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Abstract
Full Text
V. P. ZAROVNY

ON THE GROUP OF AUTOMATIC ONE-TO-
ONE MAPPINGS
(Presented by Academician A. I. Mal’tsev, 27 I 1964)

In the work of J. Hořejš (1) there was posed (as far as we know, for the first
time) the problem of studying various classically expressible properties of the
group of one-to-one mappings of the set of words in a finite alphabet onto itself,
induced by finite automata. Below some results in this direction are set forth.

1. A Mealy automaton (see (2)) is a collection
𝐴 = 𝐴(𝔄, 𝔛, 𝔜, 𝛿, 𝜆, 𝑎0) of six mathematical objects, of which 𝔄, 𝔛, 𝔜 are
sets, called respectively the sets of states, inputs, and outputs; 𝛿 is
a function mapping 𝔄 × 𝔛 into 𝔄 and called the transition function; 𝜆
is a function mapping 𝔄 × 𝔛 into 𝔜 and called the output function; 𝑎0
is a fixed element of 𝔄, called the initial state. The mapping induced
by the automaton 𝐴 is the mapping 𝜑𝐴 of the set 𝐹(𝔛) of words in the
alphabet 𝔛 into the set 𝐹(𝔜) of words in the alphabet 𝔜, defined by the
condition

𝜑𝐴(𝑥𝑖1
… 𝑥𝑖𝑘

) = 𝜆(𝑎0, 𝑥𝑖1
)𝜆(𝑎0𝑥𝑖1

, 𝑥𝑖2
) … 𝜆(𝑎0𝑥𝑖1

… 𝑥𝑖𝑘−1
, 𝑥𝑖𝑘

),

where 𝑎0𝑥 denotes 𝛿(𝑎0, 𝑥) and
𝑎0𝑥𝑦 = 𝛿(𝑎0, 𝑥𝑦) = 𝛿[𝛿(𝑎0, 𝑥), 𝑦] for arbitrary 𝑥, 𝑦 ∈ 𝔛.

The sets 𝔛 and 𝔜 are always assumed finite. The automaton 𝐴 is called finite
if the set 𝔄 is also finite.

The definition of a Moore automaton is obtained by replacing, in the definition
of a Mealy automaton, the function 𝜆 by the marking function 𝜇 ∶ 𝔄 → 𝔜 and
the condition for 𝜑𝐴 by the condition

𝜑𝐴(𝑥𝑖1
… 𝑥𝑖𝑘

) = 𝜇(𝑎0𝑥𝑖1
)𝜇(𝑎0𝑥𝑖1

𝑥𝑖2
) … 𝜇(𝑎0𝑥𝑖1

… 𝑥𝑖𝑘
).

It is known (see (2), p. 53) that the set of mappings induced by Mealy automata
(finite Mealy automata) coincides with the set of mappings induced by Moore
automata (finite Moore automata). This gives us grounds for using the term
“automatic (respectively, finite-automatic) mapping.”

Let now 𝔛 = (𝑥1, … , 𝑥𝑛) and 𝔜 = 𝔛. Denote by 𝐹(𝑛) the set of words in
the alphabet 𝔛 of 𝑛 letters; by 𝐴(𝑛) (𝐾(𝑛)), the set of all automatic (finite-
automatic) one-to-one mappings of the set 𝐹(𝑛) onto itself; by 𝐹(𝑛, 𝑟), the
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set of words of length 𝑟 in an alphabet of 𝑛 letters. We shall also introduce
the notation 𝑙𝑝 for the initial segment of length 𝑙 of the word 𝑝. A mapping
preserving the lengths of words will be called isometric.

2. On the basis of the obvious equalities

𝐹(𝑛) =
∞
⋃
𝑟=1

𝐹(𝑛, 𝑟)

and

𝐹(𝑛, 𝑖) ∩ 𝐹(𝑛, 𝑗) = ∅, 𝑖 ≠ 𝑗,

one can prove

Proposition 1. The set 𝐼(𝑛) of one-to-one isometric mappings of the set 𝐹(𝑛)
onto itself forms a group with respect to multiplication of mappings. This group
is isomorphic to the complete direct

direct product (see (4)) ∏∞
𝑟=1 𝑆𝑛𝑟 of symmetric groups of degrees 𝑛𝑟, 𝑟 = 1, 2, ….

Using the criterion for automaticity of an alphabet mapping (see (3)), in partic-
ular the fact that alphabet mappings are isometric, we obtain, as a consequence
of Proposition 1,

Proposition 2. There is an inclusion 𝐴(𝑛) ⊆ 𝐼(𝑛), or, in other words,
automatic one-to-one mappings of the set 𝐹(𝑛) onto itself can be specified
by sequences of the form 𝜑 = (𝜑1, … , 𝜑𝑟, …) of substitutions of the sets
𝐹(𝑛, 1), … , 𝐹(𝑛, 𝑟), …, and multiplied componentwise.

3. Automatic one-to-one mappings of the set 𝐹(𝑛) onto itself among isometric
one-to-one mappings can be characterized by the following proposition:

Proposition 3. If 𝜑 ∈ 𝐼(𝑛) and 𝜑 = (𝜑1, … , 𝜑𝑟, …) is its representation by the
substitutions of the sets 𝐹(𝑛, 1), … , 𝐹(𝑛, 𝑟), … induced by it, then the following
assertions are equivalent:

a) 𝜑 is an automatic mapping;

b) for every 𝑟 = 1, 2, … and every word 𝑝 ∈ 𝐹(𝑛, 𝑟), for 1 ≤ 𝑙 ≤ 𝑟, the equality

𝑙[𝜑𝑟(𝑝)] = 𝜑𝑙(𝑙𝑝)

holds;

c) for every 𝑟 = 1, 2, … and every word 𝑝 ∈ 𝐹(𝑛, 𝑟), the equality

𝑟−1[𝜑𝑛(𝑝)] = 𝜑𝑛−1(𝑟−1𝑝).
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The proof of this proposition is based on the criterion for automaticity of a
mapping from (3). Using Proposition 3, one can prove the following theorem:

Theorem 1. The set 𝐴(𝑛) of all one-to-one automatic mappings of the set
𝐹(𝑛) onto itself is a group—a subgroup of 𝐼(𝑛).
This theorem is analogous to the fact proved by J. Hořejš in [1]. The set 𝐾(𝑛)
of finite-automaton one-to-one mappings of the set 𝐹(𝑛) onto itself is a group.

Hence

Corollary 1. The set 𝐾(𝑛) is a subgroup of the group 𝐴(𝑛), and therefore also
of the group 𝐼(𝑛).

4. For the study of the groups 𝐴(𝑛) and 𝐾(𝑛), the following concept turns out
to be useful. A substitution of the set 𝐹(𝑛, 𝑟) is called automatic (finite-
automatic) if it serves as the 𝑟-th component of at least one automatic
(finite-automatic) and one-to-one mapping. We immediately obtain

Proposition 4. The set 𝐴(𝑛, 𝑟) (respectively 𝐾(𝑛, 𝑟)) of automatic (finite-
automatic) substitutions of the set 𝐹(𝑛, 𝑟) forms a group (a subgroup of the
symmetric group 𝑆𝑛𝑟) with respect to multiplication of substitutions.

It is clear that 𝐾(𝑛, 𝑟) ⊆ 𝐴(𝑛, 𝑟).
The use of the groups 𝐴(𝑛, 𝑟) and 𝐾(𝑛, 𝑟) for the study of the groups 𝐴(𝑛) and
𝐾(𝑛) is based on the following fact:

Proposition 5. The group 𝐴(𝑛) (the group 𝐾(𝑛)) is a subdirect product (see
(4)) of the groups 𝐴(𝑛, 𝑟) (the groups 𝐾(𝑛, 𝑟)), 𝑟 = 1, 2, ….

In this connection there arises the problem of characterizing automatic (finite-
automatic) substitutions. This problem is solved by

Proposition 6. In order that a substitution 𝜑𝑟 of the set 𝐹(𝑛, 𝑟) be automatic,
it is necessary and sufficient that the following three requirements be satisfied
(for any 𝑝, 𝑞 ∈ 𝐹(𝑛, 𝑟), 1 ≤ 𝑙 ≤ 𝑟):

AP. 1. If 𝑙𝑝 = 𝑙𝑞, then also 𝑙[𝜑𝑟(𝑝)] = 𝑙[𝜑𝑟(𝑞)].
AP. 2. If 𝑙[𝜑𝑟(𝑝)] = 𝑙[𝜑𝑟(𝑞)], then also 𝑙𝑝 = 𝑙𝑞.

AP. 3. 𝐹(𝑛, 𝑙) = { 𝑙[𝜑𝑟(𝑝)]; 𝑝 ∈ 𝐹(𝑛, 𝑟) }.

Every automaton permutation is also finite-automaton, so that 𝐴(𝑛, 𝑟) = 𝐾(𝑛, 𝑟)
for any 𝑟 = 1, 2, ….

The necessity of conditions AP. 1–3 follows directly from Proposition 3 and the
definition of an automaton permutation. To prove sufficiency, for 𝑙 < 𝑟 and 𝑘 > 𝑟
one considers the mappings associated with the permutation 𝜑𝑟 (𝑝 ∈ 𝐹(𝑛, 𝑙), 𝑞 ∈
𝐹(𝑛, 𝑘)): 𝜑𝑙/𝑟(𝑝) = 𝑙[(𝜑𝑟(𝑝𝑥𝑖𝑙+1

… 𝑥𝑖𝑟
)], where 𝑥𝑖𝑙+1

, … , 𝑥𝑖𝑟
are arbitrary letters;

𝜑𝑟/𝑘(𝑞) = 𝜑𝑟/𝑘(𝑥𝑖1
… 𝑥𝑖𝑟

𝑥𝑖𝑟+1
… 𝑥𝑖𝑘

) = 𝜑𝑟(𝑥𝑖1
… 𝑥𝑖𝑟

)𝑥𝑖𝑟+1
… 𝑥𝑖𝑘

.
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The meaning of conditions AP. 1–3 is that they ensure that 𝜑𝑙/𝑟 and 𝜑𝑟/𝑘 are
permutations of the sets 𝐹(𝑛, 𝑙) and 𝐹(𝑛, 𝑟), respectively. The mapping

𝜑 = (𝜑1/𝑟, 𝜑2/𝑟, … , 𝜑𝑟−1/𝑟, 𝜑𝑟, 𝜑𝑟/𝑟+1, …)

is considered, and it is proved that there exists a finite automaton inducing 𝜑
(whence it follows that if the permutation 𝜑𝑟 satisfies conditions AP. 1–3, then
it is not only automaton, but also finite-automaton).

This automaton is constructed as follows. Its states are the symbols 𝑎∅ (the
initial state), 𝑎𝑖1…𝑖𝑘

(𝑖1, … , 𝑖𝑘 are natural numbers from the set 1, … , 𝑛), 𝑎∗.
The transition and output functions are given by the conditions:

𝑎∅𝑥𝑖 = 𝑎𝑖; 𝑎∗𝑥𝑖 = 𝑎∗; 𝑎𝑖1…𝑖𝑘
𝑥𝑖𝑘+1

= {𝑎𝑖1…𝑖𝑘𝑖𝑘+1
, if 𝑘 ≤ 𝑟 − 1,

𝑎∗, if 𝑘 > 𝑟 − 1;

𝜆(𝑎∅𝑥𝑖) = 𝜑(𝑥𝑖), 𝜆(𝑎∗𝑥𝑖) = 𝑥𝑖; 𝜆(𝑎𝑖1…𝑖𝑘
, 𝑥𝑖𝑘+1

) = 𝜋𝜑(𝑥𝑖1
… 𝑥𝑖𝑘

𝑥𝑖𝑘+1
),

where 𝜋𝑝 denotes the last letter of the word 𝑝.

If 𝜑𝑟 is an automaton permutation, then, by the first part of the proof, it satisfies
conditions AP. 1–3, and by what was proved in the second part in this case it
is finite-automaton, i.e. 𝐴(𝑛, 𝑟) ⊆ 𝐾(𝑛, 𝑟), that is, 𝐴(𝑛, 𝑟) = 𝐾(𝑛, 𝑟).
Taking this into account, one can, in particular, rephrase Proposition 5:

Proposition 5′. Both the group 𝐴(𝑛) and the group 𝐾(𝑛) are direct products
of the groups 𝐾(𝑛, 𝑟), 𝑟 = 1, 2, ….

5. It is known what importance knowledge of the order of a finite group
has for the study of it. It is therefore important to compute the order
𝜌[𝐾(𝑛, 𝑟)] of the group 𝐾(𝑛, 𝑟).

Theorem 2. The order of the group 𝐾(𝑛, 𝑟) is expressed by the formula

𝜌[𝐾(𝑛, 𝑟)] = (𝑛!) 𝑛𝑟−1
𝑛−1 .

The proof is based on two lemmas.

Lemma 1. There exists a homomorphism of the group 𝐾(𝑛, 𝑟) onto the group
𝐾(𝑛, 𝑟 − 1); as such a homomorphism one may take 𝜔𝑟−1/𝑟 ∶ 𝜑𝑟 → 𝜑𝑟−1/𝑟.

Lemma 2. The kernel of the homomorphism 𝜔𝑟−1/𝑟 has order (𝑛!)𝑛𝑟−1 .

After the proof of the lemmas, the proof of the theorem proceeds as follows:
the index of the kernel of the homomorphism 𝜔𝑟−1/𝑟 in 𝐾(𝑛, 𝑟) is equal to
𝜌[𝐾(𝑛, 𝑟 − 1)], while its order is (𝑛!)𝑛𝑟−1 , so that

𝜌[𝐾(𝑛, 𝑟)] = 𝜌[𝐾(𝑛, 𝑟 − 1)](𝑛!)𝑛𝑟−1 ,
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whence, taking into account that 𝐾(𝑛, 1) = 𝑆𝑛, i.e.

𝜌[𝐾(𝑛, 1)] = 𝑛!,

we obtain

𝜌[𝐾(𝑛, 𝑟)] = (𝑛!)(𝑛!)𝑛2−1 … (𝑛!)𝑟−1 = (𝑛!)∑𝑖=1
𝑟𝑛𝑖−1 = (𝑛!) 𝑛𝑟−1

𝑛−1 .

Using Theorem 2, we compute 𝑝[𝐾(2, 2)] = 23 = 8, after which it is not difficult
to write out explicitly all the elements of the group 𝐾(2, 2), construct its Cayley
table, and discover that six of its elements have order 2, two elements have order
4, and therefore the whole group is not cyclic; the least number of its generators
is two.

Using this, one can obtain in a few words, in the following way, the proof of
J. Hořejš’s theorem on the noncyclicity of 𝐾(𝑛): if 𝐾(𝑛) were cyclic, then
the homomorphic image 𝐾(𝑛, 𝑟), for any 𝑛, 𝑟, would be a cyclic group (see
Proposition 5). But for 𝑛 = 2 the group 𝐾(𝑛, 2), as noted, is not cyclic, while
for 𝑛 > 2 the group 𝐾(𝑛, 1) is not cyclic.

It is interesting that, literally in the same words, on the basis of Proposition 5,
one proves

Theorem 3. The group 𝐴(𝑛) is not cyclic for any 𝑛 ⩾ 2.

6. Finally, one can prove that the group 𝐾(𝑛) satisfies neither the minimality
condition nor the maximality condition.

Let 𝑡 = (𝑖1, … , 𝑖𝑘) (or 𝑡 = (𝑖1, … , 𝑖𝑘, …)) be a strictly increasing finite (or infinite)
sequence of nonzero natural numbers. A mapping 𝜑 from 𝐾(𝑛) is called a
mapping of type 𝑡 if in every word it leaves unchanged all letters standing in
the positions numbered by the numbers from 𝑡.
Proposition 7. The set 𝐾(𝑛)[𝑡] of all mappings of type 𝑡 is a subgroup of the
group 𝐾(𝑛).
Lemma 3. The group 𝐾(𝑛)(𝑟 + 1, …) is isomorphic to the group 𝐾(𝑛, 𝑟) for
every 𝑟.

Lemma 4. The subgroup 𝐾(𝑛)(1, … , 𝑟) of the group 𝐾(𝑛) is the kernel of the
homomorphism of the group 𝐾(𝑛) onto the group 𝐾(𝑛, 𝑟), i.e. a normal divisor
of index 𝑝[𝐾(𝑛, 𝑟)].
Obviously, if 𝑡 ⊆ 𝑡′, then 𝐾(𝑛)[𝑡] ⊇ 𝐾(𝑛)[𝑡′]. Hence, and from Theorem 2,
according to which all the numbers 𝑝[𝐾(𝑛, 𝑟)] for 𝑟 = 1, 2, … are distinct, we
obtain

Proposition 8. The increasing sequence of subgroups of the group 𝐾(𝑛)

𝐾(𝑛)[𝑟 + 1, …] ⊆ 𝐾(𝑛)[𝑟 + 2, …] ⊆ ⋯ ⊆ 𝐾(𝑛)[𝑟 + 𝑠, …] ⊆ ⋯
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does not terminate.

Proposition 9. The decreasing sequence of subgroups of the group 𝐾(𝑛)

𝐾(𝑛)[1, … , 𝑟] ⊆ 𝐾(𝑛)[1, … , 𝑟 + 1] ⊇ ⋯ ⊇ 𝐾(𝑛)[1, … , 𝑟 + 𝑠] ⊇ ⋯

does not terminate.
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