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MATHEMATICAL PHYSICS
K. P. STANYUKOVICH

A VARIATIONAL PRINCIPLE IN THE GEN-
ERAL THEORY OF RELATIVITY

(Presented by Academician Ya. B. Zel dovich on 24 V 1963)

Usually the equations of the gravitational field and the conservation laws of
energy—momentum are found by varying the so-called pseudoscalar, containing
only the first derivatives g,,, and assuming that on some hypersurface S; the
variations 6T, =0 (1).

The energy carried by gravitational waves is different in different reference sys-
tems and is equal to zero in an inertial system, which has led some researchers
even to doubt the real existence of gravitational waves (?). In other variants of
the general theory of relativity (3~?), other expressions for tf are sought, some-
times symmetric in the indices ¢, k, sometimes with second derivatives G, but
these variants have proved to be very artificial and unsatisfactory.

We shall seek the equations of the gravitational field and the conservation laws
of energy—momentum by varying the density of the scalar curvature:

99, 329m
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In doing so we shall not discard variations with respect to the second derivatives
of g;1,, and shall not assume that on the hypersurface S; the 6I'}, are equal to
zero. Already in classical theory it is proved that on any surface bounding the
region of a given gravitating medium, the variations of the acceleration are not
equal to zero (if the density there is not equal to zero); in the general theory
of relativity the quantities ', play the role of accelerations, and g;;, the role of
potentials. Consequently, we have every reason, when considering a field with
sources of the field—matter, to assume that on S;, 6T', # 0.

To obtain the field equation we shall use the variational equation generalized
to second derivatives, varying L = —R/2x (in deriving this equation we also
assume that on the boundaries of integration (5F§k # 0, and take into account
that sources of the field—matter—are present in the field). Then we arrive at
the equation
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the components of the tensor T}, determine the sources of the field—the matter.
Here

vL=£=-Y"1p @

is the density of the Lagrange function—the Lagrangian,

n = 8nG/ct (5)

is Einstein’ s gravitational constant, G is the usual gravitational constant.

Let us now represent the variation §(,/—¢ R) in the form

) 1 o2qt*
i(v=g ) = dog™ [\/—g (Rik - §gikR>] + 5% [vV=9(9""gis, — 0{6{")]
1 ik i Vo ml agzk _ ml agzm _rm 8grm l)]}
+ 2 %9 {Bxl [ g (39 ox™ 29 ork 9 Tox Ok

1 _0g™* %)
+25Y g

ay; g, 0
5 — ml YYik _9gmiZJdim 9 rm Tfn(;l) 2 [ /=g d'™q.
2 Ox! { g (39 azm I gk T pgi % + dxm V=997 9u]
. 1 0 . )
= og'* [\/ —9 (Rik - §9ikR)] t o0 [v=9(g™*oT}) — g"oT}, )] -
(6)

Using this expression, we compute from formula (2) the values of the derivatives
and find that

1
Ry, — §gikR = uTy, (7)

where now T}, can indeed be identified with the tensor of matter.
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Substitution of the second, third, and fourth terms of equation (6) into (2) gives
a zero result (i.e., the terms obtained from /g g'"*§ R, give no contribution upon
variation).

Next, it is easy to show, using (4), that

—u/—g9T;;,09% = \/—g g"*OR,}.. (8)
(Hence it is obvious that T} is indeed a tensor.)

Let us write this equation in the form

V=9 (9" R}, + nTy,0g"%) = —216(\/—gp) =0, 9)

where p may be identified with the total pressure. Putting in equation (2)

L,, =p, (10)
we arrive at the identity —”_gTzk = —”;gTik, which verifies the validity of

equation (9). The plus sign in relation (10) is natural, since the pressure of
the medium is opposite in sign to attraction, which is characterized by the
Lagrangian L = —R/2x.

Let us note that the part of the energy-momentum tensor

Tix = (p + e)uguy + g0,

characterizing matter consisting of particles with nonzero rest mass, can be
obtained from the Lagrangian

1 )
L=p=—[p+e)uupuu,g'g"" + (3p —e)]
4
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where ¢9S/0z" = wu; (S is the action), w = (p + €)v is the heat content,
substituting this Lagrangian into equation (2). In an analogous way one can
also obtain the energy-momentum tensor of the electromagnetic field

1 1
ik = in F; Fkl - ZgikFlmFlm]

from the Lagrangian
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Let us now compute the quantity
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Eliminating from (2) and (13) the quantities 9(,/—gL)/0g™, we arrive at the
equation

d(y=gtf) V=9 99" _ =9 pim O9im

oxk -2 dxt 2 ozt

(14)
Further,

% (V=g (T +tF)] = % [\/fg (tf + R%kﬂ =0. (15)

Calculations give the following value of the components ¢}
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These equations are a consequence of the Bianchi identities, since, using them,
one can bring (14) to the form (15).

The pseudotensors ti’C or fik are not symmetric in the indices i;k; therefore
the conservation laws for angular momentum and energy are not fulfilled; the
nonzero divergence in equation (6) is interpreted as the source of the field—
matter.

If, when varying L = —R/2x on S}, one sets 5Fik = 0, then it is also necessary
to vary the matter Lagrangian L,, = p; in this case all our results retain their
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force. However, in order to avoid an unnecessary and unjustified dualism, it
proved more correct and proper to consider the variational problem and seek
the equation of the gravitational field in the presence of sources of this field,
varying only one Lagrangian and not imposing on the hypersurface S; that
ST+ 0.

This requirement is equivalent to introducing into the Lagrange equation an
additional term characterizing matter and “correcting” the extremal, which
is what we have done. The derivation of the field equation from a unified
Lagrangian is natural, since the gravitational field and matter are unified. As a
result of this unified generalized variational formalism we have also obtained the
correct energy-momentum pseudotensor of the field itself and exact conservation
laws (identities) for the energy-momentum of matter and the field. (This

pseudotensor differs from the Mgller-Mickevich pseudotensor by the derivative
of the antisymmetric pseudotensor y*, which in our case is half as large as
theirs.) We have

99, 99,
X = /=g g"gm (aTT - &Eﬂ) ;

1 ox!
/—q (TF 4+ th)y = — ZXik,
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As we have already indicated, these laws coincide with the Bianchi identities,
which corresponds to the absence of nontrivial groups of transformations of
the field equations (7), i.e., to a completely inhomogeneous space. In this case
the gravitational interactions are minimally weak interactions, and conservation
laws of momenta cannot hold. The symmetrization of t¥ can formally be car-
ried out, but this is not a very useful operation. (We note that in a rigorous
variational method of deriving the field equations, the so-called A-term is absent
from these equations.)

The pseudotensor ¥ derived by us is the only one for which the Bianchi identities
are satisfied and real gravitational waves exist, carrying energy in all reference
systems and, in particular, in inertial ones, and for which the energy is defined
uniquely. The exception is provided by definitely chosen noninertial reference
systems, in which proper waves are emitted.

In conclusion, let us note that in the case of plane gravitational waves the quan-
tity ¢o;, characterizing the energy flux of gravitational waves, will be determined
by the simple relation:

19¢g™ dg;,,  9*Ing
2 0zl 020  Oxlox0

—2uty; = —2uty; = =2R,,. 18
01 01 01

In the case of weak waves we shall have
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ot 327G ot Oz ot Oz ot Ox ot Ox
(19)
where hyy = gog — 1, hgg = g33 — 1, hgg = a3, with hgy = —hgs, and the
quantities hyy and hys are of the same order.
Since, in the quadrupole radiation of gravitational waves,
h3, + h3s + 2h3; = 2 (h3, + h3;) = const,
then
3 TOhgy Oh Ohys Oh
b g _C 22 ONgg 23 23] 20
ot 167G L ot 0x = ot Ox |’ (20

which agrees with Einstein’ s classical results.

In conclusion, let us note that, apparently, the idea of interpreting a zero diver-
gence of the form (3) as a source of the field was first advanced by A. Eddington
(5). However, for this purpose he used only the Schwarzschild field.
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