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Abstract
Full Text
MATHEMATICS

Ya. A. ROITBERG, Z. G. SHEFTEL

ENERGY INEQUALITIES FOR ELLIPTIC
OPERATORS WITH DISCONTINUOUS CO-
EFFICIENTS AND GENERAL BOUNDARY
CONDITIONS AND CONJUGATION CONDI-
TIONS
(Presented by Academician S. L. Sobolev on 20 VII 1962)

1°. It is known that energy inequalities of the form ‖𝑢‖2
𝑙 ≤ 𝐾(‖𝐴𝑢‖2

0 +‖𝑢‖2
0) play

an important role in proofs of existence, uniqueness, and smoothness of solutions
of partial differential equations. Recently, in papers (1−7), energy inequalities
with a boundary norm were proved for a number of boundary-value problems;
their use gives a number of advantages.

In the present note the authors prove energy inequalities with a boundary norm
for elliptic operators with discontinuous coefficients and general boundary con-
ditions and conjugation conditions on surfaces of discontinuity. The method
of proof is a development of the method applied by M. Schechter in (7). The
inequalities obtained make it possible to investigate the solvability of general
boundary-value problems for elliptic equations with discontinuous coefficients.

2°. Let 𝐺 be a bounded domain of the 𝑛-dimensional Euclidean space 𝐸𝑛
with boundary Γ; let 𝐺1 be a subdomain of 𝐺 with boundary 𝛾, having no
common points with Γ; 𝐺2 = 𝐺/𝐺1*. Consider the direct sum of Sobolev
spaces 𝑊 𝑙

2(𝐺1) + 𝑊 𝑙
2(𝐺2) = 𝑊 𝑙

2(𝐺) = 𝑊 𝑙
2; obviously, 𝑊 𝑙

2 is obtained by taking
the closure in the norm

‖𝑢‖2
1 = ∫

𝐺
∑
|𝛼|≤𝑙

|𝐷𝛼𝑢|2𝑑𝑥

of the set of functions defined in 𝐺 and infinitely differentiable in each of the
𝐺𝑖; in particular, 𝑊 0

2 (𝐺) = 𝐿2(𝐺). Every function 𝑢 ∈ 𝑊 𝑙
2 can be represented

in the form 𝑢(𝑥) = 𝑢1(𝑥) + 𝑢2(𝑥), where 𝑢𝑖(𝑥) = 𝑢(𝑥), 𝑥 ∈ 𝐺𝑖; 𝑢𝑖(𝑥) = 0,
𝑥 ∈ 𝐺/𝐺𝑖 (𝑖 = 1, 2). If 𝑙 > 0, then for 𝑥 ∈ 𝛾 by 𝑢𝑖(𝑥) we mean the limiting
value of 𝑢(𝑥) from the side of 𝐺𝑖.

Consider an elliptic differential operator 𝐴 with discontinuous complex coeffi-
cients
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(𝐴𝑢)(𝑥) = {(𝐴1𝑢)(𝑥), 𝑥 ∈ 𝐺1,
(𝐴2𝑢)(𝑥), 𝑥 ∈ 𝐺2, (1)

where

𝐴𝑖 = ∑
|𝜇|≤2𝑚

𝑎𝑖
𝜇(𝑥)𝐷𝜇, 𝑥 ∈ 𝐺𝑖 (𝑖 = 1, 2); (2)

𝜇 = (𝜇1, … , 𝜇𝑛), |𝜇| = 𝜇1 + ⋯ + 𝜇𝑛; 𝐷𝜇 = 𝐷𝜇1
1 ⋯ 𝐷𝜇𝑛𝑛 , 𝐷𝑘 = 1

𝑖
𝜕

𝜕𝑥𝑘
.

The ellipticity condition means that, for every real vector 𝜉 = (𝜉1, … , 𝜉𝑛) ≠ 0,
the characteristic polynomials

𝐷𝑖(𝑥, 𝜉) = ∑
|𝜇|=2𝑚

𝑎𝑖
𝜇(𝑥)𝜉𝜇

are nonzero in 𝐺𝑖 (𝑖 = 1, 2).
* The case of two domains is considered only to simplify the notation. All results
are also valid for a partition into a finite number of domains.

Let 𝑥 be any fixed point on Γ(𝛾); consider the polynomial 𝑃 𝑖(𝜂) = 𝑃 𝑖(𝑥, 𝜏 +𝜂𝜈),
where 𝜏 ≠ 0 is any real vector tangent to Γ(𝛾) at the point 𝑥, and 𝜈 ≠ 0 is any
real vector normal to Γ(𝛾) at 𝑥. From ellipticity it follows that 𝑃 𝑖(𝜂) have
no real roots; we shall require that the complex roots of these polynomials be
distributed equally in the upper and lower half-planes (in the case 𝑛 ≥ 3 this
condition is always fulfilled (8)); moreover, 𝑃 𝑖(𝜂) = 𝑃 𝑖 +(𝜂)𝑃 𝑖 −(𝜂), where 𝑃 𝑖+
(𝑃 𝑖−) are polynomials of degree 𝑚, all of whose roots lie in the upper (lower)
half-plane.

We shall also introduce the boundary operators

𝐵𝑖
𝑘 = ∑

|𝜇|≤𝑚𝑖
𝑘

𝑏𝑖
𝑘𝜇(𝑥)𝐷𝜇 (3)

(𝑖 = 1, 2, 3; 𝑘 = 1, … , 𝑟𝑖; 𝑟1 = 𝑟2 = 𝑟 ≥ 2𝑚; 𝑟3 ≥ 𝑚;

𝑚1
𝑘 = 𝑚2

𝑘 = 𝑚𝑘; 𝑚𝑖
𝑘 ≤ 2𝑚 − 1),
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where the complex functions 𝑏𝑖
𝑘𝜇(𝑥) (𝑖 = 1, 2) are defined on 𝛾, and 𝑏3

𝑘𝜇(𝑥) on
Γ; denote their characteristic polynomials by

𝑄𝑖
𝑘(𝑥, 𝜉) = ∑

|𝜇|=𝑚𝑖
𝑘

𝑏𝑖
𝑘𝜇(𝑥)𝜉𝜇;

if 𝑥 is a fixed point on Γ(𝛾), then, as above for 𝑃 𝑖(𝑥, 𝜉), set 𝑄𝑖
𝑘(𝜂) = 𝑄𝑖

𝑘(𝑥, 𝜏 +
𝜂𝜈).
Definition 1. Let at any point 𝑥 ∈ 𝛾, for any 𝜏 ≠ 0, 𝜈 ≠ 0, the following
condition be satisfied: there exist natural numbers 𝑘1, … , 𝑘2𝑚 such that the
simultaneous fulfillment of the identities

𝑐1𝑄𝑖
𝑘1

(𝜂) + ⋯ + 𝑐2𝑚𝑄𝑖
𝑘2𝑚

(𝜂) = 𝐶𝑖(𝜂)𝑃 𝑖
±(𝜂) (𝑖 = 1, 2),

where 𝑐1, … , 𝑐2𝑚 are complex constants and 𝐶1(𝜂), 𝐶2(𝜂) are polynomials, is
possible only when 𝑐1 = ⋯ = 𝑐2𝑚 = 0; in other words,

(𝑄1
𝑘𝑡

𝑄2
𝑘𝑡

) (𝑡 = 1, … , 2𝑚)

are linearly independent modulo

(𝑃 1+
𝑃 2−).

Then we shall say that the operators 𝐵𝑖
𝑘 (𝑖 = 1, 2) jointly cover the operators

𝐴1, 𝐴2.**

This definition is analogous to the definition of covering systems of operators
(6,7,9), according to which the boundary operators 𝐵1, … , 𝐵𝑟 (𝑟 ≥ 𝑚) cover
an elliptic operator 𝐴 of order 2𝑚 if among the characteristic polynomials
𝑄1(𝜂), … , 𝑄𝑟(𝜂) there are 𝑚 linearly independent modulo 𝑃+(𝜂).
Definition 2. We shall say that the boundary operators (3) cover the operator
𝐴 with discontinuous coefficients if the operators 𝐵3

𝑘 cover 𝐴2, and the operators
𝐵1

𝑘, 𝐵2
𝑘 jointly cover 𝐴1, 𝐴2.

3°. Theorem. Let 𝑎𝑖
𝜇(𝑥) ∈ 𝐶𝑠(𝐺𝑖), 𝑏𝑖

𝑘𝜇(𝑥) ∈ 𝐶2𝑚−𝑚𝑘+𝑠(𝛾) (𝑖 = 1, 2); 𝑏3
𝑘𝜇(𝑥) ∈

𝐶2𝑚−𝑚3
𝑘+𝑠(Γ); let the surfaces Γ and 𝛾 be of class 𝐶2𝑚+𝑠, where 𝑠 ≥ 0 is an

integer. Then, and only then, when the operator 𝐴 is elliptic and the boundary
operators (3) cover it (in the sense of Definition 2), there exists a constant 𝐾 > 0
such that

‖𝑢‖2
2𝑚+𝑠 ≤ 𝐾 (‖𝐴𝑢‖2

𝑠 +
𝑟

∑
𝑘=1

⟨|𝐵𝑘𝑢|⟩2
2𝑚−𝑚𝑘+𝑠−1 +

𝑟3

∑
𝑘=1

⟨𝐵3
𝑘𝑢⟩2

2𝑚−𝑚3
𝑘+𝑠−1 + ‖𝑢‖(2)

0 ) ,
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𝑢 ∈ 𝑊 2𝑚+𝑠
2 (𝐺). (4)

* For 𝑖 = 1 the plus subscript is taken here, and for 𝑖 = 2 the minus subscript.

** It is easy to show that in this definition one may replace 𝑃 1+, 𝑃 2− by
𝑃 1−, 𝑃 2+.

Here [𝐵𝑘𝑢](𝑥) = (𝐵1
𝑘𝑢1)(𝑥) − (𝐵2

𝑘𝑢2)(𝑥), 𝑥 ∈ 𝛾; ⟨𝑣⟩𝑙 is the boundary norm (7),
defined for functions given on Γ(𝛾) (in (9) this same norm is denoted by ⟨𝑣⟩𝑙+1).
Such norms were introduced earlier by L. N. Slobodetskii in (1, 2). One may
assume, for example, that in the notation of (1, 2)

⟨𝑣⟩𝑙 = ‖𝑣‖𝑊 𝑙+1/2
2 (Γ)

(respectively, for 𝛾).
The proof of sufficiency is first carried out locally; in the general case the in-
equality is obtained by means of a partition of unity. Suppose, for example,
that 𝑥 ∈ 𝛾; it is enough to prove that there exists a neighborhood 𝑈 of the
point 𝑥 such that inequality (4) holds for all functions 𝑢 ∈ 𝑊 2𝑚+𝑠

2 (𝑈) that
vanish outside 𝑈 . In doing so it is sufficient to consider the case where 𝑈 is an
𝑛-dimensional ball, 𝑈 ∩ 𝛾 is a piece of the hyperplane 𝑥𝑛 = 0, and the operators

𝐴𝑖 = ∑
|𝜇|=2𝑚

𝑎𝑖
𝜇𝐷𝜇, 𝐵𝑖

𝑘 = ∑
|𝜇|=2𝑚−1

𝑏𝑖
𝑘𝜇𝐷𝜇

have constant coefficients (cf. (7)). The proof of this for 𝑠 = 0 is carried out
with the aid of the Fourier transform; here the condition of joint covering is
used essentially. This condition, by means of an algebraic apparatus that is a
development of the algebraic methods used in (7), makes it possible to apply
the lemma of Aronszajn (10, 11, 7). To obtain the inequality for 𝑠 = 1, we write
the obtained inequality for difference quotients in the tangential direction and,
after passing to the limit, obtain estimates of the derivatives in this direction;
estimates for the normal derivatives are obtained by differentiating 𝐴𝑢 and using
the inequalities already found. The argument is analogous for 𝑠 = 2, 3, ….

In conclusion the authors express their deep gratitude to Yu. M. Berezanskii
for posing the question and for discussing the results.
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Note: Figure translations are in progress. See original paper for figures.

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the
original.

sovietrxiv.org/items/ru-196301.97974 Machine Translation

https://sovietrxiv.org/items/ru-196301.97974

	Abstract
	Full Text
	ENERGY INEQUALITIES FOR ELLIPTIC OPERATORS WITH DISCONTINUOUS COEFFICIENTS AND GENERAL BOUNDARY CONDITIONS AND CONJUGATION CONDITIONS
	CITED LITERATURE


