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Abstract
Full Text

V. P. IL’IN

SOME INEQUALITIES BETWEEN NORMS
OF PARTIAL DERIVATIVES OF FUNCTIONS
OF MANY VARIABLES
(Presented by Academician I. M. Vinogradov on 19 III 1963)

Let 𝑓(𝑥1, … , 𝑥𝑛) be a continuous function given in a domain Ω of the 𝑛-
dimensional Euclidean space 𝐸𝑛 of points x = (𝑥1, … , 𝑥𝑛), having continuous
derivatives of arbitrary order. Let 𝑛 + 1 integral nonnegative vectors be given,

r𝑖 = (𝑙𝑖1, … , 𝑙𝑖𝑛) (𝑖 = 0, 1, … , 𝑛) (𝑙𝑖𝑗 ⩾ 0 integers).

The problem is to find integral nonnegative vectors ⃗𝜌 = (𝜈1, … , 𝜈𝑛) and numbers
𝑞 ⩾ 𝑝 ⩾ 1 for which the inequality

‖𝐷 ⃗𝜌𝑓‖𝐿𝑞(Ω) ⩽ 𝐶
𝑛

∑
𝑖=0

‖𝐷r𝑖𝑓‖𝐿𝑝(Ω) (1)

holds, where 𝐶 is a constant independent of 𝑓 ,

𝐷r𝑓 = 𝜕𝑙1

𝜕𝑥𝑙1
1

⋯ 𝜕𝑙𝑛𝑓
𝜕𝑥𝑙𝑛𝑛

(r = (𝑙1, … , 𝑙𝑛)).

The results of the present note are a development of the results of note (1)
on this question. Some of the inequalities given below may be regarded as a
generalization, in a certain direction, of the known inequalities of S. L. Sobolev
(2) and S. M. Nikol’skii (3); some new inequalities are also given.

I. We shall say that a domain 𝐷 of the space 𝐸𝑛 belongs to the class 𝐶(ℋ𝑘),
where 1 ⩽ 𝑘 ⩽ 𝑛, if for every point x ∈ 𝐷 there exists a 𝑘-dimensional cube
with vertex at x and with edges of length ℋ, parallel to the coordinate axes
𝑥𝑛−𝑘+1, … , 𝑥𝑛, contained in Ω. We shall further say that 𝑆𝑚, an 𝑚-dimensional
surface of the space 𝐸𝑛, is a surface of class 𝐶(1) if it is given by the equations
𝑥1 = 𝑥1, … , 𝑥𝑚 = 𝑥𝑚, 𝑥𝑚+1 = 𝜑𝑚+1(𝑥1, … , 𝑥𝑚), … , 𝑥𝑛 = 𝜑𝑛(𝑥1, … , 𝑥𝑚), where
the functions 𝜑𝑖(𝑥1, … , 𝑥𝑚) are defined in some domain Ω𝑚 of the space 𝐸𝑚

of points x𝑚 = (𝑥1, … , 𝑥𝑚) and have continuous bounded partial derivatives of
first order in Ω𝑚.

II. Let natural numbers 𝑠 ⩽ 𝑛 and 𝑛𝑖 (𝑖 = 1, … , 𝑠) be given, for which
𝑛1 + ⋯ + 𝑛𝑠 = 𝑛.
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Consider the following table of numbers, consisting of 𝑠 + 1 rows (the rule for
forming the numbers is clear from the table):

𝑖
0 1
1 1, 𝑛1
2 1, 𝑛1, 𝑛2, 𝑛1𝑛2
3 1, 𝑛1, 𝑛2, 𝑛3, 𝑛1𝑛2, 𝑛1𝑛3, 𝑛2𝑛3, 𝑛1𝑛2𝑛3
⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅
⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅
𝑠 1, 𝑛1, 𝑛2, … , 𝑛𝑠, 𝑛1𝑛2, … , 𝑛1𝑛2 … 𝑛𝑠

(2)

By 𝛼𝑖 we denote an arbitrary number taken from the 𝑖-th row; 𝛼𝑖 is either equal
to 1 (the first number of the row), or is a number of the form 𝛼𝑖 = 𝑛𝑖1

⋯ 𝑛𝑖𝑘𝑖
,

where 𝑘𝑖 denotes the number of factors in 𝛼𝑖, and the indices 𝑖1, … , 𝑖𝑘𝑖
indicate

exactly which factors enter into 𝛼𝑖 (𝑖1, … , 𝑖𝑘𝑖
are certain natural numbers not

exceeding 𝑖). To the number 𝛼𝑖 we associate 𝛼𝑖 vectors, for which we introduce
the notation: r𝑖;0, if 𝛼𝑖 is equal to the first number of the 𝑖-th row (𝛼𝑖 = 1);
r𝑖;𝑗𝑖1 ,…,𝑗𝑖𝑘𝑖

, (𝑗𝑖𝑡
= 1, … , 𝑛𝑖𝑡

; 𝑡 = 1, … , 𝑘𝑖), if 𝛼𝑖 = 𝑛𝑖1
⋯ 𝑛𝑖𝑘𝑖

.

The coordinates of an arbitrary vector r will be denoted by 𝑟𝜆,𝜇 (𝜆 =
1, … , 𝑠; 𝜇 = 1, … , 𝑛𝜆), i.e.

r = (𝑙1,1, … , 𝑙1,𝑛1
; … ; 𝑙𝑠,1, … , 𝑙𝑠,𝑛𝑠

);

in particular, the coordinates of r𝑖;𝑗𝑖1 ,…,𝑗𝑖𝑘𝑖
are denoted by

𝑙
𝑖;𝑗𝑖1 ,…,𝑗𝑖𝑘𝑖
𝜆,𝜇 .

We now state a somewhat more general theorem, from which, in particular,
sufficient conditions for the validity of inequality (1) for 𝑞 = 𝑝 will follow.

Theorem 1. Let natural numbers 𝑠 ≤ 𝑛 and 𝑛𝑖 (𝑖 = 1, … , 𝑠) be given, for
which

𝑛1 + ⋯ + 𝑛𝑠 = 𝑛,
and the table (2) corresponding to them, as well as numbers 𝛼𝑖 (𝑖 = 0, 1, … , 𝑠),

𝑠
∑
𝑖=0

𝛼𝑖 = 𝑁.

Suppose, further, that 𝑁 integral nonnegative vectors r𝑖;𝑗𝑖1 ,…,𝑗𝑖𝑘𝑖
(or r𝑖;0), cor-

responding to the numbers 𝛼𝑖, and an integral nonnegative vector

⃗𝜌 = (𝑣1,1, … , 𝑣𝑠,𝑛𝑠
)

are given, whose coordinates satisfy the conditions:
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1.
r𝑖;0 ∶ 𝑙 𝑖;0

𝜆,𝜇 = 𝑣𝜆,𝜇 (𝜆 = 1, … , 𝑖, 𝑖 + 2, … , 𝑠; 𝜇 = 1, … , 𝑛𝜆),

𝑙 𝑖;0
𝑖+1,𝜇 ≤ 𝑣𝑖+1,𝜇 (𝜇 = 1, … , 𝑛𝑖+1);

r𝑖;𝑗𝑖1 ,…,𝑗𝑖𝑘𝑖
∶ 𝑙

𝑖;𝑗𝑖1 ,…,𝑗𝑖𝑘𝑖
𝜆,𝜇 = 𝑣𝜆,𝜇 for 𝜆 = 1, … , 𝑠, but 𝜆 ≠ 𝑖1, … , 𝜆 ≠ 𝑖𝑘𝑖

,

𝜆 ≠ 𝑖 + 1, 𝜇 = 1, … , 𝑛𝜆;

𝑙
𝑖;𝑗𝑖1 ,…,𝑗𝑖𝑘𝑖
𝑖𝑡,𝑗𝑖𝑡

> 𝑣𝑖𝑡,𝑗𝑖𝑡
(𝑡 = 1, … , 𝑘𝑖);

𝑙
𝑖;𝑗𝑖1 ,…,𝑗𝑖𝑘𝑖
𝑖𝑡,𝜇 ≤ 𝑣𝑖𝑡,𝜇 (𝜇 = 1, … , 𝑛𝑖𝑡

, 𝜇 ≠ 𝑗𝑖𝑡
; 𝑡 = 1, … , 𝑘𝑖);

𝑙
𝑖;𝑗𝑖1 ,…,𝑗𝑖𝑘𝑖
𝑖+1,𝜇 ≤ 𝑣𝑖+1,𝜇 (𝜇 = 1, … , 𝑛𝑖+1).

2. For all 𝜆 = 𝑖1, … , 𝑖𝑘𝑖
(𝑖 = 1, … , 𝑠) and 𝜇 = 1, … , 𝑛𝜆 there exist numbers

𝑥𝜆,𝜇 > 0 such that

𝑛𝑖𝑡

∑
𝜇=1

𝑣𝑖𝑡,𝜇𝑥𝑖𝑡,𝜇 <
𝑛𝑖𝑡

∑
𝜇=1

𝑙
𝑖;𝑗𝑖1 ,…,𝑗𝑖𝑘𝑖
𝑖𝑡,𝜇 𝑥𝑖𝑡,𝜇 (𝑡 = 1, … , 𝑘𝑖)

for all vectors r𝑖;𝑗𝑖1 ,…,𝑗𝑖𝑘𝑖

(𝑗𝑖𝑡
= 1, … , 𝑛𝑖𝑡

, 𝑡 = 1, … , 𝑘𝑖, 𝑖 = 1, … , 𝑠).

Assume that
𝐷𝑟𝑖𝑓 ∈ 𝐿𝑝(Ω) (𝑖 = 1, … , 𝑁) (𝑝 ≥ 1),

where r𝑖 are the newly renumbered given 𝑁 vectors, Ω ∈ 𝐶(ℋ𝑛). Then the
inequality

‖𝐷 ⃗𝜌𝑓‖𝐿𝑝(Ω) ≤ 𝐶
𝑁

∑
𝑖=1

‖𝐷𝑟𝑖𝑓‖𝐿𝑝(Ω), (3)

holds, where 𝐶 is a constant independent of 𝑓 .

From inequality (3) there follows inequality (1) in the case when

𝑁 =
𝑠

∑
𝑖=0

𝛼𝑖 ≤ 𝑛 + 1.

In particular, for 𝑛1 = ⋯ = 𝑛𝑠−1 = 1, 𝑛𝑠 = 𝑛 + 1 − 𝑠,

𝑠
∑
𝑖=0

𝛼𝑖
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will not exceed 𝑛 + 1 for any choice of 𝛼𝑖. To this case there corresponds the
following simpler theorem.

Theorem 1′. Let a natural number 𝑠 ≤ 𝑛 and integer nonnegative vectors
r𝑖 (𝑖 = 0, 1, … , 𝑛) and ⃗𝜌 = (𝑣1, … , 𝑣𝑛) be given, whose coordinates satisfy the
conditions:

1. r𝑖 (𝑖 = 0, 1, … , 𝑠 − 2):
𝑙𝑖𝑗 ≥ 𝑣𝑗 (𝑗 = 1, … , 𝑖), 𝑙𝑖𝑖+1 ≤ 𝑣𝑖+1, 𝑙𝑖𝑗 = 𝑣𝑗 (𝑗 = 𝑖 + 2, … , 𝑛);

r𝑠−1 ∶ 𝑙𝑖𝑗 ≥ 𝑣𝑗 (𝑗 = 1, … , 𝑠 − 1), 𝑙𝑖𝑗 ≤ 𝑣𝑗 (𝑗 = 𝑠, … , 𝑛); (A)

r𝑖 (𝑖 = 𝑠, … , 𝑛): for each fixed 𝑗 = 1, … , 𝑠 − 1, either

𝑙𝑖𝑗 > 𝑣𝑗 (𝑖 = 𝑠, … , 𝑛),
or

𝑙𝑖𝑗 = 𝑣𝑗 (𝑖 = 𝑠, … , 𝑛),
and either a)

𝑙𝑖𝑖 > 𝑣𝑖 (𝑖 = 𝑠, … , 𝑛), 𝑙𝑖𝑗 ≤ 𝑣𝑖 (𝑗 = 𝑠, … , 𝑛; 𝑗 ≠ 𝑖; 𝑖 = 𝑠, … , 𝑛),
or b)

𝑙𝑖𝑗 = 𝑣𝑗 (𝑖 = 𝑠, … , 𝑛; 𝑗 = 𝑠, … , 𝑛).
2. If the vectors r𝑖 (𝑖 = 𝑠, … , 𝑛) satisfy conditions a), then let there exist

numbers 𝜒𝑖 > 0 (𝑖 = 𝑠, … , 𝑛) such that
𝑛

∑
𝑗=𝑠

𝑣𝑗𝜒𝑗 <
𝑛

∑
𝑗=𝑠

𝑙𝑖𝑗𝜒𝑗 (𝑖 = 𝑠, … , 𝑛).

Let, furthermore, 𝐷r𝑖𝑓 ∈ 𝐿𝑝(Ω) (𝑝 ≥ 1), Ω ∈ 𝐶(ℋ𝑛). Then

∥𝐷 ⃗𝜌𝑓∥𝐿𝑝(Ω) ≤ 𝐶
𝑛

∑
𝑖=0

∥𝐷r𝑖𝑓∥𝐿𝑝(Ω), (4)

where 𝐶 is a constant independent of 𝑓 .

For a concrete choice of the parameters in Theorem 1′ one obtains various
inequalities. For example, for 𝑠 = 𝑛, 𝑙𝑖 > 𝑣𝑖, 0 ≤ 𝑘𝑖 ≤ 𝑣𝑖 (𝑖 = 1, … , 𝑛), we
obtain the inequality

∥𝐷𝑣1+⋯+𝑣𝑛𝑓∥𝐿𝑝(Ω) ≤

≤ 𝐶 (∥𝐷𝑙1+⋯+𝑙𝑛𝑓∥𝐿𝑝(Ω) +
𝑛

∑
𝑖=1

∥𝐷𝑣1+⋯+𝑣𝑖−1+𝑘𝑖+𝑣𝑖+2+⋯+𝑣𝑛𝑓∥𝐿𝑝(Ω)) .
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III. From the results of work [1] it follows that inequality (1) for an arbitrary
domain of class 𝐶(ℋ𝑛) for 𝑞 > 𝑝 is possible only when the coordinates of the
vectors r𝑖 (𝑖 = 0, 1, … , 𝑛) and ⃗𝜌 satisfy the conditions:

𝑙0𝑗 ≤ 𝑣𝑗 (𝑗 = 1, … , 𝑛) for 𝑖 = 0,
𝑙𝑖𝑗 ≤ 𝑣𝑗 (𝑗 = 1, … , 𝑖 − 1, 𝑖 + 1, … , 𝑛), 𝑙𝑖𝑖 > 𝑣𝑖 for 𝑖 = 1, … , 𝑛, (�)

which are obtained from conditions (A) for 𝑠 = 1. Under these conditions the
usual embedding theorems hold.

Theorem 2. Let integer nonnegative vectors r𝑖 (𝑖 = 0, 1, … , 𝑛) and ⃗𝜌 be given,
for which conditions (�) are valid, and, in addition, let there exist numbers
𝜒𝑗 > 0 (𝑗 = 1, … , 𝑛) such that

𝐹1 =
𝑛

∑
𝑗=1

𝑣𝑗𝜒𝑗 <
𝑛

∑
𝑗=1

𝑙𝑖𝑗𝜒𝑗 = 𝐹 (𝑖 = 1, … , 𝑛). (5)

Let, further:

1. A natural number 𝑚 and numbers 𝑝 and 𝑞 are given, satisfying the in-
equalities:

1 ≤ 𝑚 ≤ 𝑛, 1 ≤ 𝑝 ≤ 𝑞 ≤ ∞, 𝐹 − 𝐹1 − 1
𝑝

𝑛
∑
𝑗=1

𝜘𝑗 + 1
𝑞

𝑚
∑
𝑗=1

𝜘𝑗 = 𝜀𝑚 ≥ 0.

2. 𝐷𝑟𝑖𝑓 ∈ 𝐿𝑝(Ω) (𝑖 = 0, 1, … , 𝑛), Ω ∈ 𝐶(ℌ𝑛).
3. 𝑆𝑚 is an 𝑚-dimensional surface of class 𝐶(1), contained in Ω (𝑆𝑛 ≡ Ω).

Then, under one of the following conditions: a) 𝜀𝑚 > 0, b) 𝜀𝑚 = 0, 1 < 𝑝 <
𝑞 < ∞, the inequality

∥𝐷 ⃗𝜌𝑓∥𝐿𝑞(𝑆𝑚) ≤ 𝐶1ℎ−𝛿𝑚∥𝐷𝑟0𝑓∥𝐿𝑝(Ω) + 𝐶2ℎ𝜀𝑚
𝑛

∑
𝑖=1

∥𝐷𝑟𝑖𝑓∥𝐿𝑝(Ω)

holds, where

𝛿𝑚 = 𝐹 − 𝜀𝑚 −
𝑛

∑
𝑗=1

𝑙0𝑗𝜘𝑗, 0 < ℎ ≤ ℌ1/𝜘𝑗 (𝑗 = 1, … , 𝑛),

and 𝐶1 and 𝐶2 are constants independent of 𝑓 and ℎ.

Remark. If the vectors r𝑖 and ⃗𝜌 satisfy conditions (B), but among the co-
efficients 𝜘𝑖 satisfying (5) there are also negative ones, then inequality (1) is
possible only for 𝑞 = 𝑝 and only in the case when 𝑘 + 1 vectors r𝑖 (1 ≤ 𝑘 < 𝑛)
and the vector ⃗𝜌 satisfy conditions 1–2 of the following theorem.

Theorem 3. Let the integer nonnegative vectors r𝑖 (𝑖 = 0, 𝑛 − 𝑘 + 1, … , 𝑛) and
⃗𝜌 satisfy the conditions:
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1.
𝑙0𝑗 = 𝑣𝑗 (𝑗 = 1, … , 𝑛 − 𝑘), 𝑙0𝑗 ≤ 𝑣𝑗 (𝑗 = 𝑛 − 𝑘 + 1, … , 𝑛);

𝑙𝑖𝑗 = 𝑣𝑗 (𝑗 = 1, … , 𝑛 − 𝑘), 𝑙𝑖𝑖 > 𝑣𝑖,
𝑙𝑖𝑗 ≤ 𝑣𝑗 (𝑗 = 𝑛 − 𝑘 + 1, … , 𝑛; 𝑗 ≠ 𝑖) for 𝑖 = 𝑛 − 𝑘 + 1, … , 𝑛.

2. There exist numbers 𝜘𝑗 > 0 (𝑗 = 𝑛 − 𝑘 + 1, … , 𝑛) such that

𝐹1 =
𝑛

∑
𝑗=𝑛−𝑘+1

𝑣𝑗𝜘𝑗 <
𝑛

∑
𝑗=𝑛−𝑘+1

𝑙𝑖𝑗𝜘𝑗 = 𝐹 (𝑖 = 𝑛 − 𝑘 + 1, … , 𝑛).

Let, further:

3.
𝑚 ≥ 𝑛 − 𝑘, 𝑝 ≥ 1, 𝐹 − 𝐹1 − 1

𝑝
𝑛

∑
𝑗=𝑛−𝑚+1

𝜘𝑗 > 0.

4. 𝐷𝑟𝑖𝑓 ∈ 𝐿𝑝(Ω) (𝑖 = 0, 𝑛 − 𝑘 + 1, … , 𝑛), Ω ∈ 𝐶(ℌ𝑘).
5. 𝑆𝑚 is an 𝑚-dimensional surface of class 𝐶(1), contained in Ω (𝑆𝑛 ≡ Ω).

Then

∥𝐷 ⃗𝜌𝑓∥𝐿𝑝(𝑆𝑚) ≤ 𝐶 (∥𝐷𝑟0𝑓∥𝐿𝑝(Ω) +
𝑛

∑
𝑖=𝑛−𝑘+1

∥𝐷𝑟𝑖𝑓∥𝐿𝑝(Ω)) ,

where 𝐶 does not depend on 𝑓 .

V. A. Steklov Mathematical Institute
Academy of Sciences of the USSR

Received
19 III 1963
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Note: Figure translations are in progress. See original paper for figures.
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