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Abstract

Full Text
MATHEMATICS
M. I. VISHIK, G. I. ESKIN

SINGULAR ELLIPTIC EQUATIONS AND
SYSTEMS OF VARIABLE ORDER

(Presented by Academician I. G. Petrovskii, 11 I 1964)

1. Singular elliptic operators (s.e.0.) of variable order on a closed
manifold. Let an equation be given on a closed manifold M"™

Lygyu=Kypu+Tu= f(z), xEeM”, (1)

alx

where the operator K, in a neighborhood V; C M™ has the form

)

Komypu = / Koow(@ 2 —y)p;u(y)dy + Tipu,  x€Vy (2
Rn

suppp; C V;, p; € C. It is assumed that the symbol of the operator
K (1), i-e. the Fourier transform K, (7, 2) with respect to z: F,K (7, 2) =
I?a(z)(x, €), is a homogeneous function of ¢ of order «(z), so that ﬁam(a@ tE) =
t"‘(m)ga(w)(x,g). For simplicity let K, ()(x, &) be infinitely differentiable with

e}

respect to x and & (£ # 0). The operators T and 77 in (1) and (2) are sub-
ordinate. We shall say that K, is a singular elliptic operator (s.e.0.) if

)

~

Ko@)(@,6) #0, € M", § #0.

2. Spaces of functions of variable order of smoothness. We introduce
the space H®)(M™) with norm lul g2y = [1Ss@)ulo + luls,, where S, is an
s.e.0. with symbol (1 + [¢))#®) B(x) € C=(M™), By = min B(z) — 1, and |u], is
the usual norm of order .

Theorem 1. 1) If 3,(z) < By(x), then H2*) ¢ HA®) and the embedding
operator is completely continuous.

2) Let {V}} be a covering of M", {¢;} the corresponding partition of unity,
and let (3) = {B;}, (7) = {7,} be such sets of numbers that 8; < 8(x) < v,
for z € Vj.

Then H") ¢ HP® ¢ H® and the embedding operators are completely con-
tinuous; the norm in H® is given by the formula lulls = > ||g0ju|\5j.
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3. Normal solvability of equation (1) in H A=), Theorem 2. The operator
L is a P-operator (1) acting from the space HB@”) into HA@—al®) if K az) 1

an s.e.o., and T is a completely continuous operator from HA®) into HP@)—al= ).
The estimate holds

lula) < C (1l a)-ate) + lulls, ) - ()

Here and below, as a subordinate operator 7' it suffices to take an operator of the
form " K () + Ty, where K, (x,£) = [¢[(® In" i(@,8); (@) < alz);
K07,L<JC, t&) = Ko,z< ,€); Ty is a smoothing operator of order-

order N, i.e., if u € H® then Tyu € HN*%. N is fixed, sufficiently large, and
in each concrete case its value can be specified.

4. Boundary-value problems for s.e.o. in a bounded domain. We now
consider an equation of the form (1) in a bounded domain G C R"™ with smooth

boundary I'. As in (?), we factor the kernel ﬁa( on I':

x)

K, (z)(aﬂf) = f(/;(@(x,f)/[?;(m)ia@)(x,f),

&=(¢,¢,), &, corresponds to the normal to I' at the point « € T I?;(x)(x, &) +

0, Im¢,, > 0, Kx(m @@, #0, Im¢, <0, {#0. In (?) general boundary-
value problems were considered for the case of constant and integral y and for
K satisfying condition c) or ¢’). Here the general case of nonintegral and

variable x(z) is considered. We extend K (@) ) to the whole space R", preserving

the ellipticity condition: K;( L) #+0, x € R™, £ # 0. It is proved that there

exists the following representation of the operator L, in all of R":

Ly =L~ -L* + Ty, (4)

a(z)
where LT is a sum of operators with symbols K (@ 6), K oy >(x,§), vi(z) <
x(x), and all of them, for x € T, are analytlc for Im§ > 0. Similarly7 L~
is a sum of operators with symbols [K ) —a(z) (®s oI, 6 (@) (@:8), 45(x) <
a(x) — x(z), analytic in §, for z € T, Im¢, < 0. By u(z ) we shall denote,
generally speaking, generalized functions defined in R™ and equal to zero in

R™\ (GUT). Let v(z) = Dt L*u, where D" is an s.e.0. of order of homogeneity
—M with symbol &M = (¢, +4¢'|)™ on I, M an integer, M > 0. By

Hgf)M(G) we denote the space of functions u(z) such that v(z) € L (R"™)
with finite norm

lulie) = oG i) —x@)enr + lul-n (®)
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where [[v].,;) = inf[Lv], ), Lv is an extension of v from G to R™. The latter

means that v(x) € HY*)(G). We note that the functions u(z) € Hgf)M have
smoothness of order I(z) inside G, and near T, u(x) = O(rX®~M) for nonintegral
x(x); r is the distance of z from I'. If L™ satisfies condition c) from (%) and,
hence, x is integral, then u(x) may turn into a d-function and its derivatives on
I' when M > x. Therefore, usually in the case of boundary-value problems for
differential equations one takes M = x, and then H.. ,, = H! (I(z) =1). In
the general case there is no necessity for this, and M indicates the necessary

number of boundary conditions. We note that when M < x(z), part of the

boundary conditions is contained in the fact that v € HlL(f >M.

On I we prescribe M boundary conditions of the form

Bul,=Fj«), €l (j=1,..,M), (6)

where B; are operators of the form L, satisfying the conditions:

1) B;j-R* =V;+T; , where L™ - R* = I + Ty, and for V; condition c) from
(%) holds.

2)

det

[ B @Ry w0 g ag,

To

where B;O) (x,€) is the principal part of gj(x, ), and I is the same contour as
in (?). We note that in a number of cases condition 1) can be dropped.

Theorem 3. If L, is an s.e.o. and B; (j = 1,..., M) satisfy conditions 1)
and 2), then the operator corresponding to problem (1), (6) is a ®-operator in
the corresponding spaces, and the estimate holds

Jj=1

M
”qu(x) <C (||f|l(;z)—a(x) + Z ”Fj”l(;c)—mj(x)—1/2 + |U||1(a:)—1> ) (7)

where f € H!@)~@)(q), F; € H@=m;@)=1/2(1), m;(z) = ordﬁj, l(z) >
max(m;(x) +1/2, a(z), n(z) — M).

This theorem, in the case K+ satisfying condition c¢) and M = %, coincides with
Theorem 3 in (?).

5. Problems with additional potentials.
In the case of an integer negative M, in the norm of the space H l)i(;?\)/p instead
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of the boundary conditions (6), one should add to equation (1) |M| terms of
potential type (see (?)). Thus, the equation considered is

|M]|
Law) (U(x) + ZGkgk(z’)> =flx), =eG, a’€l, (8)
k=1

where G}, are operators of the type L, (see (%)), satisfying the following
conditions:

1) LTG), = Wy, + T}, , where W), satisfies condition c) from (?).

2’) Since W,io) satisfies condition c), on T’ §yH+W£O>(JJ,§) = P.(z,¢,¢,) +
R (x,§), where V’Vg)) is the principal part of Wk, ngo) = H*W,i()) —&-Wk_, H*W,i())
is analytic for Im¢,, > 0 and decreases as &,, — oo, P,(z,¢’,§,,) are polynomials
in &, of degree not higher than |M|— 1, |R{ (z,&)| < C(z, &) /(€] + €]).

Condition 2’) on G}, consists in the fact that the polynomials P, (k = 1,..., |M])
are linearly independent.

Theorem 4. The operator corresponding to equation (8), where Ly is a
properly elliptic operator and G, satisfy conditions 1'), 2"), is a ®-operator in
the corresponding spaces; moreover, the estimate

| M| | M|
Hu”l(x) + Z ||gk”l(x)+ak(z)+1/2 <C (”f”l(z)a(:r) + ”u/”l(a:)fl + Z ”gk”(sk(x))
k=1 k=1
(9)

ay(x) = ord Gy, 0p(z) = l(z) + ay(z) — 1/2.

Let us note that the solution u(z) of equation (8) has smoothness »(x)+|M| up
to the boundary I'. This is achieved by isolating terms of the form of potentials
G g, ("), which contain the principal singularities of the solution of the equation
Lygv=[finG.

Remark. a) We note that the potentials in (8) may be taken in the same
form as in (2), i.e., the left-hand side of (8) may be replaced by the following:
Loygu+2 é\kgk. b) The number of potentials may be increased to the number
| M|+ s, adding at the same time additionally s boundary conditions of the form

(6).

Example. We restrict ourselves to the simplest example. Let, for simplicity,
in (1) 7= 0 and let K, be the operator with symbol [{|* (« constant), G a
bounded domain. Then for a < 0, K, is an integral operator. For a > 0, K, is
an integro-differential operator. L+ = i/z, so that » = /2. Let a > 0. Take
M = [a/2] and denote v = a/2 — M. Then as boundary operators B; one may
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take operators with symbols ’Ej = &7 (j=1,..., M), and all the conditions
of Theorem 3 will be fulfilled. If o < 0, we take, for example, M such that
af2 =—-M+~,0<vy<1 As G, in (8) it is sufficient to take kernels with
symbols €177 (k= 1,...|M]), in order that all the conditions of Theorem
4 be fulfilled.

6. Systems of properly elliptic operators. Consider a system of equa-
tions of the form (1) in the domain G with symbol f{va(z)(:c,ﬁ), which is a
matrix of order r x r. The ellipticity condition now consists in the fact that
det Eam(m,f) #0,¢#0, z € GUT, while the elements ﬁa@) (x,€) are homo-
geneous functions in & of order a(x). We shall call the system properly elliptic

at points x € I if IA(/a(z)(x, ¢) admits a factorization of the form (see (%))

[A(Ja(w)(xvg) :grl(x7£)s_ls+§+(xa§)a (10)

where K - K_ are homogeneous matrices of order zero with determinant not
vanishing for Im&, > 0, Im¢&,, <0 (£ # 0), respectively; S, = H(Sjkfzj(z)H, S_=

H(Sjkfzj(z)iau) [, I?;, K depend smoothly on z and & (€ #0). Let L*, L~, R*
be operator matrices defined in the same way as in the scalar case, i.e. L,
L LT+ Ty, z € R*, LTR" = I +Ty. Let, further, M = (M;,...,M,) be
an arbitrary integer vector, and, for definiteness, M; > 0, 1 <i <k, M; <0,
k+1<j<r. Denote

M, =

k T
=1

M'La M—: Z |Mj|
j=k+1

Introduce the space H'. ,,(G) with norm

H|U|Hl(w) = Z Hvkn’yk(w)?
k=1

where v = (vq,...,v,),
~ —M,
v=D"L"u, Dt =€, 0., V(@) = U(x) — 9, (2) + My;
I'll, (z) is the norm in H@)(G) (see item 4).

The boundary-value problem for (1) in this case is posed as follows:
La(m)<u+Glg> :f((E>, T e G7 (11)

B(u+ Glg)‘r = F(z'), ' €T, (12)

where G, is a matrix of order r x M_, and the matrix B is of order M, xr. We
formulate conditions on B and on G;:

1) B-R" =V + Ty, where V satisfies condition c).
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2) Let Vj be the principal part of V. Denote by P(x,¢&’,§,,) the vector-
polynomial (P, ..., P.) such that P;=0for j > k+1, while for 1 <j <k,
P; is an arbitrary polynomial in &, of degree M; — 1 with coefficients
depending on ¢ and x. Let Z be a matrix of order r x M, with entries
equal to zero or to &}, such that P = ZC, where C' is an M_-dimensional
vector with components equal to the coefficients of the polynomials P;. It
is required that

det/ ﬁ)(xag)ngn 7& 07 fl :/é 07 zel.
r

0

') Gy = R*W + Ty, where the matrix W = |[W}, || satisfies condition c).

2") Let W;g be the principal part of W;,. We have:

MW (@,€) = Py(e,€) + R (2,6),

where
IR (2,6)| < C(x,8) /(1€ +1€]),

Pj(x,&) are polynomials in §,, and Pj, = 0 for 1 < j < k, while ord P, <
|M;| — 1 for k+1 < j < r. Condition 2') on G consists in the fact that the
vector-polynomials

Pl = (Pk+1,la 7Pr,l)
are linearly independent (I =1,..., M ).

Theorem 5. If conditions 1), 2), 1’, 2" are fulfilled, then problem (11), (12) for
a system properly elliptic on T is normally solvable in the corresponding spaces,

and the estimate
M

iz + Z 195l 1(2)+arp ()1 /2
k=1

M, M
<C (|f||l(m)a(z) + Z HFk”l(a:)fmk(m)fl/Q + |Hu||‘l(r)fl + Z ”gk|l(z)+ak(a:)1/2>
k=1 k=1

where B = | By, ord By, = m;(x), Gy = |Gy ], ord al,ik = ay(@), u € Hy. oy,
f c Hl(:c)—oe(a:)(G)’ Fk c Hl(;c)—mk(ac)—l/2<r)7 gi € Hl(x)+ak(af)+1/2(r>‘
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Note: Figure translations are in progress. See original paper for figures.
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