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To evaluate the load-bearing capacity and deformability of structures composed
of several elements (Fig. 1), investigations are needed that make it possible
to refine the analysis of such structures by taking into account their spatial
behavior and the influence of the compliance of elastic connections joining the
individual component elements.

Fig. 1

The spatial behavior of the structure as a whole can be ensured if the component
elements are connected to one another by four types of connections: C-1, C-2,
C-3, and C-4. We shall consider composite structures with elastic-compliant
joints uniformly distributed along the length of the seams.

We shall base the solution on the following hypotheses:

1. The deformation of transverse compression (tension) in the direction of
the axis s is zero for all plates (faces) of the component elements.

2. All types of connections joining the individual elements are elastic.

The longitudinal and tangential displacements of a point of the middle surface
of a component element (in the general case, a prismatic shell) are determined
by the formulas (see (1)):

77Lj

u(z;s) = Z U;(2)p;(s), wherei=1,2,....,m;

i=1
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j

v(z;s) = ZVk(z)wk(s), where k=1,2,...,n, (1)
k=1

where the functions U,(z) and V. (z), depending only on z, are the unknowns,
while the functions ¢;(s) and ¢, (s) are to be chosen in advance; m; and n;
are the numbers of degrees of freedom, respectively, for the longitudinal and
transverse displacements of an elementary strip cut out by the sections z = const
and z + dz = const from the j-th element. A transverse strip selected from a
structure consisting of a elements has a number of degrees of freedom equal to

(o7
My my ot my e my, = Y my
j=1
with respect to longitudinal displacements, and
(03
T R S R =D )
j=1

with respect to transverse displacements. Thus, the transverse strip will have
in all

degree of freedom, and, consequently, the number of functions ¢(s) and i (s)
will also be equal to A.

In the general case of a composite structure, formulas (1) are written in the
form:

Q

J

U@eg(s) oz =33 V). @

u(z;s) =
=1 i=1 J=1 k=1

The functions ¢;;(s) (¢y(s)) will be taken, in the state ij (ki), to be different
from zero only for the i-th bar of the frame cut out of the j-th element.

On the basis of Hooke’ s law, the normal and shear stresses in the cross section
of any element are written in the form

o(z;8) = Edu/0z, 7(z;8) = G (Ou/ds + Ov/0z). (3)

Taking (2) into account, we obtain
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m(zi5) = G D Uylelelys) + Y v,;j<z>wkj<s>]. ()

Let us compose the equilibrium equations for an elementary transverse strip of
width dz of the composite structure in the form of the work of all forces acting
on it on possible displacements (Lagrange’ s principle), for which we take the
previously chosen functions ¢, (s) and ¥, (s):

7l (5) dF + / Py (s) ds = 0;
L

| en(s)dF = Y Tl (o) — ol (5) -
P

T

/F O upl) A — 37 N, (s) — 4 (5)] = 3 N, [0 (s) — i (5]

j ; 0H; a M,.M
= S mlAhe) — F )+ Y G ) = 323 iy [ sk [ vy (s =0,

t j=1 =1 k=1

where

T:1727 7mj, g_1a27 >njv y:172a y O p:1527 y O
J= 1723 ey O
a My
i )+1
T(z8) =Y > BUi(2) [@l;(s) — ¢l ()] (6)
Jj=1 =1

are the forces in the ties (C-1) of longitudinal shear of the ¢-th seam; [goz](s) —

gofjl(s)] is the magnitude of the mutual longitudinal displacement of two con-
nected elements j and j + 1 at the location of this seam from the unit state
Uji(2) = 1, and B, is the stiffness coefficient of the longitudinal-shear ties of the
t-th seam;
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Nolz8) = D03 1 Vig(2) [0 5) — 01 )

Ny (228) = 303 Vi) 1 () — 5 9] @

are the forces in the ties (C-2 and C-3) of transverse displacement of the ¢-th
seam; | ka(s) — wgl(s)] is the magnitude of the mutual transverse displace-
ment of two connected elements at the location of this seam from the unit
state V';(z) = 1, and +,, and 1, are the stiffness coefficients of the transverse-

displacement ties in the-offsetof

in the directions of the xz-axis and the y-axis, respectively, of the ¢-th seam;

j

m(z;s) = z“:

=1k

e Vi (2) [fl(s) = 1157 (s)] (8)

forces in the angular connections (C-4); f;;(s) is a function determining the
angle of rotation of the cross section of the individual elements of the structure
only in the direction of the s-axis; [f,ij(s) — z;l(s)] is the magnitude of the
mutual angle of rotation of the cross sections of two connected elements at the
location of the given seam from the unit state V,:j(z) = 1; the function f;(s) is
completely determined by the choice of the magnitude and form of the function
¢kj(s); @, is the stiffness coeflicient of the angular connections of the ¢-th seam;

Hiz) =35 KVY(2) ©)

=1 k=1

the twisting moment in an individual element of the structure; Vj;(z) are the
functions of twisting of an individual plate (face) of the j-th component element;
K is the coefficient of the shape of the transverse section of the face.

Substituting expressions (4), (6)—(9) into (5), we obtain a system A of linear dif-
ferential equations with respect to the sought generalized Z?zl m; longitudinal

U;;(z) and Z?:l n; transverse V}.;(z) displacements:
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Z Z an TyU” Z Z Bra Gigry 2] (2) = Z Z Gbijyrinj(Z)
_ Z Z Gckj erkJ + Py =0,

Z Z Geij U )+ Z Z GTyj.gpVi - Z Z th?kj,gpvkj(@ (10)
o Z Z Xyt kj, goVkJ Z Z @tdka gpvkg z) + Z Z tgovk/j(z)
- Z Z SkjgpVai(2) + dgp = 0,

where
Gijry Z/%(s)%y(S) AF; g, =Y [0h(s) — @l (s)] [ehu(s) — ety (s)] 5
I3 t
brs = [ o AF: ey = [ (906t (5)
F I3

Cij,gp:/%j(s)?ﬁgp(s) dF;
ja

o /F Ui o) AF; Ty = 3 [505) — 0 (5)] [hnls) — 0 (s)]

dijgp = O [FLi(5) = FT )] [Fn(s) = £ (5)] 5

= Mijqp
tgp = E;ngp(s% Skj,gp = L EI- ds. (11)
J=

Formulas (11) are of a general character and make it possible to compute the
coefficients of equations (10) for a composite structure of arbitrary outline in
the transverse section, with an arbitrary method of approximating the sought
displacements u(z; s), v(z; s) with respect to the variable s.

The quantities p,, (2) and g,,(2), corresponding to the free terms of the equations

(10), are known functions of z, and for given forces p(z;s) and ¢(z;s) are com-
puted by the formulas

Pry(2) = / Pony(s)ds, () = / aib,,(s) ds. (12)
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Fig. 2

Figure 2: Fig. 2

Let us apply the equations obtained to the solution of a specific problem con-
cerning the bending of a box structure (Fig. 2). We represent the displacements
of an arbitrary point of any plate of the box by the expressions

u(2;8) = Uy1(2)11(8)+U12(2)p12(8) +U 5(2) @13(5), v(z;8) = Vi1 (2)P11(s),

where the functions ¢;;(s) and ¢, ;(s) are chosen in the form

e11(8) =Y (s); P12(8) = y(s); p13(8) = y(s); Y11(8) =y (s).

Fig. 2

Having computed the coefficients by formulas (11), we obtain for the problem
under consideration the following system of equations (for simplicity of notation
it is assumed that Uy (z) = Uyy, Upa(2) = Uy, Uys(2) = Uyg, Vig(2) = Vi)

11U — a1 Upy + agUsg + ag3Up 3 — afy Vi) +pyp =0,
a9 Upy + asUlhy — agUsp + 040+ ppp =0,

’7 24 (13)
a31Upy + 0+ az3Ury — azzUy3 + 04+ pi3 =0,
a:L4U{1 +O+O+GZ4V{{ +q11 = 0.
In the equations of the system
ayy = 2EF,(h*/3 — hh,+ h?) = 2E1,, ay, = 2F,G + 2B[(h — h,)? + h?];

Q19 = Qg1 = 25]%2:; ays = ag; =28(h — hc)2§ ay = ay =2I5G;

ayy = ERh2 =Bl ;  ay=28h%  afy=EFy(h—h,)’ = EI, ;

azs = 26(h — hc>2§ ay, = 2F,G,
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where F and G are, respectively, the moduli of elasticity of the first and second
kind of the material of the plates; h, is the distance of the neutral axis of the
box section from the axis of the upper plate; F} = ad;, F,, = héy, Fy = ad4 are
the cross-sectional areas, respectively, of the upper, side, and lower plates.
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