
Soviet-era science, translated into English

MATHEMATICS
M. I. VISHIK, G. I. ESKIN

1964

SovietRxiv

View the original and related papers at https://sovietrxiv.org/items/ru-196401.03550

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the original.

https://sovietrxiv.org/items/ru-196401.03550


Abstract
Full Text

MATHEMATICS
M. I. VISHIK, G. I. ESKIN

BOUNDARY-VALUE PROBLEMS FOR GEN-
ERAL SINGULAR EQUATIONS IN A BOUNDED
DOMAIN
(Presented by Academician I. G. Petrovskii, November 13, 1963)

1. In a bounded domain 𝐺 ⊂ 𝑅𝑛 with a sufficiently smooth boundary Γ, an
equation of the form

𝐾𝜑 ≡ 𝐾𝛼𝜑 + 𝑇 𝜑 = ∫
𝐺

𝐾𝛼(𝑥, 𝑥 − 𝑦)𝜑(𝑦) 𝑑𝑦 + ∫
𝐺

𝑇 (𝑥, 𝑦)𝜑(𝑦) 𝑑𝑦 = 𝐹(𝑥), (1)

𝑥 ∈ 𝐺, is considered. Here 𝐾𝛼(𝑥, 𝑧), 𝑇 (𝑥, 𝑧) are, generally speaking, generalized
functions in 𝑧, depending smoothly on 𝑥, and the integrals in (1) are understood
in the sense of the theory of generalized functions.

It is assumed that: a) the symbol 𝐾𝛼(𝑥, 𝜉) (the Fourier transform of 𝐾𝛼(𝑥, 𝑧)
with respect to 𝑧, 𝐹𝐾𝛼(𝑥, 𝑧) = 𝐾𝛼(𝑥, 𝜉), is a homogeneous function of 𝜉 of order
𝛼, where 𝛼 may be any number); b) an analogue of the ellipticity condition is
satisfied: 𝐾𝛼(𝑥, 𝜉) ≠ 0 for all 𝜉 ≠ 0, 𝑥 ∈ 𝐺 ∪ Γ. For simplicity we assume that
𝐾𝛼(𝑥, 𝜉) is an infinitely differentiable function of 𝑥 and 𝜉 (𝜉 ≠ 0, 𝑥 ∈ 𝐺 ∪ Γ).
Obviously,

𝐾𝛼(𝑥, 𝜉) =
∞

∑
|𝛾|=0

𝑎𝛾(𝑥)𝑍(𝛾)(𝜉),

where

𝑍(𝛾)(𝜉) = 𝑌 (𝛾)(𝜉)|𝜉|𝛼,

and 𝑌 (𝛾)(𝜉), for example, are spherical functions (cf. (1,2)). Consequently,

𝐾𝛼𝜑 = ∑ 𝑎𝛾(𝑥)𝑍(𝛾) ∗ 𝜑+ (𝑥 ∈ 𝐺),
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where 𝜑+(𝑥) = 𝜑(𝑥) for 𝑥 ∈ 𝐺 ∪ Γ, 𝜑+(𝑥) = 0 for 𝑥 ∉ 𝐺 ∪ Γ, and

𝑍(𝛾) ∗ 𝜑+ = 𝐹 −1(𝑍(𝛾)(𝜉)𝜑+(𝜉)).

In the case 𝛼 = 0, (1) is a singular integral equation in the bounded domain 𝐺.
In particular, (1) may be an elliptic differential equation. However, equation (1)
also includes elliptic integro-differential equations and the case when 𝐾𝛼(𝑥, 𝜉),
for example, is a rational function of 𝜉.
2. Let us factorize the kernel 𝐾𝛼(𝑥0, 𝜉) at a point 𝑥0 ∈ Γ. For this, choose at
this point such a coordinate system (𝑥′, 𝑥𝑛) that 𝑥𝑛 > 0 is the direction of the
inner normal to Γ, and 𝑥𝑛 = 0 is the equation of the tangent plane to Γ at the
point 𝑥0, and represent 𝐾𝛼(𝑥0, 𝜉′, 𝜉𝑛) in the form

𝐾𝛼(𝑥0, 𝜉′, 𝜉𝑛) = 𝐾+
𝜘 (𝑥0, 𝜉′, 𝜉𝑛)

𝐾−𝜘−𝛼(𝑥0, 𝜉′, 𝜉𝑛) (𝜉 = (𝜉′, 𝜉𝑛)), (2)

where 𝐾+
𝜘 , 𝐾−

𝜘−𝛼 are analytic functions of 𝜉𝑛 in the half-planes Im 𝜉𝑛 > 0,
Im 𝜉𝑛 < 0, respectively, with 𝐾+

𝜘 ≠ 0 for Im 𝜉𝑛 ≥ 0, 𝐾−
𝜘−𝛼 ≠ 0 for Im 𝜉𝑛 ≤ 0,

𝜉 ≠ 0. 𝐾+
𝜘 and 𝐾−

𝜘−𝛼 are, up to a bounded nonzero factor, homogeneous
functions of 𝜉 = (𝜉′, 𝜉𝑛) of orders 𝜘 and 𝜘 − 𝛼. The number 𝜘 = 𝜘(𝑥0) is called
the index of the kernel 𝐾𝛼 at the point 𝑥0 ∈ Γ, and

𝜘 = 𝛼
2 + Δ𝑛 arg𝐾𝛼(𝑥0, 𝜉′, 𝜉𝑛),

where Δ𝑛 arg𝐾𝛼(𝑥0, 𝜉′, 𝜉𝑛) is the increment of the argument of 𝐾𝛼(𝑥0, 𝜉′, 𝜉𝑛)
as 𝜉𝑛 varies from +∞ to −∞ (𝜉′ fixed) (see (3−5)). Continue the function 𝜘(𝑥),
defined for 𝑥 ∈ Γ, continuously into 𝐺, and take a sufficiently fine finite covering
{𝑈𝑗} of the domain 𝐺 ∪ Γ so that the oscillation of 𝜘(𝑥) in each 𝑈 𝑗 is less than
1/2. Let {𝛼𝑗(𝑥)} be a partition of unity corresponding to the covering {𝑈𝑗},
and let 𝜘𝑗 = 𝜘(𝑥𝑗), where 𝑥𝑗 is an arbitrary point of 𝑈𝑗. By 𝐻(𝜘)+𝑠(𝐺), where
(𝜘) = {𝜘𝑗}, we denote the space of functions 𝜑(𝑥) in 𝐺, for

for which the norm is finite

‖𝜑‖2
(𝜒)+𝑠 = ∑

𝑗
‖𝛼𝑗𝜑‖2

𝜒𝑗+𝑠, (3)

where ‖ ‖𝜒𝑗+𝑠 is the Sobolev–Slobodetskii norm. The space obtained by closing

the finite functions in 𝐺 in the metric (3) will be denoted by
∘

𝐻(𝜒)+𝑠.

By the first homogeneous boundary-value problem we mean finding a solution of
equation (1) from

∘
𝐻(𝜒). We note that on those parts of the boundary Γ𝑗 = Γ∩𝑈 𝑗,

sovietrxiv.org/items/ru-196401.03550 Machine Translation

https://sovietrxiv.org/items/ru-196401.03550


where 𝜒𝑗 is positive, 𝜑(𝑥) from
∘

𝐻(𝜒) vanishes together with derivatives up to a
certain order.

The operator 𝐾𝛼 maps
∘

𝐻(𝜒) continuously into 𝐻(𝜒)−𝛼. We impose on the opera-

tor 𝑇 the condition that it map
∘

𝐻(𝜒) into 𝐻(𝜒)−𝛼1
, where 𝛼1 < 𝛼. For example,

𝑇 satisfies this condition if 𝑇 = ∑𝑖 𝐾𝛽𝑖
, where 𝐾𝛽𝑖

are operators of the form
𝐾𝛼 with 𝛽𝑖 < 𝛼.
Theorem 1. The operator 𝐾 = 𝐾𝛼 + 𝑇 , under conditions a) and b), is a
Φ-operator ∗ from

∘
𝐻(𝜒) into 𝐻(𝜒)−𝛼.

It follows from this that under these conditions equation (1) is normally solvable
and the estimate holds

‖𝜑‖(𝜒) ≤ 𝐶 (‖𝑓‖(𝜒)−𝛼 + ‖𝜑‖(𝜒)−1) , 𝜑 ∈
∘

𝐻(𝜒). (4)

We note that in the choice of the space
∘

𝐻(𝜒) there is the arbitrariness indicated
above. However, if in at least one boundary neighborhood 𝑈𝑗 one chooses 𝜒̂𝑗,
differing from 𝜒(𝑥𝑗) = 𝜒𝑗, where 𝑥𝑗 ∈ 𝑈 𝑗 ∩ Γ, by more than 1/2, then the

operator 𝐾 will not be a Φ-operator from
∘

𝐻(𝜒) into 𝐻(𝜒)−𝛼 when (𝜒) contains
the component 𝜒̂𝑗 instead of 𝜒𝑗. In particular, from Theorem 1 there follows the

normal solvability in the spaces
∘

𝐻(𝜒) of the singular integral equation (1) in the
domain 𝐺. We draw attention to the fact that if max𝑥∈Γ |𝜒(𝑥)| ≥ 1/2, then the
operator (1) in the space 𝐿2(𝐺), equivalent to 𝐻(0), will not be a Φ-operator.

The main point of the proof is the study of the equation 𝐾𝛼𝜑 = 𝑓 with symbol
𝐾𝛼, independent of 𝑥, in the half-space 𝑥𝑛 > 0. Then the problem is solved in
explicit form by the Wiener–Hopf method (see (3)).
Theorem 1 is also true in the spaces 𝐻(𝜒),𝑁(𝐺) of functions smooth inside the
domain 𝐺, with norm

‖𝜑‖2
(𝜒),𝑁 = ∑

𝑗
‖𝛼𝑗𝜑‖2

𝜒𝑗,𝑁 , where ‖𝜑‖2
𝜒𝑗,𝑁 =

𝑁
∑
𝑘=0

‖𝛽𝑘𝜑‖2
𝜒𝑗+𝑘,

𝛽𝑘(𝑥) is a smooth function in 𝐺 ∪ Γ such that 𝛽𝑘(𝑥) = 𝑂(𝑟𝑘), where 𝑟 is the
distance from 𝑥 to Γ; 𝛽𝑘(𝑥) > 0 for 𝑥 ∈ 𝐺.

By the nonhomogeneous first boundary-value problem we mean the problem of
solving equation (1), in which the integrals are taken over 𝑅𝑛 and for 𝑥 ∈ 𝑅𝑛 ∖𝐺
the sought solution is prescribed as 𝜑(𝑥) = 𝑓(𝑥) (𝑥 ∈ 𝑅𝑛 ∖ 𝐺).
Theorem 2. The nonhomogeneous first boundary-value problem is normally
solvable, i.e. the operator 𝐾𝜑 = (𝐹 , 𝑓(𝑥)) is a Φ-operator from 𝐻(𝜒)(𝑅𝑛) into
(𝐻(𝜒)−𝛼(𝐺), 𝐻(𝜒)(𝑅𝑛 ∖ 𝐺)).
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* Definition of a Φ-operator, see in (6).

3. Let us consider general boundary-value problems for equation (1). In addi-
tion to conditions a) and b), we impose on 𝐾𝛼(𝑥, 𝜉) the following additional

Condition c). 𝜘 = 𝑚 is an integer and is the same for all 𝑥 ∈ Γ, and for any
integer 𝑝 ≥ −𝑚

(𝜉𝑛 − 𝑖|𝜉′|)𝑝𝐾+
𝑚(𝑥0, 𝜉′, 𝜉𝑛) = 𝑃𝑚+𝑝(𝑥0, 𝜉′, 𝜉𝑛) + 𝑅𝑚+𝑝(𝑥0, 𝜉′, 𝜉𝑛), (5)

where 𝑃𝑚+𝑝 is a polynomial in 𝜉𝑛 of degree 𝑚 + 𝑝, and

|𝑅𝑚+𝑝(𝑥0, 𝜉′, 𝜉𝑛)| ≤ 𝐶|𝜉′|𝑚+𝑝+1

|𝜉′| + |𝜉𝑛| ; (6)

𝑃𝑚+𝑝 and 𝑅𝑚+𝑝 are homogeneous functions of 𝜉 = (𝜉′, 𝜉𝑛) of degree 𝑚 + 𝑝.
Condition c) can be replaced by the somewhat less restrictive, but more conve-
nient, condition c′).

Condition c′). The kernel 𝐾+
𝑚(𝑥0, 𝜉′, 𝜉𝑛) admits analytic continuation in 𝜉𝑛

into a part of the half-plane Im 𝜉𝑛 < 0, namely for |𝜉𝑛| > 𝑀|𝜉′|, and the
resulting function is single-valued and analytic outside the semicircle 𝐶0 ∶ |𝜉𝑛| ≤
𝑀|𝜉′|, Im 𝜉𝑛 < 0. This condition is, obviously, always satisfied by operators 𝐾𝛼
for which 𝐾𝛼(𝑥, 𝜉) is rational in 𝜉𝑛.

If condition c) or c′) is fulfilled, then for any 𝑠 the operator 𝐾𝛼 maps 𝐻𝑠(𝐺)
into 𝐻𝑠−𝛼(𝐺).
We consider separately two cases: 1) 𝑚 ≥ 0 and 2) 𝑚 < 0.

1) 𝑚 ≥ 0. In this case, together with equation (1) in 𝐺, 𝑚 boundary condi-
tions are prescribed on Γ:

𝐵𝑗𝜑|Γ = 𝑔𝑗(𝑥1), 𝑥1 ∈ Γ (𝑗 = 1, … , 𝑚), (7)

where 𝐵𝑗 = 𝐵𝛼𝑗
+ 𝑇 (𝑗) are general operators of the form (1); 𝐵𝛼𝑗

has order
of homogeneity 𝛼𝑗, where 𝛼𝑗 is an arbitrary real number; 𝑇 (𝑗) is an operator
subordinate to 𝐵𝛼𝑗

. Note that the number 𝑚 of boundary conditions (7) is
determined by the index 𝑚 of the kernel 𝐾+

𝑚 in (2) (𝜘 = 𝑚), and not by
the order of homogeneity 𝛼 of the whole operator 𝐾𝛼. For normal solvability
of problem (1), (7), it is necessary to impose on 𝐵𝑗 the following regularity
condition (an analogue of the Shapiro–Lopatinskii condition):
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det ∥∫
Γ0

𝐵𝛼𝑗
(𝑥0, 𝜉′, 𝜉𝑛) 𝜉 𝑘−1

𝑛
𝐾+𝑚(𝑥0, 𝜉′, 𝜉𝑛) 𝑑𝜉𝑛∥ ≠ 0 for 𝜉′ ≠ 0, 1 ≤ 𝑗, 𝑘 ≤ 𝑚, (8)

where Γ0 is the boundary of the semicircle 𝐶0. It is assumed here that 𝐵𝛼𝑗
and

𝐾+
𝑚 satisfy condition c′). The regularity condition is formulated analogously

when condition c) is fulfilled.

Theorem 3. Suppose that in 𝐺 equation (1) is given and on Γ the boundary
conditions (7) are given, where 𝐾+

𝑚 satisfies conditions a), b), c) or c′), and 𝐵𝛼𝑗
satisfies conditions a), c′) and (8). Suppose, further, that 𝑇 acts from 𝐻𝑠(𝐺)
to 𝐻𝑠−𝛼−𝛿(𝐺), and 𝑇 (𝑗) acts from 𝐻𝑠(𝐺) to 𝐻𝑠−𝛼𝑗−𝛿(𝐺), 𝛿 > 0. Then problem
(1), (7) is normally solvable in the space 𝐻𝑠(𝐺) (where 𝑠 ≥ 𝛼𝑗 + 1) and the
estimate

‖𝜑‖𝑠 ≤ 𝐶 (‖𝐹‖𝑠−𝛼 +
𝑚

∑
𝑗=1

‖𝑔𝑗‖𝑠−𝛼𝑗−1/2 + ‖𝜑‖𝑠−1) (9)

holds.

This theorem generalizes to the case of very general operators the well-known
theory of elliptic differential boundary-value problems (see, for example, (7−9))*.

* The case in which 𝐾𝛼(𝑥, 𝜉′, 𝜉𝑛) and 𝐵𝛼𝑗
(𝑥, 𝜉′, 𝜉𝑛) for 𝑥 ∈ Γ depend polynomi-

ally on 𝜉𝑛 was previously considered by other methods by M. S. Agranovich.

Generalization. The theory of boundary-value problems of the form (1), (7)
also extends to the case when the number 𝜘 = 𝜘(𝑥) in the factorization (2) is
not an integer and depends on 𝑥.

2) 𝑚 < 0. In this case it is natural, instead of equation (1), to consider the
more general equation

∫
𝐺

𝐿𝛼(𝑥, 𝑥 − 𝑦)𝐹(𝑦) 𝑑𝑦 +
|𝑚|
∑
𝑗=1

∫
Γ

𝐺𝑗(𝑥, 𝑥 − 𝑦1)𝑔𝑗(𝑦1) 𝑑𝑦1 + ⋯ = 𝜑(𝑥), (10)

where the ellipsis denotes two subordinate terms of analogous form. The kernels
𝐿𝛼(𝑥, 𝑧) and 𝐺𝑗(𝑥, 𝑧) are, generally speaking, generalized functions in 𝑧. The
kernel 𝐿𝛼(𝑥, 𝑧) satisfies conditions a), b), c) or c′), where 𝑚 < 0. The kernels
𝐺𝑗(𝑥, 𝜉′, 𝜉𝑛), 𝑗 = 1, … , |𝑚|, have order of homogeneity 𝑚𝑗 in 𝜉 and satisfy con-
dition c) (or c′)). Thus, in view of the fact that 𝑚 < 0, in equation (10) there
appear |𝑚| additional integrals of potential type, instead of the 𝑚 boundary
conditions (7) encountered earlier for 𝑚 > 0.
Let us denote:
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𝑅+
𝑗 (𝑥0, 𝜉′, 𝜉𝑛) = lim

𝜀→+0
∫

Γ0

𝐺𝑗(𝑥0, 𝜉′, 𝜂𝑛) 𝑑𝜂𝑛
𝐿−

−|𝑚|+𝛼(𝑥0, 𝜉′, 𝜂𝑛)(𝜂𝑛 − (𝜉𝑛 + 𝑖𝜀)) , (11)

where 𝐿−
−|𝑚|+𝛼(𝑥0, 𝜉′, 𝜉𝑛) enters the following factorization of 𝐿𝛼:

𝐿𝛼(𝑥0, 𝜉′, 𝜉𝑛) =
𝐿−

−|𝑚|+𝛼(𝑥0, 𝜉′, 𝜉𝑛)
𝐿+

|𝑚|(𝑥0, 𝜉′, 𝜉𝑛) .

It is proved that 𝑅+
𝑗 satisfies condition c′) and, consequently,

𝐿+
|𝑚|(𝑥0, 𝜉′, 𝜉𝑛)𝑅+

𝑗 (𝑥0, 𝜉′, 𝜉𝑛) = 𝑃𝑗(𝑥0, 𝜉′, 𝜉𝑛) + 𝑅𝑗1(𝑥0, 𝜉′, 𝜉𝑛), (12)

where 𝑃𝑗 are polynomials in 𝜉𝑛 of degree ≤ |𝑚| − 1; for 𝑅𝑗1 an estimate of the
form (6) holds.

The regularity condition for equation (10) consists in the polynomials 𝑃𝑗 (𝑗 =
1, … , |𝑚|) being linearly independent for any fixed |𝜉′| ≠ 0 and 𝑥0 ∈ Γ.
Theorem 4. Let the kernel 𝐿𝛼 satisfy conditions a), b), c′) or c), the kernels
𝐺𝑗 satisfy conditions c′) or c) and a) (with order of homogeneity 𝑚𝑗), and let
the regularity condition be fulfilled. Then equation (10) is normally solvable
if the unknown functions (𝐹(𝑥), 𝑔𝑘(𝑥1)) (𝑘 = 1, … , |𝑚|, 𝑥1 ∈ Γ) belong to the
spaces (𝐻𝑠(𝐺), 𝐻𝑠−|𝛼|+𝑚𝑘−1/2(Γ)), while the prescribed function 𝜑(𝑥) belongs to
𝐻𝑠−𝛼(𝐺). In this case the estimate

‖𝐹‖𝑠 +
|𝑚|
∑
𝑘=1

‖𝑔𝑘‖𝜆𝑘
≤ 𝐶 ⎛⎜

⎝
‖𝜑‖𝑠−𝛼 + ‖𝐹‖𝑠−1 +

|𝑚|
∑
𝑘=1

‖𝑔𝑘‖𝜆𝑘−1⎞⎟
⎠

,

holds, where 𝜆𝑘 = 𝑠 − 𝛼 + 𝑚𝑘 + 1
2 .

By analogous methods we have also studied systems of singular equations and
applications to boundary-value problems with discontinuous boundary condi-
tions.

In conclusion, we note that all our results have been carried over to the case of
singular equations of“parabolic”type. In this case general mixed boundary-value
problems have been studied.

Received
6 XI 1963
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