𝑦(𝑡) 𝑑𝑡.

Theorem 2. If conditions 1), 2), 3) are fulfilled, the integral equation (1) has a
sequence (one or several, but not more than 𝑛 sequences) of eigenvalues, whose
asymptotic values are the quantities (2𝜋𝑖𝑚)𝑛 + 𝑂(𝑚𝑛−2), 𝑚 > 𝑚0.

For 𝑛 = 1, 2 Theorem 2 was proved by G. M. Mordasova (4).
We seek solutions of equation (1) among the solutions of the integro-differential
equation

𝑦(𝑛)(𝑥) = 𝜆𝑦(𝑥) + 𝜆 ∫
1

0
𝑅(𝑥, 𝑡)𝑦(𝑡) 𝑑𝑡, (2)

obtained from (1) by 𝑛-fold differentiation. A solution 𝑦(𝑥) of equation (2) will
be an eigenfunction of equation (1) if and only if the 𝑛 conditions

𝑦(𝑖)(0) = 𝜆 ∫
1

0
𝐾(𝑖)

𝑥 (0, 𝑡)𝑦(𝑡) 𝑑𝑡, 𝑖 = 0, 1, … , 𝑛 − 1. (3)

are satisfied.

We shall find the general solution of equation (2) in the form

𝑦(𝑥) =
𝑛

∑
𝑖=1

𝐶𝑖𝑒𝜇𝑖𝑥 + ∫
1

0
𝜒(𝑥, 𝑡)𝑦(𝑡) 𝑑𝑡,

where 𝜇1, 𝜇2, … , 𝜇𝑛 are the roots of degree 𝑛 of 𝜆, and

𝜒(𝑥, 𝑡) =
𝑛

∑
𝑖=1

⎧{
⎨{⎩

− 1
𝑛

⎡⎢
⎣

𝑅(𝑥, 𝑡) + 1
𝜇𝑖

𝑅′
𝑥(𝑥, 𝑡) +

⎧{
⎨{⎩

𝑒𝜇𝑖(𝑥−𝑡)

𝜇𝑖𝑛
, 𝑥 < 𝑡,

0, 𝑥 ≥ 𝑡
+ 𝑂( 1

𝜇2
𝑖

)⎤⎥
⎦

⎫}
⎬}⎭

is a particular solution of the equation

𝜒(𝑛)
𝑥 (𝑥, 𝑡) = 𝜆𝜒(𝑥, 𝑡) + 𝜆𝑅(𝑥, 𝑡),

obtained from the general solution

𝜒(𝑥, 𝑡) =
𝑛

∑
𝑖=1

[𝑑𝑖𝑒𝜇𝑖𝑥 + 𝜇𝑖
𝑛 ∫

𝑥

0
𝑅(𝑠, 𝑡)𝑒𝜇𝑖(𝑥−𝑠) 𝑑𝑠]
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for a special choice of 𝑑𝑖, 𝑖 = 1, 2, … , 𝑛. Since

𝜒′
𝑥(𝑥, 𝑡) =

𝑛
∑
𝑖=1

𝜇𝑖 [𝑑𝑖𝑒𝜇𝑖𝑥 + 𝜇𝑖
𝑛 ∫

𝑥

0
𝑅(𝑠, 𝑡)𝑒𝜇𝑖(𝑥−𝑠) 𝑑𝑠] ,

we have

𝑦′(𝑥) =
𝑛

∑
𝑖=1

𝜇𝑖 [𝐶𝑖𝑒𝜇𝑖𝑥 + ∫
1

0
(𝑑𝑖𝑒𝜇𝑖𝑥 + 𝜇𝑖

𝑛 ∫
𝑥

0
𝑅(𝑠, 𝑡)𝑒𝜇𝑖(𝑥−𝑠) 𝑑𝑠) 𝑦(𝑡) 𝑑𝑡] .

Using condition 2) and the general theorems of the theory of linear operators,
we obtain the asymptotic representation for the solution of equation (2)

𝑦(𝑥) =
𝑛

∑
𝑖=1

[𝐶𝑖𝑒𝜇𝑖𝑥 + ∫
1

0
(𝑑𝑖𝑒𝜇𝑖𝑥 + 𝜇𝑖

𝑛 ∫
𝑥

0
𝑅(𝑠, 𝑡)𝑒𝜇𝑖(𝑥−𝑠) 𝑑𝑠) 𝑦(𝑡) 𝑑𝑡]

=
𝑛

∑
𝑖=1

𝐶𝑖 {𝑒𝜇𝑖𝑥 − (𝐸 + 𝐿)−1 1
𝜇𝑖

[(𝑅(𝑥, 1)𝑒𝜇𝑖 − 𝑅(𝑥, 0)) + 𝑛 − 1
𝑛 𝜎(𝑥, 𝑡)𝑒𝜇𝑖𝑥

− ∫
1

0
𝜎(𝑥, 𝑡)𝑒𝜇𝑖𝑡

𝑛
∑
𝑗=1
𝑗≠𝑖

𝜇𝑖𝑒𝜇𝑗(𝑥−𝑡)

𝜇𝑖 − 𝜇𝑗
𝑑𝑡

⎤⎥⎥
⎦

+ 𝑂( 1
𝜇2

𝑖
)

⎫}
⎬}⎭

=
𝑛

∑
𝑖=1

𝐶𝑖 {𝑒𝜇𝑖𝑥 + 𝐴( 1
𝜇𝑖

, 𝑥)} .

Here

𝜎(𝑥, 𝑡) = {−1, 𝑥 < 𝑡,
0, 𝑥 ≥ 𝑡, for Re 𝜇𝑖 ≥ 0, 𝜎(𝑥, 𝑡) = {0, 𝑥 < 𝑡,

1, 𝑥 ≥ 𝑡, for Re 𝜇𝑖 < 0.

Similarly,

𝑦(𝑘)(𝑥) =
𝑛

∑
𝑖=1

𝐶𝑖𝜇𝑘−1
𝑖 {𝑒𝜇𝑖𝑥 + 𝐴( 1

𝜇𝑖
, 𝑥)} , 𝑘 = 1, 2, … , 𝑛 − 1.

The conditions (3) that the solution of equation (2) be an eigenfunction of
equation (1) can be rewritten in the form
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𝑛
∑
𝑖=1

𝐶𝑖𝜇𝑛−1
𝑖 {[𝐾(0, 1) − ∫

1

0
𝐾(0, 𝑡)(𝐸 + 𝐿)−1𝑅(𝑡, 1) 𝑑𝑡] 𝑒𝜇𝑖 − [𝐾(0, 0) − ∫

1

0
𝐾(0, 𝑡)(𝐸 + 𝐿)−1𝑅(𝑡, 0) 𝑑𝑡] + 𝑂 ( 1

𝜇𝑖
)} = 0,

𝑛
∑
𝑖=1

𝐶𝑖𝜇𝑛−2
𝑖 {[𝐾′

𝑥(0, 1) − ∫
1

0
𝐾′

𝑥(0, 𝑡)(𝐸 + 𝐿)−1𝑅(𝑡, 1) 𝑑𝑡] 𝑒𝜇𝑖 − [𝐾′
𝑥(0, 0) − ∫

1

0
𝐾′

𝑥(0, 𝑡)(𝐸 + 𝐿)−1𝑅(𝑡, 0) 𝑑𝑡] + 𝑂 ( 1
𝜇𝑖

)} = 0,

⋯ ⋯ ⋯ ⋯ ⋯ ⋯ ⋯ ⋯ ⋯ ⋯ ⋯ ⋯ ⋯ ⋯ ⋯ ⋯

𝑛
∑
𝑖=1

𝐶𝑖𝜇𝑖 {[𝐾(𝑛−2)
𝑥 (0, 1) − ∫

1

0
𝐾(𝑛−2)

𝑥 (0, 𝑡)(𝐸 + 𝐿)−1𝑅(𝑡, 1) 𝑑𝑡] 𝑒𝜇𝑖 − [𝐾(𝑛−2)
𝑥 (0, 0) − ∫

1

0
𝐾(𝑛−2)

𝑥 (0, 𝑡)(𝐸 + 𝐿)−1𝑅(𝑡, 0) 𝑑𝑡] + 𝑂 ( 1
𝜇𝑖

)} = 0,

𝑛
∑
𝑖=1

𝐶𝑖 {[𝐾(𝑛−1)
𝑥 (0, 1) − ∫

1

0
𝐾(𝑛−1)

𝑥 (0, 𝑡)(𝐸 + 𝐿)−1𝑅(𝑡, 1) 𝑑𝑡] 𝑒𝜇𝑖 − [1 + 𝐾(𝑛−1)
𝑥 (0, 0) − ∫

1

0
𝐾(𝑛−1)

𝑥 (0, 𝑡)(𝐸 + 𝐿)−1𝑅(𝑡, 0) 𝑑𝑡] + 𝑂 ( 1
𝜇𝑖

)} = 0.

Conditions 3) allow us to rewrite the necessary and sufficient condition for the
existence of a solution of equation (1) in the form

∣
∣
∣
∣
∣
∣
∣

𝜇𝑛−1
1 [𝑒𝜇1 − 1 + 𝑂(1/𝜇1)] … 𝜇𝑛−1

𝑛 [𝑒𝜇𝑛 − 1 + 𝑂(1/𝜇𝑛)]
𝜇𝑛−2

1 [𝑒𝜇1 − 1 + 𝑂(1/𝜇1)] … 𝜇𝑛−2
𝑛 [𝑒𝜇𝑛 − 1 + 𝑂(1/𝜇𝑛)]

⋯ ⋯ ⋯ ⋯ ⋯ ⋯ ⋯ ⋯ ⋯ ⋯
𝜇1 [𝑒𝜇1 − 1 + 𝑂(1/𝜇1)] … 𝜇𝑛 [𝑒𝜇𝑛 − 1 + 𝑂(1/𝜇𝑛)]

𝑒𝜇1 − 1 + 𝑂(1/𝜇1) … 𝑒𝜇𝑛 − 1 + 𝑂(1/𝜇𝑛)

∣
∣
∣
∣
∣
∣
∣

= 0.

If for no 𝜇𝑘, 𝑘 = 1, 2, … , 𝑛, is the equality 𝜇𝑘 ∼ 2𝜋𝑖𝑚 satisfied, then on the
left we obtain asymptotically a Vandermonde determinant, not equal to zero,
since all 𝜇𝑘 are distinct. If 𝜇𝑘 ∼ 2𝜋𝑖𝑚 + 𝑂 ( 1

𝑚 ), then the condition that the
determinant be equal to zero is satisfied.

Theorems 1 and 2 are close in meaning. The eigenvalues of equation (1) grow
the faster, the smoother the kernel 𝐾(𝑥, 𝑡) is, and greater smoothness may be
understood in the sense of smaller growth when tending to the singular point
and in the sense of continuous differentiability up to a higher order.

The author expresses gratitude to A. O. Gelfond for supervising the work.
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