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Abstract
Full Text

B. A. PLAMENEVSKII

SINGULAR INTEGRAL EQUATIONS ON AN
INFINITE CYLINDER
(Presented by Academician V. I. Smirnov, 25 IV 1964)

In the present work a theory is constructed for singular integral equations on
an infinite 𝑚-dimensional cylinder. Operators generated by periodic singular
kernels are considered.

1. Let Ω be a strip of 𝑚-dimensional Euclidean space 𝐸𝑚,

Ω = { |𝑥(𝑖)| ≤ 1/2, 𝑖 = 1, … , 𝑘; −∞ < 𝑥(𝑗) < +∞, 𝑗 = 𝑘 + 1, … , 𝑚; 𝑘 < 𝑚 }.

This strip will subsequently play the role of the development of an 𝑚-dimensional
cylinder. Put

𝑥1 = (𝑥(1), … , 𝑥(𝑘), 0, … , 0), 𝑥2 = (0, … , 0, 𝑥(𝑘+1), … , 𝑥(𝑚)),

𝑛 = (𝑛(1), … , 𝑛(𝑘), 0, … , 0),
where all 𝑛(𝑖) are integers. By 𝑥𝑦 we shall denote the scalar product of the
vectors 𝑥 and 𝑦. The Euclidean (𝑚 − 𝑘)-dimensional space of the variables
𝑥(𝑘+1), … , 𝑥(𝑚) will be denoted by Ω2, and the 𝑘-dimensional cube |𝑥(𝑖)| ≤ 1/2
(𝑖 = 1, … , 𝑘) by Ω1. Let also

𝑑𝑥1 = 𝑑𝑥(1) ⋯ 𝑑𝑥(𝑘), 𝑑𝑥2 = 𝑑𝑥(𝑘+1) ⋯ 𝑑𝑥(𝑚).

Consider the integrals

(2𝜋) 𝑘−𝑚
2 ∫

Ω1

𝑑𝑦1 ( lim
𝐴→∞

∫
|𝑦2|<𝐴

𝑓(𝑦1, 𝑦2) exp(−2𝜋𝑖𝑛𝑦1 − 𝑖𝑥2𝑦2) 𝑑𝑦2) ; (1)

(2𝜋) 𝑘−𝑚
2 lim

𝐴→∞
∫

|𝑧2|<𝐴
𝑑𝑦2 ∫

Ω2

𝑓(𝑦1, 𝑦2) exp(−2𝜋𝑖𝑛𝑦1 − 𝑖𝑥2𝑦2) 𝑑𝑦1. (2)

If 𝑓(𝑦1, 𝑦2) ∈ 𝐿2(Ω), then the integrals (1) and (2) exist for almost all 𝑥2 ∈ Ω2
and coincide almost everywhere. In what follows, repeated integrals of this kind
will be denoted as double integrals.
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Introduce the space 𝐿2(Ω2) of vector-functions

̃𝑓 = { ̃𝑓𝑛(𝑥2)}

with norm
‖ ̃𝑓‖2 = ∑

𝑛
∫

Ω2

| ̃𝑓𝑛(𝑥2)|2 𝑑𝑥2.

In the summation, each coordinate of the vector 𝑛 ranges over all integers from
−∞ to +∞. Define the Fourier transform in the strip Ω by the formula

𝐹𝑓 = { ̃𝑓𝑛(𝑥2) = (2𝜋) 𝑘−𝑚
2 ∫

Ω
𝑓(𝑦1, 𝑦2) exp(−2𝜋𝑖𝑛𝑦1 − 𝑖𝑥2𝑦2) 𝑑𝑦} .

Lemma 1. A. The mapping

𝐹 ∶ 𝐿2(Ω) → 𝐿2(Ω2)

is isometric.

B. (inversion formula).

𝑓(𝑥1, 𝑥2) = 2𝜋 𝑘−𝑚
2 ∑

𝑛
∫

Ω2

̃𝑓𝑛(𝑦2) exp(2𝜋𝑖𝑛𝑥1 + 𝑖𝑥2𝑦2) 𝑑𝑦2,

where the series on the right converges in 𝐿2(Ω).
C. (convolution rule). Let the functions 𝑓(𝑥1, 𝑥2) and 𝑔(𝑥1, 𝑥2) be periodic in
the variables 𝑥(1), … , 𝑥(𝑘), with period equal to one. Then

𝐹(𝑓 ∗ 𝑔) = {(2𝜋) 𝑚−𝑘
2 ̃𝑓𝑛(𝑥2) ̃𝑔𝑛(𝑥2)}.

2. We proceed to the construction of a periodic singular kernel. The idea of
such a construction is due to Calderón and Zygmund (1).

Let

𝐾(𝑥1 − 𝑦1, 𝑥2 − 𝑦2) = 𝑓(𝜃)
𝑟𝑚 , 𝑟 = |𝑥 − 𝑦|, 𝜃 = 𝑦 − 𝑥

𝑟 .

As usual, we assume that

∫
𝑆𝑚−1

𝑓(𝜃) 𝑑𝑆 = 0,

where 𝑆𝑚−1 is the unit (𝑚 − 1)-dimensional sphere. Put
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𝐿(𝑥1, 𝑥2) = ∑
𝑛

𝐾(𝑥1 − 𝑛, 𝑥2).

We shall call 𝐿(𝑥1, 𝑥2) a periodic singular kernel. Let

𝐾𝜀,𝑁(𝑥1, 𝑥2) = {𝐾(𝑥1, 𝑥2), if |𝑥| ≥ 𝜀 and |𝑥2| ≤ 𝑁,
0, otherwise,

and put

𝐿𝜀,𝑁(𝑥1, 𝑥2) = 𝐾𝜀,𝑁(𝑥1, 𝑥2) +
′

∑
𝑛

𝐾0,𝑁(𝑥1 − 𝑛, 𝑥2).

Theorem 1. Let |𝑓(𝜃)| ≤ 𝑐. For all 𝑥2, 𝑛 such that |𝑥2| + |𝑛| > 0, there exists
the limit

Φ𝑛(𝑥2) = lim
𝜀→0

𝑁→∞
∫

Ω
𝐿𝜀,𝑁(𝑦1, 𝑦2) exp(−2𝜋𝑖𝑛𝑦1 − 𝑖𝑥2𝑦2) 𝑑𝑦1𝑑𝑦2 =

= lim
𝜀→0

𝑁→∞
∫

𝜀<|𝑦|<𝑁
𝐾(𝑦1, 𝑦2) exp(−2𝜋𝑖𝑛𝑦1 − 𝑖𝑥2𝑦2) 𝑑𝑦1𝑑𝑦2.

The functions Φ𝑛(𝑥2) are uniformly bounded with respect to 𝑛 and 𝑥2.

3. It is known (2, 3) that the limit

Φ(𝑥1, 𝑥2) = lim
𝜀→0

𝑁→∞
∫

𝜀<|𝑦|<𝑁
𝐾(𝑦1, 𝑦2) exp(−𝑖𝑥1𝑦1 − 𝑖𝑥2𝑦2) 𝑑𝑦1𝑑𝑦2

is a homogeneous function of order zero.

Theorem 1 gives

Φ𝑛(𝑥2) = Φ(2𝜋𝑛, 𝑥2). (3)

Now let Φ(𝑥1, 𝑥2) be an arbitrary homogeneous function of order zero, and let
the sequence {Φ𝑛(𝑥2)} be defined by formula (3). Let us also assume that

𝑢𝑛(𝑥2) = ∫
Ω1

𝑢(𝑥1, 𝑥2) exp(−2𝜋𝑖𝑛𝑥1) 𝑑𝑥1

and denote by 𝐹 the Fourier transform on the hyperplane Ω2.
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Definition 1. By a singular integral operator on the 𝑚-dimensional cylinder
with symbol Φ(𝑥1, 𝑥2) = Φ(𝜃) (𝜃 = 𝑥/|𝑥|), we shall mean an operator of the
form

𝐴𝑢 = ∑
𝑛

exp(2𝜋𝑖𝑛𝑥1) 𝐹 −1Φ𝑛𝐹𝑢𝑛. (4)

Theorem 2. Let the symbol of the singular operator (4) have continuous
derivatives with respect to the Cartesian coordinates of the point 𝜃 up to order
𝑚 inclusive. Then the operator is bounded in 𝐿𝑝(Ω), 1 < 𝑝 < ∞.

For the case 𝑝 = 2 the theorem is obtained directly from the definition of the
operator and the properties of the Fourier transform 𝐹 , and the norm of the
operator is equal to vrai max |Φ(𝜃)|. In the general case one uses Marcinkiewicz’
s theorem on multipliers of Fourier series (cf. (2), the theorem on a multiplier
of the Fourier integral).

We now introduce operators with symbols depending on the pole. Let Φ(𝑥, 𝜃)
(𝑥 ∈ Ω, 𝜃 ∈ 𝑆𝑚−1) be a function periodic (with period equal to one) in the
coordinates 𝑥(1), … , 𝑥(𝑘) of the point 𝑥, and let Φ(𝑥, 𝜃) ∈ 𝑊 𝑙

2(𝑆𝑚−1) (2), where
𝑙 is an integer and 𝑙 ≥ 5𝑚/2 − 1; let {𝑌𝑘𝑚(𝜃)} be 𝑚-dimensional spherical func-
tions forming a complete system in 𝐿2(𝑆𝑚−1). By 𝐴𝑘𝑚 we denote the singular
operator with symbol 𝑌𝑘𝑚(𝜃), and by 𝑇 a completely continuous operator in
𝐿𝑝(Ω). To a completely continuous operator we assign the symbol identically
equal to zero.

Let the function Φ(𝑥, 𝜃) be expanded in the series

Φ(𝑥, 𝜃) =
∞

∑
𝑘=0

𝑎𝑘𝑚(𝑥)𝑌𝑘𝑚(𝜃).

From the smoothness assumptions on Φ(𝑥, 𝜃) it follows that the series
∑∞

𝑘=0 𝑎𝑘𝑚(𝑥)𝐴𝑘𝑚 converges in the operator norm.

Definition 2. An operator of the form

𝐴𝑢 =
∞

∑
𝑘=0

𝑎𝑘𝑚(𝑥)𝐴𝑘𝑚𝑢 + 𝑇 𝑢

is called a singular integral operator with symbol Φ(𝑥, 𝜃).
4. The fundamental point in the theory of singular equations is the rule of mul-
tiplication of symbols: the product of singular operators is a singular operator
whose symbol is equal to the product of the symbols of the factors (2). For
operators whose symbols do not depend on the pole this rule is obvious. In the
general case the proof is based on the following lemma.

Lemma 2. Let 𝐾(𝑥 − 𝑦) = 𝑌𝑘𝑚(𝜃)/𝑟𝑚. The functions
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1)
′

∑
𝑛

{𝐾(𝑥1 + 𝑛, 𝑥2) − 𝐾(𝑛, 𝑥2)},

2)
′

∑
𝑛

𝐾(𝑛, 𝑥2)

belong to the space 𝐿2(Ω).
The convergence of the first series and the belonging of its sum to 𝐿2(Ω) follow
from the estimate

|𝐾(𝑥1 + 𝑛, 𝑥2) − 𝐾(𝑛, 𝑥2)| ≤ 𝐶
(|𝑥2|2 + |𝑛|2)

𝑚+1
2

.

Let us turn to the series ∑′
𝑛 𝐾(𝑛, 𝑥2). It can be shown that the Fourier trans-

forms of its partial sums

𝐹
⎧{
⎨{⎩

′
∑

|𝑛|<𝑁
𝐾(𝑛, 𝑥2)

⎫}
⎬}⎭

converge in 𝐿2(Ω2), and from this the required result follows.

With the aid of Lemma 2 the following assertion is established, which is used in
the proof of the rule of multiplication of symbols.

Lemma 3. Let the function 𝑎(𝑥1, 𝑥2) have the following properties: 1) 𝑎(𝑥1, 𝑥2)
is periodic in the variables 𝑥(1), … , 𝑥(𝑘), with period

is equal to one; 2) 𝑎(𝑥1, 𝑥2) is continuous in the whole strip Ω; 3) as 𝑥2 → ∞
the function 𝑎(𝑥1, 𝑥2) tends to a constant uniformly with respect to 𝑥1.

Then the operator (𝑎𝐴𝑘𝑚 − 𝐴𝑘𝑚𝑎) is completely continuous in the space 𝐿2(Ω).
The theorem given below is a consequence of Lemma 3 and the interpolation
theorem of M. A. Krasnosel’skii (4).
Theorem 3 (multiplication rule for symbols). Let the symbols of the singular
operators 𝐴 and 𝐵 be respectively Φ𝐴(𝑥1, 𝑥2; 𝜃) and Φ𝐵(𝑥1, 𝑥2; 𝜃), and let the
symbol of the operator 𝐶 be equal to the product Φ𝐴(𝑥, 𝜃) ⋅ Φ𝐵(𝑥, 𝜃). Suppose
that the coefficients 𝑎𝑘𝑚(𝑥1, 𝑥2) and 𝑏𝑘𝑚(𝑥1, 𝑥2) in the expansions

Φ𝐴(𝑥1, 𝑥2; 𝜃) =
∞

∑
𝑘=0

𝑎𝑘𝑚(𝑥1, 𝑥2)𝑌𝑘𝑚(𝜃),

Φ𝐵(𝑥1, 𝑥2; 𝜃) =
∞

∑
𝑘=0

𝑏𝑘𝑚(𝑥1, 𝑥2)𝑌𝑘𝑚(𝜃)

sovietrxiv.org/items/ru-196401.00406 Machine Translation

https://sovietrxiv.org/items/ru-196401.00406


possess properties 1)–3) of the function 𝑎(𝑥1, 𝑥2) from Lemma 3. Then the
operator 𝐴𝐵 − 𝐶 is completely continuous in 𝐿𝑝(Ω), 1 < 𝑝 < ∞.

Now, by the usual method one obtains Noether theorems both for a single
singular equation and for systems of equations (2). The question of the index
of singular operators on an infinite cylinder is reduced to the solved question of
the index of such operators on the torus (5).
The author expresses sincere gratitude to Prof. S. G. Mikhlin for his attention
to the present work.

Leningrad State University
named after A. A. Zhdanov
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