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Abstract
Full Text

MATHEMATICS

V. P. OREVKOV

ON CONSTRUCTIVE MAPPINGS OF POLY-
HEDRA

(Presented by Academician P. S. Novikov, 2 IV 1963)

In the present communication we use the notions of a constructive metric space,
of a constructive operator from one constructive metric space to another, of a
continuous constructive operator, and of a uniformly continuous constructive
operator. Definitions of these notions may be found in (!). Sets specified by
means of lists will be called finite sets.

A constructive locally finite simplicial complex will mean any list of the
form (A, 91, 91,2(), where:

1) A is an alphabet containing the alphabet of constructive real numbers*;
2) 9 is an enumerable set of words in the alphabet A;

3) D is an enumerable family consisting of certain nonempty finite subsets
of M and satisfying the following conditions: a) every nonempty subset
of each element of the family 9 belongs to N, and b) for any word P
belonging to 9, the set of those elements of the family 91 which contain
P is nonempty and finite;

4) 2 is an algorithm transforming any element of the set 9 into the list of
all elements of the family 91 that contain it.

The elements of the set 9T will be called the vertices of the complex, and
the elements of the family 91 the simplices of the complex. In this article,
constructive locally finite simplicial complexes will be called complexes.

Denote by At the standard two-letter extension of the alphabet A. Let us con-
struct algorithms B and € such that, whatever the algorithm ® in the alphabet
A" transforming all elements of the set 9 into constructive real numbers, and
at least one of these elements into a number different from zero, the following
conditions are satisfied:

1) the algorithm B is applicable to the record** of the algorithm ®, and

B{P}) € M & (B({2})) # 0;
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2) the algorithm € transforms the record of the algorithm & into the union
of all finite sets that are members of the list A(B({P})).

A point of the complex (A, 9,91, 2) will mean the record of any algorithm
® in the alphabet A" such that the following conditions are satisfied:

1) @ transforms any vertex of the complex into a nonnegative constructive
real number, and at least one vertex into a number different from zero;

2) whatever finite subset M of the set 9t may be, if the result of applying ®
to each element of M is different from zero, then M belongs to the family
N;

* Here and below, by a constructive real number we mean a real duplex (a real
FR-number) (see (1)).

** The record of the algorithm & will be denoted by {®}.

3) for any vertex P, if P does not belong to €(y), then
o(P) = 0;

4)
o(P) =1.
Pe&(p)

The body of the complex (A, 9, N, A) will be called* the constructive metric
space whose elements are the points of this complex, and whose metric function
is an algorithm p such that, for any points ¢ and 1,

1/2

plely) = | > (B(P) =W (P)?| |

PeM

where M denotes the union of the finite sets €(¢) and €(¢), and ® and ¥ are
algorithms in the alphabet A" whose records are, respectively, the words ¢ and

b.

Analogously to how this is done in classical mathematics (see (), Ch. II),
one introduces the notions of a linear mapping of one complex into another, of
a simplicial mapping, of the open star of a complex and the closed star of a
complex with a given vertex, of the direct product of complexes, of a linearly
connected complex, of the n-dimensional skeleton of a complex, and of the n-
fold barycentric subdivision of a complex. The term “subdivision” in this article
will mean “barycentric subdivision.”

By a constructive operator from a complex K into a complex L we shall
mean a constructive operator from the body of the complex K into the body of
the complex L.
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Theorem 1. For any constructive operator F' from a complex K into a complex
L, if F' is applicable to at least one point of K, then one can construct a complex
R, a linear mapping g of the complex R into K, and a simplicial mapping f of
the complex R into L such that:

1) the mapping g is one-to-one;

2) for any point ¢ of K, if F is applicable to ¢, then there is a potentially
realizable point ¥ of R such that g(v) = @;

3) *the mapping f is a simplicial approximation of the mapping F' o g.**

Remark 1. For a uniformly continuous constructive operator F' from a finite
complex K into a complex L, defined on the entire body of the complex K, one
may take as the complex R the n-fold subdivision of K for sufficiently large n.

Remark 2. One can construct a constructive operator from a finite complex K
into a finite complex L, defined on the entire body of the complex K, for which
the complex R occurring in the formulation of the theorem will necessarily be
infinite. Examples of such an operator may be: a continuous but not uniformly
continuous mapping of the segment 0A1 into itself, constructed in the proof of
Theorem 5.2 of (*), and a retraction of the square onto its boundary, constructed
in the proof of Theorem 1 of (%).

In the proof of Theorem 1 the following lemma is used, whose proof differs only
insignificantly from the proof of the main theorem of ().

Lemma 1. For any constructive operator F' from a complex K into a complex
L, one can construct algorithms o,d’, and T such that:

* The definitions of points and of the body of a complex formulated here corre-
spond to the geometric realization of an abstract complex that is described in
(?). This realization is called standard below.

** This theorem is a direct extension, to the case of a standardly realized com-
plex, of G. S. Tseitin’ s theorem on the approximation of constructive functions
by pseudo-polygonal functions (Theorem 4 of (3)).

1) whatever n may be, if o is applicable to n, then ¢’ is applicable to n and
o(n) is a vertex of the ¢’ (n)-fold subdivision of K;

2) whatever n may be, if 7 is applicable to n, then 7(n) is a vertex of the
complex L;

3) whatever n may be, if o is applicable to n and F' is applicable to a point ¢
belonging to the open star of the ¢’(n)-fold subdivision of K with vertex
o(n), then 7 is applicable to n and the point F'(¢) belongs to the open
star of the complex L with vertex 7(n);
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4) whatever the point ¢ of K may be, if F' is applicable to ¢, then there is
potentially realizable an n such that o is applicable to n and the point ¢
belongs to the open star of the o’(n)-fold subdivision with vertex o(n).

For the proof of Theorem 1, such regular* algorithms «, o', and 3 are con-
structed that:

1) whatever n may be, if « is applicable to n, then a(n) and S(n) are natural
numbers and ¢ is applicable to 8(n);

2) whatever n may be, a(n) is a vertex of the o’ (n)-fold subdivision of the
complex K, and the closed star of this subdivision with vertex a(n) is
contained in the open star of the o(f8(n))-fold subdivision of the same
complex with vertex o(8(n));

3) whatever the point ¢ of K may be, if F is applicable to ¢, then there
is potentially realizable an n such that ¢ belongs to the open star of the
o’ (n)-fold subdivision of K with vertex a(n);

4) whatever nq,n,,...,n; may be, if a’(n;) > a'(ny) = -+ = a’(n;,) and
a(ngy), ..., a(ny) belong to one simplex of the a’(n,)-fold subdivision of
the complex K and are contained in the closed star of the a’(n,)-fold
subdivision of K with vertex a(n,), then 7(8(ny)), 7(8(ng)), ..., 7(B(ny))
belong to one simplex of the complex L.

Denote by R, the complex whose set of vertices is the set of points of K enu-
merated by the algorithm «, and whose simplexes are the finite sets of the form
{a(ny),a(ny), ...,a(n;)} such that: a) a’(ny) > o’'(ny) = -+ = a’(ny), and b)
a(ng), ..., a(ny) belong to one simplex of the o’ (n,)-fold subdivision of K and
are contained in the closed star of the a’(n;)-fold subdivision of K with vertex
a(ny). Denote by g, the natural linear embedding of R, into the complex K,
and by f, such a simplicial mapping of R, into L under which every vertex
a(n) goes to the vertex 7(8(n)) of the complex L. It is easy to see that f, is a
simplicial approximation to the mapping F o g.

From Lemma 1 there also follows the following theorem.

Theorem 2. Every constructive operator from one complex to another is con-
tinuous at every point to which it is applicable.

We shall call a complex L an algorithmic subcomplex of a complex K if the
set of its vertices is an algorithmically decidable subset of the set of vertices of
the complex K, and the set of simplexes is an algorithmically decidable subset
of the set of simplexes of the complex K. In this paper the term “subcomplex”
everywhere means an algorithmic subcomplex.

Theorem 3. Whatever the complex K, its subcomplex L, the linearly connected
complex R, and the constructive operator F' from L to R, applicable to all points
of the complex L, one can construct an operator H from K to R, applicable
to all points of the complex K and being an extension of the operator F to the
complexr K.
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In the proof of the theorem the following lemma will be used.

Lemma 2. Whatever the complex I, if the dimension of I is greater than one,
then one can construct a constructive operator from I to the boundary of I,
leaving the boundary points fized.

* An algorithm is called regular if, for every n, from the applicability of this
algorithm to n + 1 there follows its applicability to n.

This lemma follows from the potential realizability of a constructive retraction
of the square onto its boundary (see (5)).

Let K, L, be the one-dimensional skeleta of the complexes K and L. Using an
algorithm that recognizes whether a simplex belongs to the subcomplex L, and
the linear connectedness of the complex R, we extend the operator F', considered
only on L, to the complex K;. Using the above-mentioned algorithm and
Lemma 2, we extend the operator so obtained to the two-dimensional skeleton
of the complex K. Continuing this process, and relying on the local finiteness
of the complex K, we extend F' to the whole complex K.

Remark. For the identity mapping of the boundary of a two-dimensional sim-
plex into itself there can be no pseudouniformly continuous extension to the
whole two-dimensional simplex (see (5)), although a continuous extension is
realizable by virtue of the preceding theorem.

We shall say that operators f; and f, from a complex K to a complex L, applica-
ble to all points of the complex K, are homotopic (uniformly homotopic) if there
is a potentially realizable constructive (respectively, constructive uniformly con-
tinuous) operator F' from the complex K x 0A1 to L, applicable to all points of
the complex K x 0A1 and such that: a) at each point of the subcomplex K x 0
the value F is equal to the value f;; b) at each point of the subcomplex K x 1
the value F' is equal to the value f,. Exactly as in classical mathematics, the
relations of homotopy equivalence and uniform homotopy equivalence of two
complexes are defined.

The following theorems follow from Theorem 3.

Theorem 4. Any two constructive operators from a complex K to a linearly
connected complex L, applicable to all points of the complex K, are homotopic.

Theorem 5. A complex is homotopy equivalent to a one-point space if and only
if it is linearly connected.

Remark. If in the formulations of Theorems 4 and 5 the words “homotopic”
and “homotopy equivalent” are replaced by the words “uniformly homotopic”
and “uniformly homotopy equivalent,” then the resulting assertions will be false.

In conclusion the author expresses his gratitude to N. A. Shanin for his attention
to this work.

sovietrxiv.org/items/ru-196301.96901 Machine Translation


https://sovietrxiv.org/items/ru-196301.96901

Leningrad Branch
of the V. A. Steklov Mathematical Institute
Academy of Sciences of the USSR

Received
11V 1963

References
1. N. A. Shanin, Tr. Matem. inst. im. V. A. Steklova AN SSSR, 67, 15
(1962).
2. H. Steenrod, S. Eilenberg, Foundations of Algebraic Topology, 1958.

3. G. S. Tseitin, Tr. Matem. inst. im. V. A. Steklova AN SSSR, 67, 295
(1962).

4. 1. D. Zaslavskii, Tr. Matem. inst. im. V. A. Steklova AN SSSR, 67, 385
(1962).
5. V. P. Orevkov, DAN, 152, No. 1 (1963).
Note: Figure translations are in progress. See original paper for figures.

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the
original.

sovietrxiv.org/items/ru-196301.96901 Machine Translation


https://sovietrxiv.org/items/ru-196301.96901

	Abstract
	Full Text
	MATHEMATICS
	ON CONSTRUCTIVE MAPPINGS OF POLYHEDRA
	References


