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Abstract
Full Text

V. V. Vishnevskii

On the Complex Structures of One Class of Kihler-Ra-
shevskii Spaces

(Presented by Academician A. N. Kolmogorov on 17 VIII 1962)

We shall call a Riemannian space V,, with metric tensor g,; a B-space if it admits

a covariantly constant affinor %j such that the tensor v,;; = %{Cgkj is symmetric.
Spaces of this type were studied in papers (173). Since the geometric properties
of a B-space depend essentially on the algebraic structure of the affinor 7, we
shall call the characteristic ((*), p. 182) of its matrix the characteristic of the
B-space.

Using A. P. Shirokov’ s theorem (5) on the existence of a holonomic
coordinate system in which the matrix of a covariantly constant affinor
of a torsion-free affine-connection space has constant components, G. L
Kruchkovich and A. S. Solodovnikov (%) showed that only B-spaces of
characteristics  [(my, mg, mg,...,...,m,)]—with one real eigenvalue—and
[(Py, Mgy Mgy ey ooy )y (Mg, Mgy Mg, ooy My )] —With two complex conjugate eigen-
values—are irreducible. The present paper aims to study one important class of
irreducible B-spaces with a real eigenvalue A, which may be taken to be zero,
by considering the new covariantly constant affinor ] —\d7, as will be assumed
in what follows.
Since the tensors
s times
2 N J
Yi =i Vp Vg

are covariantly constant, in the coordinate system of A. P. Shirokov we have
o s
Dim i = Tkl (1)

whence it follows that the components of the symmetric tensors %ij = gikz;?
satisfy the system of differential equations

q p pt+q

which, in the four-dimensional case, was first obtained by A. P. Norden (1).
This system has the simplest geometric meaning when in the characteristic of
the B-space m; = my = - = m,. = m, and consequently, in a certain holonomic
coordinate system, which we shall call canonical, the matrix of the affinor vf
will have on its main diagonal r Jordan blocks of dimension m. In consequence
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of the relations gi,ﬁj’-C = gjﬂll», the matrix of the metric tensor in this coordinate
system decomposes into blocks of the form

by by by - by
B,s = by - bfﬂ 0 0 , a,f=1,2,..,r (3)
b, 0 - - 0
The matrices #ij, ’2yij, . my_ 1”., having an analogous structure, are obtained from

(3) by raising (when contracting with 'Syl) each element in all cells by s places
upward and replacing the vacated places by zeros.

Let us establish the meaning of the differential equations (2). For k =1,2,...,m
we arrive at the system

1 1 2 1 2 3
aQQij = 617“’ 6391']' = 82’7”‘ = alfyijv 84gij = 8377,7‘ = 627”‘ = al’yija
1 2 m—1 1 2 3
R amgij = amfllyij = 8m72’7ij =..=01 7 i’ 8m’7¢j = amfl’Vij = amf2’7ij = .

m—1 2 3 m—1
. =09 Y = 0, 3m7ij =0y 1y == 0y 7 = 0, ...
m—2 m—1 m—1

o 8m7ij:am—17ijzoa 8m'7ij:0~

(4)
Replacing here the differentiation indices 1,2,3,...,m by ms+ 1, ms+ 2, ms +
3,...,m(s + 1), respectively, where s = 1,2,...,7 — 1, we obtain another r —
1 systems analogous to (4). Introducing the imaginary unit e, satisfying the
condition e™ = 0, we assert that conditions (4) are necessary and sufficient for
the components of the tensor

m—1

m—2 m—3 91 _
Gy="7 yter ;ted v+ +em 2y, +em g, (5)
to be analytic functions of r complex coordinates
Us = um(s—l)—H T Eum(s—l)—O—Q T 52um(s—1)+3 R Em—lums, s = 1’ 2’ T

The matrix of the tensor Gij has a cellular structure; moreover, in consequence

of the described structure of the matrices gij’#zj’ ,m*?lij, the cells G4 have
the form
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Gaﬁ €Gaﬁ 52Ga5 EmilGaﬁ
eG,g €°G,5 - e 1G 0
EQG@B gmflGaﬁ 0 0

Em—lgaB 0 0

Observing that each of them is determined by its left upper corner element, we
come to the conclusion that the B-space of characteristic

()

admits a mapping onto an r-dimensional complex analytic Riemannian space
with metric tensor G5 (o, = 1,2,...,7). For m = 3 these results were first
obtained by A. P. Shirokov (6).

In what follows we shall dwell in detail on the B-space of characteristic [(m, m)],
since it is mapped onto the two-dimensional complex space V5, and the proper-
ties of the latter determine a number of interesting properties of this B-space.*
In particular, in V; one can introduce an isothermal coordinate system in which
the complex metric has the form

G =5 _op) (@s=12

where o = +1 determines the signature of this complex V,. Then for the metric
of the original B-space we obtain a matrix of the same structure, where B is an
m-dimensional cell of the form (3).

* The study of the B-space of characteristic [m] is of no interest, since it is
Euclidean ((3), note on p. 155).

Consider the discriminant bivector E, 4 of the complex V; and define its essential
component by means of the equality

E%z =—0 <G11G22 - G%z) .

Then in isothermal coordinates E;, = B, or, in more detail,

m—1 m—2 2, m—3 m—1,0 _ -0 m—1 2. m—2 m—1.m—3
€y T Feejy THetely T e ey =y Heyyy ety T teT T,

sovietrxiv.org/items/ru-196301.98788 Machine Translation


https://sovietrxiv.org/items/ru-196301.98788

whence, by comparison, we obtain e}y =%, (p =0,1,2,...,m —1; %-Oj = 9ij)-

Returning to the B-space, we shall have m bivectors efj, whose matrices in the
isothermal coordinate system have the form

)= (1 %) (6

P

where B, is an entry of the matrix vfj, and which, as a consequence, satisfy the
relations

k
Vel = el (7)

Let us now transform the isothermal coordinates u* according to the formulas

1 1
T R WL PSSR A

V2 V2

2

where e is the imaginary unit, defined by the condition e* = o. In the coordinate

system (z%,z%), the matrix g;; takes the form

w)=(p o) o

The structure of the matrices 'yf-’j will be analogous, and, consequently, the trans-
formation (8) is equivalent to passing to isotropic coordinates of the complex
V.

Writing the systems of equations (4) in the new variables, we obtain that, by
virtue of them, the Kdhler-Rashevskii conditions are satisfied:

9905 _ 9905 99ap _ 99ay (10)
o0z 0zP’ ox" oxP’
as a result of which our space, for ¢ = —1, will be a Kéhler space (), and

for ¢ = 1, the so-called stratified space of P. K. Rashevskii (%), whose complex
interpretation by means of double numbers was given by B. A. Rozenfeld (°).
The connection of B-spaces with Kéhler-Rashevskii manifolds was first pointed
out by A. P. Norden ().

Since the remaining tensors 'yfj have a structure similar to that of the tensor
gij> and the conditions (10) are satisfied for them as well, they are also Kéhler-
Rashevskii metrics, which, however, will be degenerate; moreover, the degree of
degeneracy increases together with p.
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Transforming the bivectors (6) by means of (8), we conclude that

0 —oer’
(6%) = <U€7§ﬁ 0 B) ;

whence it follows that each of the bivectors e? ; 18 covariantly constant and cor-

responds to “its own” Kéhler metric (cf. (7), pp. 119-120).

P
As a consequence of (10), there exist real functions T" (z%, %), which we shall
call Kern functions, such that

P 2p an=p
7&526 F/ax 83: 5 p207172a"'am_1' (11)

Comparing (9) and the analogous matrices of the remaining metrics, we write
down the complete set of relations between their components; whence, by virtue
of (11), we obtain that the Kern functions satisfy the system of differential
equations

r—s r—s—1
0 0
3 L 3 FH: s (2%), r=s+1,...m—1; s=0,1,2,...,m—2;
T m—T
T

P
As a consequence of (11), the metrics 7;; do not change if the Kern functions
are replaced by new ones according to the formulas

/

p B p _ p _ p
r (z%z%) =I (z%,2%)—T (z%,¢“)— T (2%, c%), (13)
P
where ¢® = const. Solving (13) with respect to T (z%, %), and then substituting
them into equations (12), which are satisfied for arbitrary %, we obtain that
/
P
the new Kern functions I' satisfy the system of equations (12) without right-
/

P
hand sides, and, owing to the reality of T, also the system obtained from it
by overlining all z. After passing, by means of (8), to the coordinates u*, we
arrive at systems analogous to (4), which express the fact that the combination

m—1 m—2 m—3 1 0
G=T 4 T 42 T +- 4™ 20+ 1@ (G :F> (14)
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is an analytic function of the complex coordinates U' = u' + cu? + e2u? + - +
m—1, m 2 _ ,m+l m+2 2, m+3 m—1, 2m
€ u™ U =u + eu +e%u + -+ u™m.

Conversely, if such a function is given and the algebra of complex or dual num-
bers over which the Kahler space is constructed is specified, then, passing to

P
the variables %, z%, one can construct on the functions I" Kéhler metrics that
will have a special structure of type (9). Referring this space to the coordinates
u’, we arrive at a B-space of characteristic [(m,m)].

Summarizing what has been said, one may assert that the specification of a
B-space of characteristic [(m,m)] is equivalent to the specification of a function
(14) of two complex variables U, U? and of an algebra of complex or dual
numbers.

The present work generalizes results obtained by the author for the four-
dimensional case *°.
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