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Abstract
Full Text

V. P. I’ IN

SOME INEQUALITIES BETWEEN NORMS
OF PARTIAL DERIVATIVES OF FUNCTIONS
OF MANY VARIABLES

(Presented by Academician I. M. Vinogradov on 19 III 1963)

Let f(zq,...,z,) be a continuous function given in a domain Q of the n-
dimensional Euclidean space E™ of points x = (x4, ...,x,,), having continuous
derivatives of arbitrary order. Let n + 1 integral nonnegative vectors be given,

r,=(l{,....1;) (1=0,1,...,n) (I5> 0 integers).

The problem is to find integral nonnegative vectors g = (v, ..., v,,) and numbers
q > p > 1 for which the inequality

HDﬁf”Lqm) < CZ 10" £z, (1)
=0

holds, where C is a constant independent of f,

o oS
658l11 6xlrf

Drf= (r=(~,...,1,))-

The results of the present note are a development of the results of note (1)
on this question. Some of the inequalities given below may be regarded as a
generalization, in a certain direction, of the known inequalities of S. L. Sobolev
(?) and S. M. Nikol’ skii (3); some new inequalities are also given.

I. We shall say that a domain D of the space E™ belongs to the class C(H*),
where 1 < k < n, if for every point x € D there exists a k-dimensional cube
with vertex at x and with edges of length /A, parallel to the coordinate axes
Typ_ps1s -+ Ty, contained in 2. We shall further say that S™, an m-dimensional

surface of the space E", is a surface of class CV) if it is given by the equations

L1 =Ty s Ty = Ty Tyl = (pm+1(501, 7$m)7 vy Ly = Qpn(xlﬂ 7Im)a where
the functions ¢,(x4,...,x,,) are defined in some domain Q™ of the space E™
of points x™ = (zq, ..., ,,) and have continuous bounded partial derivatives of

1 m
first order in Q™.

II. Let natural numbers s < n and n; (i = 1,...,s) be given, for which
n1++n9:n
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Consider the following table of numbers, consisting of s + 1 rows (the rule for
forming the numbers is clear from the table):

7

01

111, ng

211, ng, ng, ning 2)
311, ng, ng, ng, NyNg, N N3, NgNs3, N NyN3

s 11, ng, NgyeeyNg, NNy, .o, NNy ... N

By a; we denote an arbitrary number taken from the i-th row; «; is either equal
to 1 (the first number of the row), or is a number of the form a; = n; --n;
where k; denotes the number of factors in «;, and the indices iy, ..., 4y, indicate
exactly which factors enter into «; (iy, ... i, are certain natural numbers not
exceeding 7). To the number «; we associate «; vectors, for which we introduce
the notation: r;, if ; is equal to the first number of the i-th row (a; = 1);

K]
s, =Ly t=1,00k), oy =n; ony

| ;
Wiy iy, i

The coordinates of an arbitrary vector r will be denoted by r, , (A =
1,8 p=1,...,my), ie.

r= (1171, S PR T ’ls,ns>;
in particular, the coordinates of r;,; . are denoted by
Biyodiy,
A

We now state a somewhat more general theorem, from which, in particular,
sufficient conditions for the validity of inequality (1) for ¢ = p will follow.

Theorem 1. Let natural numbers s < n and n; (i = 1,...,s) be given, for
which
ny+ -t ng=mn,

and the table (2) corresponding to them, as well as numbers «; (i =0,1,...,5),

zs:ai = N.
=0

Suppose, further, that IV integral nonnegative vectors r or ri;o), cor-

Uiy sesdiy,, (
k2
responding to the numbers ¢, and an integral nonnegative vector

ﬁ = (Ul,h 7Us,n5)

are given, whose coordinates satisfy the conditions:
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50 — P .y =
Lot Ly, =Us, A=1,,0, i4+2,.,8 p=1,...,ny),
17 <w (n=1 ):
ity S Ve (B=L4 s Myg);
i;jilwnﬂiki . .
L W =wvy, forA=1,. s but AFiy, ... AFiy,
AFi+1l, p=1,..,ny;
BJiqy 0Ty,
k3 p— .
litajit >0, 5. (t=1,..,k);
Giq Ty, .
iy <o, wW=leon, pFh s t=1..k);
i;ji17 ]1k
i < Vi1, (m=1,...,n5.)

2. For all A =iy, ..., (i=1,...,8) and p = 1,...,n, there exist numbers
xy , > 0 such that

ng,
B5Jiy sl
sztvu Zth < Z Ty ZnH (t - 17 "'7ki)

p=1

for all vectors r;,; o

(i, = Looosmy s t =1,k i=1,...5).

Assume that
Drife LP(Q) (i=1,...,N) (p>1),

where r; are the newly renumbered given N vectors, Q € C(H™). Then the
inequality

N
o i
ID?flL, @) < C; D" fllz, (3)
holds, where C' is a constant independent of f.

From inequality (3) there follows inequality (1) in the case when

N:iai§n+1.
i=0

In particular, forny =--=n, ;1 =1, n,=n+1—s,

S
P
i=0
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will not exceed n + 1 for any choice of «;. To this case there corresponds the
following simpler theorem.

Theorem 1’. Let a natural number s < n and integer nonnegative vectors
r, (i=0,1,...,n) and g = (vy,...,v,) be given, whose coordinates satisfy the
conditions:

1l.r;, (i=0,1,...,8—2):

i>v; (j=1,..,1), I <vg, Ii=v; (j=1i+2,..,n);

r,q: l; >v; (j=1,..,5—1), l; <wv; (=s8,..,n); (A)

r; (i=s,...,n): for each fixed j =1,...,s — 1, either

l; >v; (i=s,..,n),
or
li=v; (i=s,..,n),
and either a)
l>v, (i=s,..,n), i<v, (j=s,..,n; j#4 i=s,..,n),
or b)
I =v; (i=8,..,n; j=8,...,n)
2. If the vectors r; (i = s,...,n) satisfy conditions a), then let there exist
numbers x; >0 (i = s,...,n) such that

n n
Zvjxj < Zl;-xj (i=s,...,n).
j=s j=s

Let, furthermore, D™ f € L,(Q) (p > 1), 2 € C(H™). Then

”DﬁfHLp(Q) <c)lps |Lp<ﬂ>’ (4)
=0

K2

where C' is a constant independent of f.

For a concrete choice of the parameters in Theorem 1’ one obtains various
inequalities. For example, for s = n, I, > v, 0 < k; < v, (i =1,...,n), we
obtain the inequality

’|Dv1+m+v" fHLp(Q> <

< (o, g St ).
i=1
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ITI. From the results of work [1] it follows that inequality (1) for an arbitrary
domain of class C(H™) for ¢ > p is possible only when the coordinates of the
vectors r; (¢ =0,1,...,n) and p satisfy the conditions:

0 - -
<v; (j=1,...,n) for i =0,
li<v;, (G=1,..,i—li+1,..,n), ll>v, fori=1,...,n, ()
which are obtained from conditions (A) for s = 1. Under these conditions the
usual embedding theorems hold.

Theorem 2. Let integer nonnegative vectors r; (i = 0,1,...,n) and g be given,
for which conditions () are valid, and, in addition, let there exist numbers
X; >0 (j=1,...,n) such that

n n
F :ZUij<Zl3'Xj:F (t=1,..,n). (5)
=1 =1

Let, further:
1. A natural number m and numbers p and ¢ are given, satisfying the in-

equalities:

> 0.

m —

1 1
1<m<n, 1<p<q<oo, F—Fl—}—jz%jjufz%j:a
=1 =1
2. D'if € L,(Q) (i=0,1,..,n), Q€ C(H").
3. S™ is an m-dimensional surface of class C'!), contained in Q (S" = Q).

Then, under one of the following conditions: a) e, > 0, b) g, =0, 1 <p <
q < 00, the inequality

D7 |, sm < Chom

q

Do fly )+ Cah™ DDAl g
i=1

holds, where
by =F =, =Y Unj, 0<h<HY (j=1,..,n),

j=1
and C; and C, are constants independent of f and h.

Remark. If the vectors r; and g satisfy conditions (B), but among the co-
efficients », satisfying (5) there are also negative ones, then inequality (1) is
possible only for ¢ = p and only in the case when k + 1 vectors r; (1 < k < n)
and the vector p satisfy conditions 1-2 of the following theorem.

Theorem 3. Let the integer nonnegative vectors r; (i = 0,n—k+1,...,n) and
p satisfy the conditions:
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l?:vj(jzl,...,n—k), l?gvj(j:n—k—i—l,...,n);
L=v; (j=1,....,n—k), 1i>uv,
légvj(j:n—k—i—l?...,n;j#i) fori=n—k+1,...,n.
2. There exist numbers »; > 0 (j =n —k+1,...,n) such that

n n

F, = Z v < Z l;‘-%j:F (i=n—k+1,..,n).
j=n—k+1 Jj=n—k+1
Let, further:
3.
1 n
m>n—k, p>1, F—-F —— Z n; > 0.
j=n—m+1

4. Dif e L,(Q) (i=0n—k+1,..,n), Qe C(HF).
5. S™ is an m-dimensional surface of class C!), contained in Q (S" = Q).

Then

”DﬁfHLp(sm) <C (HDTOﬂLP(Q) + Z HD”HLJ‘”) ’
i=n—k+1

where C' does not depend on f.
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