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Fig. 1: block diagram of an automatic control system with input &, (x,t),
disturbance ;(f,t), and output &/, (z',1).

Figure 1: Fig. 1: block diagram of an automatic control system with input
£, (x,t), disturbance £4(f,t), and output &, (', 1).
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The theory of invariance, developed up to the present time in the works of V.
S. Kulebakin (1), N. N. Luzin (%), B. N. Petrov (?), A. Yu. Ishlinskii (°), and
others, corresponds to the case of an action £, (z,t) defined as a deterministic
function of time ¢. For a given, in the probabilistic sense, &,(x,t), the effect
of invariance was investigated by A. G. Ivakhnenko (%) and A. G. Shevelev (3),
without consideration of information processes.

Fig. 1

At the same time, the theory of invariance—absolute and up to e—depends essen-
tially on the information characteristics of the ensemble of actions £, (x,t). In
the present note an attempt is made to apply information theory and statistical

optimization to the determination of invariance conditions (6,7, 10).

Let us consider the information conditions for invariance of automatic control
systems (ACS). Let a process £, (x,t) be given, taking values on a bounded set
x with metric p(z) = (z; — z,), which must be reproduced by the automatic
system under the condition of an interference in the form of an action £;(f,t)
(f € F bounded), applied at another point (Fig. 1). &, («’,t) is the process
at the output of the automatic control system, taking values on a bounded set
with the same metric. The consideration of the majority of automatic systems
can be reduced to this form if a preliminary functional transformation of the
control signal (&) is required.
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In the case of realization of the condition of absolute invariance,

zi=a'", (1)

where i is the number of a realization of the process of the ensemble &.

With such a general formulation one may regard the ACS as a system for trans-
mitting information. Since the actions are applied to the system at different
points, then, by virtue of its linearity, the transmission of each action may be
considered separately. Then, considering only the transmission of the control
action without taking interference into account, for the ACS the information-

transmission equation (°~'?) has the form
/7 / /7 1 N
HHE) =91 + gy [ 1ol P 2
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where W is the frequency band of the ensemble &; 7 (§) is the entropy of the
ensemble £ per degree of freedom,
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p(xq, Ty, ..., ,,) is the multidimensional distribution density; F5(£") is the en-
tropy per degree of freedom of the signal at the output; ®(jw) is the frequency-

characteristic of the filter, in our case the frequency characteristic of the closed
automatic control system.

From the conditions of absolute invariance (1), as a consequence, the nondis-
torting information is equal to

(&) = H5(E); (4)

/ log |®(jw)| duw = 0. (5)
w

Expression (5) may be regarded as an informational condition of absolute in-
variance, taking into account the frequency band of the ensemble of signals. A
more stringent requirement, considered in the theory of invariance, consists in
the fact that the frequency W must be infinite.

From the condition of absolute invariance it follows that the frequency charac-
teristic of the automatic control system must possess the property
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[P(jw)| =1 for0<w< W. (6)

The frequency characteristic of an absolutely invariant automatic control system
must have a rectangular form. But, as shown in (19), a filter with a rectangular
frequency characteristic is physically unrealizable, since it does not satisfy the
Paley—Wiener condition (i.e., the integral

ol
/ 0g|<1>(c;))| o
A 1+w

is a finite number). This proposition shows that in a single-loop system the
conditions of absolute invariance in the general case, for an arbitrary signal,
cannot be attained even when the signal frequency band is limited.

For a two-channel system the frequency characteristic ® can be represented in
the form of the sum of two characteristics: ®,,(jw), the transfer function of the
closed loop, and ®,(jw), the transfer function of the correcting circuit; then
condition (5) can be represented in the form

|D,(jw) + P, (jw)| =1 for 0 <w < W. (7)

This condition does not impose stringent rectangularity requirements on each fre-
quency characteristic ®,, and ®,, and therefore it is possible to find a physically
realizable system satisfying this condition. Condition (7) may be represented in
a stronger form

which will impose additional requirements on the phase-frequency characteris-

tics. Hence it follows that, in order to satisfy the conditions of absolute invari-
ance, the frequency characteristic of the second channel must be

Py (jw) = 1= @, (jw). 9)

The right-hand side of (9) represents the expression for the frequency character-
istic of the error of the closed system, i.e., the error of the channel

Pys(jw) =1 — @, (jw). (10)

Consequently, the frequency characteristic of the second channel must be the
frequency characteristic of the error of the first channel,

P (jw) = Pps(jw). (11)
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This means that information is transmitted through the first main channel, and
error correction through the second. Obviously, one can select two physically
realizable filters with frequency characteristics |®,,| and |®,| and obtain the
conditions of absolute invariance.

Consequently, in reproducing systems the conditions of absolute invariance for
an arbitrary signal of general form are realizable if and only if there are two
channels for information transmission satisfying the conditions set forth above.
This is a confirmation of the well-known theorem of B. N. Petrov (?).

Let us consider, in this same system, the conditions for absolute invariance
under stabilization with respect to the action & f( f,t). From the point of view
of information theory, the latter means that at the output of the system no
information about the application of the disturbance should be observed, which
can be written in the form

0=7"() + % /log|v(jw)|2dw7 (12)
W

where v(jw) is the frequency characteristic of the system (closed-loop) with
respect to the action §(f,1).

Hence follows the condition of absolute invariance for the stabilization system
under an arbitrary signal of general form; consequently, for any J it must be

1

2051691 = g [ Tog ot

w

If deterministic signals f(t) act on the system, then from the point of view
of information theory such signals carry no information, since their probability
distribution density is zero. Such information is known in advance. However, for
technical automatic-control systems such a problem is widespread. In this case
the correction is carried out by choosing @, the operator of the automatic-
control system (the case @, # 0) in accordance with the known deterministic
action, and is achieved with the aid of the K(D)-image (the third form of
invariance), so that K(D)f(t) = 0, K(D) # 0, f(t) # 0 . If one considers
stationary processes and systems with infinite memory and takes the observation
interval to be infinite, the Wiener-optimal transfer function of the automatic-
control system @, is characterized by an error &2 equal to

g2 = % / {Sh(w> - |(I)opt(jw)|25f(w>} dw,
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where S;(w) is the spectral density of f(¢), and S, (w) is the spectral density of
the desired signal.

In control problems with optimal filtering, £2 = 0, S}, (w) = 0; then

|(I)opt(jw)|2sf(w) = 0

If ®(D) # 0, f(t) # 0, and the variance of f(t) is zero (the deterministic case),
the latter is possible in the case

(I)opt(D)f(t) = 07

i.e., @, (D) must be the K(D)-image of f(t), or contain it as a factor. Thus,
in this case the Wiener-optimal system satisfies the optimal solution obtained
on the basis of invariance theory.
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