
Soviet-era science, translated into English

Reports of the Academy of
Sciences of the USSR
Corresponding Member of the Academy of Sciences of the USSR I.
M. GELFAND, M. I. GRAEV,

1964

SovietRxiv

View the original and related papers at https://sovietrxiv.org/items/ru-196401.05798

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the original.

https://sovietrxiv.org/items/ru-196401.05798


Abstract
Full Text

Reports of the Academy of Sciences of the USSR
1964. Volume 156, No. 3

MATHEMATICS
Corresponding Member of the Academy of Sciences of the USSR I. M.
GELFAND, M. I. GRAEV,
I. I. PIATETSKII-SHAPIRO

REPRESENTATIONS OF ADELE GROUPS
1. Let 𝐺 be a linear algebraic group of matrices over a field 𝐾 of algebraic
numbers of finite degree. Let us recall the definition of the adele group of the
group 𝐺 (see (1)). Consider all inequivalent norms |𝑥|𝔭 in the field 𝐾. Let 𝐺𝔭
be the completion of the group 𝐺 with respect to the norm |𝑥|𝔭; let 𝑈𝔭 be the
subgroup of integral matrices in 𝐺𝔭 (i.e., those matrices ‖𝑥𝑖𝑗‖ in 𝐺𝔭 for which
|𝑥𝑖𝑗|𝔭 ⩽ 1 for all 𝑖, 𝑗). Consider the Tychonoff product

̂𝐺 = ∏
𝔭

𝐺𝔭

of the groups 𝐺𝔭. The group of adeles is the subgroup

𝐺𝐴 ⊂ ̂𝐺

of elements
∏

𝔭
𝑔𝔭,

where 𝑔𝔭 ∈ 𝑈𝔭 for all 𝔭, except possibly for finitely many. We note that the
set of elements ∏ 𝑔𝔭 of 𝐺𝐴, where all 𝑔𝔭 are equal to one another and belong
to 𝐺, forms in 𝐺𝐴 a discrete subgroup Γ (the subgroup of principal adeles),
isomorphic to 𝐺. In what follows we shall identify the group 𝐺 with the group
of principal adeles Γ ⊂ 𝐺𝐴.

An important role in many questions is played by the homogeneous space 𝐺𝐴/Γ
(1). In the present paper representations of the group of adeles 𝐺𝐴 are stud-
ied. The main result is a description of the spectrum of the representation of
the group 𝐺𝐴* in the space of functions on 𝐺𝐴/Γ, where 𝐺 is the group of
unimodular matrices of order 2 over the field of rational numbers (Theorem
3). In particular, a connection is established between the structure of this spec-
trum and the properties of Dirichlet 𝐿-functions. Namely, it turns out that the
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known functional relation for 𝐿-functions is equivalent to the assertion that the
continuous spectrum is simple.

2. Impose on the group 𝐺 the following condition. For all 𝔭 (except possibly
for finitely many of them), in the space of any irreducible unitary
representation of the group 𝐺𝔭 there is at most one vector invariant
with respect to the subgroup 𝑈𝔭. It can be shown that this condition is
certainly satisfied for a sufficiently broad class of groups** (in particular, for all
Dickson–Chevalley groups). An irreducible unitary representation of the group
𝐺𝔭 is called a representation of class 1 if in the representation space there
exists a vector invariant with respect to the subgroup 𝑈𝔭.

We shall describe the construction of irreducible unitary representations of the
group 𝐺𝐴. Suppose that for each 𝔭 we are given an irreducible unitary repre-
sentation 𝑇𝔭(𝑔𝔭) of the group 𝐺𝔭, and that all 𝑇𝔭, except for finitely many of
them, are representations of class 1. Denote by 𝐻𝔭 the space in which 𝑇𝔭(𝑔𝔭)
acts. Choose in 𝐻𝔭 an orthonormal basis 𝜉𝔭𝑘, 𝑘 = 1, 2, …; in the case of a rep-
resentation of class 1, as 𝜉𝔭1 we agree to take a vector invariant with respect to
the operators 𝑇𝔭(𝑢𝔭), 𝑢𝔭 ∈ 𝑈𝔭. Construct a new Hilbert space 𝐻, in which the
orthonormal—

* By the spectrum of a representation here is meant the set of irreducible repre-
sentations entering into the decomposition of the given representation.

** Since, as in the case of Lie groups (3), one can prove that, for this condition
to hold, it is sufficient that there exist an involutive antiautomorphism of the
group 𝐺𝔭 carrying the subgroup 𝑈𝔭 into itself.

a basis are all possible formal products 𝜉 = ∏𝑝 𝜉𝑝𝑖𝑝
, where 𝑖𝑝 = 1 for all 𝑝, except

for a finite number. We define the representation operator 𝑇 (𝑔), 𝑔 = ∏ 𝑔𝑝, in
the space 𝐻 by the formula 𝑇 (𝑔)𝜉 = ∏ 𝑇𝑝(𝑔𝑝)𝜉𝑝𝑖𝑝

.

We shall call the constructed representation 𝑇 (𝑔) the tensor product of the
representations 𝑇𝑝(𝑔𝑝) and write 𝑇 (𝑔) = ∏ ⊗𝑇𝑝(𝑔𝑝).
Theorem 1. The representation 𝑇 (𝑔) is irreducible. Conversely, every irre-
ducible unitary representation of the group 𝐺𝐴 can be obtained by the construc-
tion described.

Remark. An analogous assertion is valid for the product, in the sense of
Vilenkin, of arbitrary locally compact groups with distinguished subgroups in
them.

3. Consider the space 𝐻 of functions 𝑓(𝑔) on 𝐺𝐴 satisfying the following
conditions: 𝑓(𝛾𝑔) = 𝑓(𝑔), for any 𝛾 ∈ Γ; ‖𝑓‖2 = ∫𝐹 |𝑓(𝑔)|2 𝑑𝑔 < +∞,
where 𝐹 is a fundamental domain of the subgroup Γ in 𝐺𝐴. We construct
in 𝐻 a representation 𝑇0(𝑔) of the group 𝐺𝐴, defining the representation
operators as shift operators: 𝑇0(𝑔0)𝑓(𝑔) = 𝑓(𝑔𝑔0). Below two results on
the structure of the spectrum of the representation 𝑇0(𝑔) are formulated.
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A. Consider the restriction 𝑇0(𝑔𝑝1,…,𝑝𝑘
) of the representation 𝑇0(𝑔) to the sub-

group 𝐺𝑝1,…,𝑝𝑘
= 𝐺𝑝1

× ⋯ × 𝐺𝑝𝑘
. The irreducible unitary representations of the

group 𝐺𝑝1,…,𝑝𝑘
entering into the decomposition of the representation 𝑇0(𝑔𝑝1,…,𝑝𝑘

)
into irreducibles form an everywhere dense set in the totality of all irreducible
unitary representations of the group 𝐺𝑝1,…,𝑝𝑘

.

B. If in an irreducible unitary representation ∏ ⊗𝑇𝑝(𝑔𝑝) of the group 𝐺𝐴 at
least one factor 𝑇𝑝(𝑔𝑝) is the identity representation and 𝐺𝑝 is not compact,
then this representation is not contained in the discrete spectrum of the repre-
sentation 𝑇0(𝑔). In other words, it cannot be realized in any closed subspace of
the representation space 𝑇0(𝑔).
The proof of these results is based on the following remark. If 𝐺𝑝 is not compact,
then the set Γ𝐺𝑝 is everywhere dense in the group 𝐺𝐴.

4. The further results concern the case when 𝐺 is the group of unimodular
matrices of the second order over the field of rational numbers. In this case
the adele group 𝐺𝐴 consists of elements of the form 𝑔 = (𝑔∞, 𝑔2, … , 𝑔𝑝, …),
where 𝑔∞ is a real unimodular matrix, 𝑔𝑝 is a unimodular matrix over the
field of 𝑝-adic numbers, and the elements of the matrices 𝑔𝑝, beginning
with some 𝑝, are integral 𝑝-adic numbers.

Let 𝑍 be the subgroup of matrices of the form (1 0
𝑧 1), 𝐷 the subgroup of

diagonal matrices; 𝑍𝐴, 𝐷𝐴 the corresponding adele groups. Consider the ho-
mogeneous space 𝑋 = 𝐺𝐴/𝑍𝐴𝐷 of right cosets 𝑍𝐴𝐷𝑔 of the group 𝐺𝐴 with
respect to the subgroup 𝑍𝐴𝐷. It is not difficult to see that 𝑋 is isomor-
phic to the set of sequences of the form 𝑥 = (𝑥∞, 𝑥2, … , 𝑥𝑝, …), where 𝑥𝑝 =
(𝑥1

𝑝, 𝑥2
𝑝) is a two-dimensional vector whose components are 𝑝-adic numbers, with

|𝑥𝑝| = 1 for sufficiently large 𝑝; moreover the sequences (𝑥∞, 𝑥2, … , 𝑥𝑝, …) and
(𝜆𝑥∞, 𝜆𝑥2, … , 𝜆𝑥𝑝, …), where 𝜆 is any rational number, are identified.

Denote by 𝑥𝑔 the result of applying the transformation 𝑔 ∈ 𝐺𝐴 to an ele-
ment 𝑥 ∈ 𝑋. Let further Λ be the group of rational numbers under multi-
plication, Λ𝐴 its adele group. For any 𝜆 = (𝜆∞, 𝜆2, … , 𝜆𝑝, …) from Λ𝐴 put
𝜆𝑥 = (𝜆∞𝑥∞, 𝜆2𝑥2, … , 𝜆𝑝𝑥𝑝, …). It is obvious that the transformations 𝑥 → 𝑥𝑔
and 𝑥 → 𝜆𝑥 commute with one another.

Consider the set 𝐿2(𝑋) of all functions 𝑓(𝑥) on 𝑋 with summable-

by a square. In this space there acts a unitary representation of the group
𝐺𝐴 by the formula 𝑇0(𝑔)𝑓(𝑥) = 𝑓(𝑥𝑔). Let us find the decomposition of this
representation into irreducible representations.

Consider all possible characters 𝜋(𝜆) on the group Λ𝐴 such that 𝜋(𝜆) = 1 when
𝜆 ∈ Λ. To each such character we associate an irreducible representation 𝑇𝜋(𝑔)
of the group 𝐺𝐴. This representation is constructed in the space of functions
𝑓𝜋(𝑥) on 𝑋 satisfying the condition

𝑓𝜋(𝜆𝑥) = 𝜋(𝜆)|𝜆|−1𝑓(𝑥), |𝜆| = |𝜆∞|∞|𝜆2|2 ⋯ |𝜆𝑝|𝑝 ⋯ ,
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and such that
‖𝑓𝜋‖2 = ∫ |𝑓𝜋(𝑥)|2 𝑑𝜔 < +∞,

where the integration is taken over the “circumference”Ω:

|𝑥∞| = 1, |𝑥2| = 1, … , |𝑥𝑝| = 1, … ;

𝑑𝜔 is a measure on Ω defined in the natural way. It can be shown that two such
representations 𝑇𝜋1

(𝑔) and 𝑇𝜋2
(𝑔) are equivalent if and only if either 𝜋1 = 𝜋2,

or 𝜋1 = ̄𝜋−1
2 .

Theorem 2. The representation in the space 𝐿2(𝑋) decomposes into a direct
sum of irreducible representations 𝑇𝜋(𝑔). This decomposition is given by the
following formulas:

𝑓(𝑥) = ∫ 𝑓𝜋(𝑥) 𝑑𝜋, ‖𝑓‖2 = ∫ ‖𝑓𝜋‖2 𝑑𝜋,

where
𝑓𝜋(𝑥) = ∫ 𝜋−1(𝜆)|𝜆| 𝑓(𝜆𝑥) 𝑑𝜆.

Here 𝑑𝜆 is the invariant measure on the group Λ𝐴/Λ; 𝑑𝜋 is the invariant measure
on the character group of Λ𝐴/Λ.

5. We shall call horospheres in the space 𝑌 = 𝐺𝐴/Γ the sets of the form
𝑦𝑔1𝑧𝑔2, where 𝑦 ∈ 𝑌 ; 𝑔1, 𝑔2 are fixed elements of 𝐺𝐴, and 𝑧 runs through the
subgroup 𝑍𝐴. It is easy to show that every compact horosphere in 𝑌 has the
form 𝑦0𝑧𝑔, where 𝑦0 is a fixed point corresponding to the identity adjacency
class. Hence it follows that the set of compact horospheres in 𝑌 is homogeneous
and isomorphic to the space 𝑋 = 𝐺𝐴/𝑍𝐴𝐷.

Introduce a mapping 𝑓(𝑦) 𝑢−→ 𝜑(𝑥) from the space 𝐿2(𝑌 ) into the space of
functions on 𝑋, defining it by the following formula

𝜑(𝑥) = ∫
𝑍𝐴/𝑍

𝑓(𝑦0𝑧𝑔) 𝑑𝑧, (1)

where 𝑔 is a representative of the adjacency class corresponding to the point 𝑥.
Let ℒ(0)(𝑌 ) be the kernel of the mapping (1). Obviously, ℒ(0)(𝑌 ) is a closed
invariant subspace of 𝐿2(𝑌 ). Denote by ℒ(1)(𝑌 ) the orthogonal complement to
the space ℒ(0)(𝑌 ) + ℒ𝑐, where ℒ𝑐 consists of the functions constant on 𝑌 .

Theorem 3. The space ℒ(0)(𝑌 ) decomposes into a sum of a countable number
of irreducible representations of the group 𝐺𝐴. The space ℒ(1)(𝑌 ) decomposes
into a continuous sum of irreducible representations entering into 𝐿2(𝑋), and
contains each of them once.

Proof. The first assertion is proved by the methods developed in (4). We outline
the proof of the second assertion. Denote by ℒ′(𝑋) the totality of functions on
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𝑋 arising from the mapping (1). Let 𝜑(𝑥) be an arbitrary finite function on 𝑋
satisfying the following condition: there exists a 𝑝 = 𝑝0 such that 𝜑(𝑥𝑔) = 𝜑(𝑥)
for all adeles 𝑔 of the form

𝑔 = (1, … , 1, 𝑢𝑝0
, … , 𝑢𝑞, …), 𝑢𝑞 ∈ 𝑈𝑞.

Consider the mapping 𝜑(𝑥) 𝑣−→ 𝑓(𝑦) of the function 𝜑(𝑥) into the space of
functions on 𝑌 :

𝑓(𝑦) = ∑
𝛾∈𝐺/𝑍𝐷

𝜑∗(𝛾𝑔). (2)

* It is also useful to note that the irreducible representations entering into the
decomposition of ℒ1(𝑌 ) split into a countable number of series, the representa-
tions of each series being determined by one continuous parameter. Meanwhile,
arbitrary irreducible representations of the adele group depend on a countable
number of continuous parameters.

Here 𝜑∗(𝑔) is the natural extension of the function 𝜑(𝑥) to the whole group 𝐺𝐴,
and the summation is over the set of right cosets 𝐺/𝑍𝐷. It can be shown that
the composition 𝑀 = 𝑢𝑣 of the mappings 𝑣 and 𝑢 takes finite functions 𝜑(𝑥) to
functions in ℒ′(𝑋) and is given by the following formula:

𝑀𝜑(𝑥) = 𝜑(𝑥) + ∫
𝑍𝐴

𝜑∗(𝑠𝑧𝑔) 𝑑𝑧,

where

𝑠 = ( 0 1
−1 0) .

The operator 𝑀 commutes with the representation, and therefore maps each of
the pair of equivalent irreducible representations 𝑇𝜋 and 𝑇𝜋−1 into their direct
sum. Thus it is given on the sum of these representations by some matrix of
the second order. We shall show that this matrix is degenerate, i.e. the images
of the representations 𝑇𝜋 and 𝑇𝜋−1 coincide; from this the second assertion of
the theorem follows easily. To this end we choose, in a canonical way, in the
spaces of the representations 𝑇𝜋 and 𝑇𝜋−1 , the vectors 𝜑𝜋 and 𝜑𝜋−1 . Namely, let
𝜋 = (𝜋∞, 𝜋2, … , 𝜋𝑝, …), where 𝜋𝑝(𝑡) is a multiplicative character in the field of 𝑝-
adic numbers 𝑄𝑝; extend 𝜋𝑝(𝑡) to a character in the quadratic extension 𝑄𝑝(√𝜀𝑝)
of the field 𝑄𝑝, where |𝜀𝑝|𝑝 = 1. Let 𝑥 = (𝑥∞, 𝑥2, … , 𝑥𝑝, …), 𝑥𝑝 = (𝑥1

𝑝, 𝑥2
𝑝), be a

point of the space 𝑋. Then we put

𝜑𝜋(𝑥) = ∏
𝑝

𝜋𝑝(𝑥1
𝑝 + √𝜀𝑝 𝑥2

𝑝) |𝑥1
𝑝 + √𝜀𝑝 𝑥2

𝑝|−1
𝑝 ,
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𝜑𝜋−1(𝑥) = ∏
𝑝

𝜋𝑝(𝑥1
𝑝 − √𝜀𝑝 𝑥2

𝑝) |𝑥1
𝑝 − √𝜀𝑝 𝑥2

𝑝|−1
𝑝 .

It can be shown that 𝑀𝜑𝜋 = 𝜑𝜋 + 𝛼(𝜋)𝜑𝜋−1 , 𝑀𝜑𝜋−1 = 𝛽(𝜋)𝜑𝜋 + 𝜑𝜋−1 . Here
the multipliers 𝛼(𝜋) and 𝛽(𝜋) are expressed in terms of the 𝐵-function and the
Dirichlet 𝐿-function 𝐿(𝑠, 𝜒) by the following formulas:

𝛼(𝜋) = 𝐵(−𝑠/2, 1/2) 𝐿(−𝑠, 𝜒) 𝐿−1(1 − 𝑠, 𝜒) 𝑘−1/2𝜎,

𝛽(𝜋) = 𝐵(𝑠/2, 1/2) 𝐿(𝑠, 𝜒) 𝐿−1(1 + 𝑠, 𝜒) 𝑘−1/2𝜎.

Here 𝑠 is a complex number, 𝜒 is the multiplicative character on the set of
natural numbers determined by the character 𝜋; 𝑘 is the period of the character
𝜒; 𝜎𝜎 = 1. On the basis of the known functional equation for Dirichlet 𝐿-
functions we obtain that 𝛼(𝜋)𝛽(𝜋) = 1, and hence the matrix

( 1 𝛼(𝜋)
𝛽(𝜋) 1 )

is degenerate.
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