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Abstract
Full Text

A. L. CHISTYAKOV

ON THE SCATTERING OPERATOR IN THE SPACE
OF SECOND QUANTIZATION

(Presented by Academician I. G. Petrovskii on 7 IV 1964)

In this paper the existence of the elastic part of the scattering operator is proved
for energy operators of quantum-mechanical systems with a variable number of
particles.

1. Systems with a variable number of particles are described by means of
the apparatus of second quantization. Denote, as usual, by a*(£) and a(§)
the creation and annihilation operators,* where £ is a parameter ranging
over three-dimensional Euclidean space F5. The operators a*(§) and a(§)
satisfy either the Bose commutation relations:

[a(x),a”(y)] = d6(x —y),  [a(x),aly)] = [a"(2),a"(y)] = 0, (1)

or the Fermi relations:

{a(x),a*(y)} =d(x—y),  {al@),aly)} ={a’(x),a’(y)} =0,  (2)

where 0(z — y) is the Dirac d-function. As the space of states one considers a
Hilbert space $), called the space of second quantization. It consists of vectors
of the form

o0 1 [ee]
o= —— 1,0 (1) 0 (@, A ® L|2dne < oo |
;m/*”"“”l £)a (2,) 0 (z, ) d oy (;/w z oo>

where @ is the vacuum vector, i.e. a solution of the equation a(§)® = 0. The
functions ¢,, are symmetric in the coordinates z,,x,...,x, in the Bose case

and antisymmetric in the Fermi case. The scalar product in ) is given by the
formula

(®,0) = Z / 0 (X1, s 2,0, (21, 02, )d T
n=0

2. As energy operators of systems with a variable number of particles we
shall consider operators defined in the space § of the form**
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H=H,+V

with natural domains of definition D(H ), where

Hy=— / 0 (€) Aa(€) de,

Ve S V4 Vi, V= / a*(61) 0% () X

1<k<m<M

XUk (€1 s & | M5 s )a(iy) - ang)d™E d¥n. 3)

The operators H, and V express, respectively, the kinetic energy of the system
and the interaction energy. We emphasize that the operator V' does not contain
interactions of the form V, 4 + V,;,. We shall assume the operators H to be
self-adjoint. ***

The following three theorems express sufficient conditions for the existence of
the elastic part of the scattering operator.

* Strictly speaking, a*(£) and a(§) are not operators but operator-valued gener-
alized functions.

** The rules of action of the operator on a vector in the space $) are determined
by relations (1) for a system of bosons and by relations (2) for a system of
fermions.

*** In any case, the operator H is either symmetric or conjugate to a symmetric
one. In the latter case, by H one means one of its self-adjoint restrictions.

Theorem 1. Suppose that the interaction operator V is such that, for all
functions v,,,;, entering into its expression, the conditions

/|vmk(§17 7£m | 7717 777k')|2 H (1 + |£Z|(2+7)/M) x
=1
k
) | (1 |ny| 207y dmedin < A < oo (4)
j=1

are satisfied for some positive constants v and A. Then the one-parameter
family of operators
U, (t) = exp(iHt) exp(—iHyt)

has strong limits as t — 4oc.
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These limits
Ui = lim Uy(t)

t—+o00

are called the wave operators of the elastic channel. The elastic part of the
scattering operator is expressed through them by the formula

So = (Uy) Uy -
Among interaction operators that do not satisfy the conditions of Theorem 1,
of special interest are operators commuting with the total-momentum operator.

They are expressed by formula (3) under the condition that the kernels of the
operators V,,,, can be represented in the form

Umk(fl? 7§m | My 777k) =

:/wmk(gliua"wgm*u|7717U,""77k7u>du3 (5)

where w,,; are arbitrary functions defined in the spaces Ej,, ). From (5) it
follows that v, is a function of m + k — 1 three-dimensional vectors:

Umk = ka<§2 7517 7£m 751 | mh— 517 s Tk 751) (6)

In particular, v,,; may also be a generalized function:

Umk = Fr(rle(§2 =& — & | Ns+1 — §1r ooy Mg —&)0(& —m) -

w0(Eg—mg) + ey (7)

where the dots denote symmetrization with respect to &;,...,&, and 0y, ..., n;
separately. For interaction operators commuting with the total-momentum op-
erator, the following analogues® of Theorem 1 are valid:

Theorem 2. Suppose

H=H,+ Z Ver + Vi)

2<k<m<M

where the kernels of the operators V. are given by formula (7) and satisfy the
conditions:

nyf}l(ﬂl» s Hm—1 | vy, "'7Vk—s> € LZ(ES(m+k—s—1))’

if s >2, or
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m—
/| .Ule"'va—l | Viyeor s Vi 1 H 1+"u,z 2+’y)/(m 1)) X
i=1

k—1
s [T (1w G/ =) am=tydh=ty < A < o0
j=1
for some v > 0, if s = 1. Then the wave operators U exist.

Theorem 3. Suppose

H=H,+ Z Vonr + Vi)

2<k<m<M

where the kernels of the operators V. are given by formula (6) and satisfy the
conditions

m—1 k
/| Wity sty |1 ) TLCL+ 1) T+ Iy P27)
=1 =1

= J
xd™ 1 udby < A < oo

for some v > 0. Then the wave operators U; exist.

* We emphasize that from the interaction operator (3) in Theorems 2 and 3 the
term V,,; + V», is excluded.

All three theorems are proved analogously. We shall dwell on the first.

3. Proof of Theorem 1. General remarks. The existence of the wave
operators, by analogy with ordinary quantum mechanics (1), is established on
the basis of the finiteness of the lengths of the curves described in the Hilbert
space h by the vectors U, (t)® as the argument ¢ varies from 0 to f+oo. It is
sufficient here that the set of vectors ® not coincide with b, but form some
everywhere dense set 9 contained in D(H). Thus the process of proof reduces
to the choice of the sets 1 in the Bose and Fermi cases and to establishing the
integrability of the functions |V exp(—iH,t)®| of the variable ¢ for all & € M.

The Bose case. Consider vectors of the form

1
Bor = o / (1, N) o, Na* () - a*(x,) P B

where

sovietrxiv.org/items/ru-196401.02796 Machine Translation


https://sovietrxiv.org/items/ru-196401.02796

o(x,\) = (2m) ¥t exp{—1|z — A|?}. (8)

As the set I one may take the linear span of the vectors ®,, \, wheren = 0,1, ...,
and the parameter A runs through the space Es.

The formulas below contain the function t(x, A, t), the solution of the Cauchy

0
problem for the equation z—w = —A ¢ with initial condition (8). This solution

is expressed by the formula

Yz, A t) = (2m) 34 (1 +it) 2 2exp {—L|z — AP(1 +it) 1} (9)
and admits the estimate
[, A O] < BJL it |70 g — AL,

where B is some positive constant, and 6 € (0,%). On the basis of this estimate
we obtain

[V exp(—iHyt)®, | < k! / O Ets e | T e 1)

X 6mk<€17 7§m | qyi;--- 7qk:) H w(nj7)\at)1/;(qja)‘,t>

1<j<k

< ] lbteg, A 02 dmgdrndha dnra
1<s<n—k
k! B*

< W/”m(ﬁp oo & [ s ) O (s oo 6 | s

—3/2+(1+6)/k
X H <|77j_)‘| |qj_)\|) dm¢drindra.

1<j<k

To the last integral we apply the Cauchy—Bunyakovsky inequality, after first
multiplying and dividing the integrand by

TT 1+ Iy l2m) 201 Jg 2rmy 2
1<j<k

We now choose §; from the interval (0, min(1/2,v/2)). Then

/ Iy — A3+ 280/k(1 gl @0/%) 1 dy < e(,6,) < oo,
E3

and conditions (4) lead to the inequality
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[Vk exp(—iHot)@,, 5 [* < |1+ it] 77200 kL BEA[C(v, 6y)]*- (10)
The integrability in ¢ of the function |V exp(—iHyt)®,, ,| is a consequence of
inequality (10) and the inequality
Ve < > (V%I + 1V ) -
1<k<m<M

The passage from @, , to an arbitrary vector ® € 90 presents no difficulty.
Theorem 1 for the Bose case is proved.

Fermi case. Consider vectors of the form

1
D, (A,ey Ay = ﬁ/wn(ml,...,xn;)\l,...,/\n)a*(xl)...a*(xk)d"a:(bo, (11)

where @, (1, ..., Zn; A1, ..., A,) is the determinant of the matrix whose elements
;1 are the functions (x;, A;), defined by equality (8). The set 9 is defined
as the linear span of the vectors (11), where n = 0,1,..., and Ay, Ay, ..., A, is

a system of independent parameters—vectors of the space E5. It is dense in §
and is contained in D(H).

Application of the operator V, , exp(—iH,t) to the vector (11) gives

mG exp(_iHOt)(I)n(Ah ) )‘n) =
:ka(n)/a*(fl)~~a*(€m)0mk(€1»~~»§m | 1155 )

X wn(nh 777k7xk+17 vy T Ala L] )‘na t) a*('rk+1) a*('rn> dmfdn_km dknv
(12)

where

1
—nn—1)...(n—k+1), forn>Ek,
¢ (n) = \/H( ) ( )

0, for n < k,

and the function ¢, is the determinant of the functions (x;, A, t), defined by
equality (9). The norm of the vector corresponding to an individual term of the
determinant 1,, in expression (12) is estimated as in the Bose case. The number
of such terms in (12) is finite. Thus, in the Fermi case as well, the integrability
of the functions ||V exp(—iHyt)®| is established for all & € M. This completes
the proof of Theorem 1.
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4. The obtained operators U are isometric and, consequently, can be repre-
sented in the normal form (2). Moreover, they are transformation opera-
tors, i.e. UfHy = HUF .

In conclusion I express my deep gratitude to F. A. Berezin, under whose guid-
ance the present work was carried out.

Institute of Organoelement Compounds
Academy of Sciences of the USSR
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