
Soviet-era science, translated into English

MATHEMATICS
I. V. VITENKO, A. N. KOSTOVSKII

1964

SovietRxiv

View the original and related papers at https://sovietrxiv.org/items/ru-196401.00576

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the original.

https://sovietrxiv.org/items/ru-196401.00576


Abstract
Full Text
MATHEMATICS

I. V. VITENKO, A. N. KOSTOVSKII

DETERMINATION OF THE PRINCIPAL IN-
DICES OF LAURENT SERIES
(Presented by Academician A. A. Dorodnitsyn, 20 XII 1963)

Let a Laurent series be given

𝑓(𝑧) =
∞

∑
𝑚=−∞

𝑎𝑚𝑧𝑚, (1)

converging in the annulus 𝑟 < |𝑧| < 𝑅.

If 𝑓(𝑥𝑒𝑖𝜑) ≠ 0 for 0 ≤ 𝜑 < 2𝜋, 𝑟 < 𝑥 < 𝑅, then the value

𝐼(𝑥) = 1
2𝜋𝑖 ∫

|𝑧|=𝑥

𝑓 ′(𝑧)
𝑓(𝑧) 𝑑𝑧 (2)

is called the principal index of the series (1).

In (1) sufficient conditions are given for the existence of the principal index for
values of 𝑥 from the interval (𝑟, 𝑅). In (2) necessary and sufficient conditions
for the principal index are given when 𝑓(𝑧) is a polynomial. In the present note
the results of (2) are generalized to Laurent series, and also a number of other
results are given.

Introduce the notation

𝑢(𝑘)
𝑚 = min

𝛼>0
∣𝑎(𝑘)

𝑚 ∶ 𝑎(𝑘)
𝑚+𝛼∣

1/𝛼
, 𝑣(𝑘)

𝑚 = max
𝛽>0

∣𝑎(𝑘)
𝑚−𝛽 ∶ 𝑎(𝑘)

𝑚 ∣
1/𝛽

,

𝐷(𝑘)
𝑚 = 𝑢(𝑘)

𝑚 ∶ 𝑣(𝑘)
𝑚 , (3)

where 𝑎(𝑘)
𝑚−𝛽, 𝑎(𝑘)

𝑚 , 𝑎(𝑘)
𝑚+𝛼 are the coefficients of the transformed Laurent series

𝑓𝑘(𝑧) =
∞

∑
𝑚=−∞

𝑎(𝑘)
𝑚 𝑧𝑚 =

𝑘−1
∏
𝑗=0

𝑓 (𝜔(𝑘)
𝑗 𝑧1/𝑘) , 𝜔(𝑘)

𝑗 = exp (2𝜋𝑖
𝑘 𝑗) ,
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𝑟𝑘 < |𝑧| < 𝑅𝑘 (𝑘 = 1, 2, …).

Choose 𝑥1 and 𝑥2 so that 𝑓(𝑧) ≠ 0 for 𝑥1 < |𝑧| < 𝑥 and 𝑥 < |𝑧| < 𝑥2, and
𝑟 ≤ 𝑥1 < 𝑥 < 𝑥2 ≤ 𝑅.

Using the relations between the quantities 𝑎(𝑘)
𝑚 and 𝑥 given in (3), we can write:

lim
𝑘→∞

𝑢(𝑘)
𝑝

𝑥𝑘 > 0, 𝑣(𝑘)
𝑝
𝑥𝑘 = 𝑂(𝜌𝑘) (𝑥1

𝑥 < 𝜌 < 1) ,

lim
𝑘→∞

𝑢(𝑘)
𝑝+𝑗
𝑥𝑘 > 0, lim

𝑘→∞

𝑣(𝑘)
𝑝+𝑗
𝑥𝑘 < ∞ (𝑗 = 1, 2, … , 𝑞 − 1), (4)

𝑥𝑘

𝑢(𝑘)
𝑝+𝑞

= 𝑂(𝜏𝑘), lim
𝑘→∞

𝑣(𝑘)
𝑝+𝑞
𝑥𝑘 < ∞ ( 𝑥

𝑥2
< 𝜏 < 1) ,

𝑝 = 𝐼(𝑥 − 0), 𝑞 = 𝐼(𝑥 + 0).

From (3) and (4) it follows

Theorem 1. In order that the number 𝑝 from (2), which satisfies the inequalities
𝐼(𝑟 + 0) ≤ 𝑝 ≤ 𝐼(𝑅 − 0), be a principal index, it is necessary and sufficient that

lim
𝑘→∞

𝐷(𝑘)
𝑝 = ∞. (5)

Without the requirement 𝐼(𝑟 + 0) ≤ 𝑝 ≤ 𝐼(𝑅 − 0), condition (5) of the theorem
will be necessary but, generally speaking, will not be sufficient. This is easy to
see from the following example:

𝑓(𝑧) =
∞

∑
𝑚=0

𝑎𝑚𝑧𝑚 = (𝑧 − 2) exp (
∞

∑
𝑚=0

1
𝑟2𝑚

𝑧𝑟𝑚) ,

where 𝑟0, 𝑟1, … is an increasing sequence of prime numbers of the natural se-
ries. This series has a unique principal index, equal to zero; nevertheless
lim𝑘→∞ 𝐷(𝑘)

1 = ∞, 𝑘 = ℎ, ℎ2, … , ℎ𝜈, … ; ℎ is an integer ≥ 2.

Theorem 2. If the series (1) converges in the domain 0 < |𝑧| < ∞, then
condition (5) is necessary and sufficient for the number 𝑝 from (2) to be a
principal index.

In (1) it is shown that if 𝐷(1)
𝑝 > 9 for the function (1), then for this function the

number 𝑝 will be a principal index. Therefore condition (5) in Theorems 1 and
2 may be replaced by the relation
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max
𝑘≥1

𝐷(𝑘)
𝑝 > 9,

where 𝐷(𝑘)
𝑝 in (3) is taken for 𝑓𝑘(𝑧).

In particular, if (1) is a Taylor series (𝑎𝑚 = 0 for 𝑚 < 0), having in its disk of
convergence of radius 𝑅 the zeros 0 ≤ |𝑧1| ≤ |𝑧2| ≤ ⋯ ≤ |𝑧𝑛| ≤ ⋯ < 𝑅, then
Theorem 2 may be formulated as follows:

Theorem 2′. For the inequality |𝑧𝑛| < |𝑧𝑛+1| (or |𝑧𝑛| < 𝑅, if the power series
has only 𝑛 zeros in the disk of convergence) to hold between the moduli of the
zeros of a Taylor series, it is necessary and sufficient that

lim
𝑘→∞

⎛⎜⎜
⎝

∣
𝑎(𝑘)

𝑛−𝛽

𝑎(𝑘)
𝑛

∣
1/𝛽

∶ min
𝛼>0

∣ 𝑎(𝑘)
𝑛

𝑎(𝑘)
𝑛+𝛼

∣
1/𝛼

⎞⎟⎟
⎠

= 0 (𝛽 = 1, 2, … , 𝑛).

Let an arbitrary function 𝑣(𝑡), holomorphic in the annulus 𝑟 < |𝑧| < 𝑅, be
given. Knowing the principal indices of the series (1), we compute the value of
the function

𝐼𝑣(𝑥) = 1
2𝜋𝑖 ∫

|𝑧|=𝑥

𝑓 ′(𝑧)
𝑓(𝑧) 𝑣(𝑧) 𝑑𝑧, 𝑟 < 𝑥 < 𝑅.

Consider the auxiliary Laurent series

𝑄𝑘,𝑣(𝑧) = 1
𝑘

𝑘−1
∑
𝑙=0

𝑘−1
∏
𝑗=0
𝑗≠𝑙

𝑓(𝜔(𝑘)
𝑗 𝑧1/𝑘) 𝐹𝑣(𝜔(𝑘)

𝑙 𝑧1/𝑘) =
∞

∑
𝑚=−∞

𝑏(𝑘)
𝑚,𝑣𝑧𝑚, (6)

where

𝐹𝑣(𝑢) = 𝑢𝑓 ′(𝑢)𝑣(𝑢), 𝑟 < |𝑢| < 𝑅, 𝑟𝑘 < |𝑧| < 𝑅𝑘.

Suppose that the function 𝑓(𝑧) has no zeros in the annulus 𝑟 ≤ 𝑥1 < |𝑧| < 𝑥2 ≤
𝑅; then in the annulus 𝑥𝑘

1 < |𝑧| < 𝑥𝑘
2 the function 𝑄𝑘,𝑣(𝑧) can be represented

in the form

𝑄𝑘,𝑣(𝑧) = 𝑓𝑘(𝑧) 1
𝑘

𝑘−1
∑
𝑙=0

𝑇 (𝜔(𝑘)
𝑙 𝑧1/𝑘) = 𝑓𝑘(𝑧)

∞
∑

𝑚=−∞
𝑡𝑚𝑧𝑚, (7)

where
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𝑇 (𝑧) = 𝑧 𝑓 ′(𝑧)
𝑓(𝑧) 𝑣(𝑧) =

∞
∑

𝑚=−∞
𝑡𝑚𝑧𝑚, 𝑡0 = 𝐼𝑣(𝑥)

(𝑥1 < |𝑧| < 𝑥2; 𝑥1 < 𝑥 < 𝑥2).

Using the relations for the quantities 𝑎(𝑘)
𝑚 and 𝑡𝑚 given in (3, 4), from (6) and

(7) we can write

𝐼𝑣(𝑥) = −𝑏(𝑘)
𝑝,𝑣

𝑎(𝑘)
𝑝

+ 𝑂(𝜌𝑘) (𝑥1
𝑥2

< 𝜌 < 1) , (8)

𝑝(𝑥) = 𝐼(𝑥) (𝑥1 < 𝑥 < 𝑥2).

Suppose now that in the annulus 𝑟 ≤ 𝑟′ < |𝑧| < 𝑅′ ≤ 𝑅 the function 𝑓(𝑧) has
in all 𝑞 zeros 𝑧1, 𝑧2, … , 𝑧𝑞; then

𝐼𝑣(𝑅′ − 0) − 𝐼𝑣(𝑟′ + 0) =
𝑞

∑
𝑚=1

𝑣(𝑧𝑚).

Hence, from (8), we obtain the theorem.

Theorem 3. If the Laurent series (1) in the annulus 𝑟′ < |𝑧| < 𝑅′ has in all 𝑞
zeros 𝑧1, 𝑧2, … , 𝑧𝑞, then

lim
𝑘→∞

(𝑏(𝑘)
𝑝+𝑞,𝑣

𝑎(𝑘)
𝑝+𝑞

− 𝑏(𝑘)
𝑝,𝑣

𝑎(𝑘)
𝑝

) =
𝑞

∑
𝑚=1

𝑣(𝑧𝑚), 𝑝 = 𝐼(𝑟′ + 0), (9)

where 𝑣(𝑧) is an arbitrary holomorphic function in this annulus.

The coefficients 𝑎(𝑘)
𝑚 , 𝑏(𝑘)

𝑚 are determined by the formulas proposed in (4). In
particular, if 𝑘 takes the discrete values 1, 2, 4, 8, 16, …, then

𝑎(2𝑘)
𝑚 = (−1)𝑚 [(𝑎(𝑘)

𝑚 )2 + 2
∞

∑
𝑗=1

(−1)𝑗𝑎(𝑘)
𝑚−𝑗𝑎(𝑘)

𝑚+𝑗] , (10)

𝑏(2𝑘)
𝑚 = (−1)𝑚 [𝑎(𝑘)

𝑚 𝑏(𝑘)
𝑚,𝑣 +

∞
∑
𝑗=1

(−1)𝑗 (𝑎(𝑘)
𝑚−𝑗𝑏(𝑘)

𝑚+𝑗,𝑣 + 𝑎(𝑘)
𝑚+𝑗𝑏(𝑘)

𝑚−𝑗,𝑣)] ,

𝑚 = 0, ±1, ±2, …

Here
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𝑎(1)
𝑚 = 𝑎𝑚,

∞
∑

𝑚=−∞
𝑏(1)

𝑚,𝑣𝑧𝑚 = 𝑧𝑓 ′(𝑧)𝑣(𝑧), 𝑟 < |𝑧| < 𝑅.

Taking 𝑣(𝑧) successively equal to 𝑧, 𝑧2, … , 𝑧𝑞, we find the coefficients of the func-
tions 𝑓𝑘(𝑧), 𝑄𝑘,𝑧(𝑧), 𝑄𝑘,𝑧2(𝑧), … , 𝑄𝑘,𝑧𝑞(𝑧). The transformation of the coefficients
of these functions is carried out by formulas (10) or by the formulas given in (4).
By formulas (9) we find ∑𝑞

𝑚=1 𝑧𝑚, ∑𝑞
𝑚=1 𝑧2

𝑚, … , ∑𝑞
𝑚=1 𝑧𝑞

𝑚, and hence we can
compose a polynomial whose roots will be the roots 𝑧1, 𝑧2, … , 𝑧𝑞 of the function
(1) from the annulus 𝑟′ < |𝑧| < 𝑅′.

Lviv State University
named after Ivan Franko
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