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Abstract
Full Text

MATHEMATICS

M. G. DZHAVADOV

A MIXED PROBLEM FOR A HYPERBOLIC
EQUATION WITH A SMALL PARAMETER
AT THE HIGHEST DERIVATIVES

(Presented by Academician I. G. Petrovskii, 23 IV 1963)

The aim of our note is to construct an asymptotic expansion, with respect to
the small parameter, of the solution of the following mixed problem for a second-
order hyperbolic equation in the cylinder @ = Q x [0 <z, < T7:

Lou=eliu+ Lou= f; (1)
ou(xy, x)
U(ZL‘O, X)‘zozo = O, 87;)0 = O7 (2)
zo=0
u|F =0, (3)

where € > 0 is a small parameter; € is an n-dimensional domain with boundary
S; F = Sx[0<x, <T]is the lateral surface of the cylinder @, x = (x4, ..., x,,);

£u—§n:a (g, X) Ou_ £u—zn:a(x X) au—i—b(ac X)u
1% = i\ 0> 9. 9. 2% = i\0) a.. 0s )
526 J Ox;0z; g Ox;

agy = 1; a;; = a;;, and the hyperbolicity condition is satisfied.

For € = 0, equation (1) degenerates into the equation Lyw = f. Having speci-
fied the positive direction of the characteristics I(x, x) of the equation Low = f,
we split F' into two parts F} and F,. Let F; be the part into which the charac-
teristics enter, and F, the part from which they leave.

We shall seek solutions of (1), (2), and (3) in the form

m m

u= Eeiwi + ZO et (v} +03) + ™z, (4)
i= i=
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where the functions w, are determined by the first iterative process, and the
functions v} and v? by the second iterative processes; Z,, is the remainder
term.

Before defining the functions occurring in (4), let us give the second splitting of
the operator £, near the boundary zy = 0 and Fj,.

In the first case we make the change of variables z, = e7 and expand the
coeflicients of £, in powers of e7. Substituting this expansion into the expression
£, and grouping terms with equal powers of €, we obtain

L =&t M1_~_mz+:l sl h Mlzﬁ_i_ 0( )2
c =€ 0 szle s | where 0= 53 aOXaT

(ad(x) is the first term in the expansion of the coefficient ay(z(,x) in powers of
eT).

In order to write the analogous splitting of the operator £, near the boundary
F,, in a py-neighborhood of F,, we introduce local coordinates (z(,y,p) as
follows. Let M, be an arbitrary point of the surface Fj,, and M, an interior
point of Q. For p we take the length of such a vector M, M, that

’cos(ﬁ,MlMQ)‘ >4d>0,

where J is a fixed number for all points M;; 7 is the inward normal. By y =
(Y15 -+ »Yn_1) Wwe denote coordinates on the surface S,, which is the projection
of F, onto x5 = 0.

In the new coordinates the operator £, has the form

02 0 0
’Cg = EA(J:07Y7P)87P2 + B<anY7p>87p +h (577}0;}@/07 va) ’

where h(e,zq,y,p,0/0p,...) is a known function.

In the last expression £, we make the change of variables p = en and expand
the coefficients in powers of e7. Analogously to the preceding, we obtain:

L =¢! M2+mz+15iM2 where M2EA(38—2—|—BO2
€ 0 s % ’ (9772 an

(AY and BY are the first terms of the expansions of A(xy,y,p) and B(xy,y,p)
in powers of ¢, 7, respectively, and A°B% > 0).

In the first iterative process the approximate solution of equation (1) is sought
in the form
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Substituting this expression for u(z, x) into equation (1) and comparing terms
with equal powers of €, we obtain the following system of equations:

Lowy = f; (5)

£2wi = _£1wi71, 1=1,2,...,m. (6)

In the second iterative process, near the boundary z, = 0, the approximate
solution of the homogeneous equation £, v = 0 is sought in the form

m
v=cvp+ Y el

i=1

Substituting the expression for v into the equation and comparing terms with
equal powers of €, we obtain

Mol =0; (7)

i

In an analogous manner, near the boundary F;, we obtain the system

Mgvi = 0; (9)
Mo ==Y M2, i=1..m (10)
j=1

Obviously, the results of the iterative processes at each stage are connected with
one another by initial and boundary conditions. To reveal this connection, we
substitute the expression u(x,,x) from (4) into (2) and (3) and compare terms
with equal powers of €. As a result we obtain
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0

Ouo = Zw| (13)
Toly=0 T lr=o
v} (aw» v 1)
=— O , i=1,..,m; (14)
or | __, O0x, Oz =0
oz,
8$ P2 (15)
0 lz,=0
where ¢, is a known function, and, finally,
w; = —(vi_y 7)), i=0,1,..,m; (16)
1
v2 nzoz—(wﬁu},l)\&, i=0,1,...,m; (17)
Zm’F = ¢35 (18)

where ¢ is a known function. Here it is assumed that if 7 > 0, then v’ = 0
(1=1,2).

Now define the functions w;, v}, and v? (i = 0,1, ...,m). The function wy is the
solution of the problem
Lowy = f; wo‘wozo =0, we|, = 0.

Fy

Let f, together with its derivatives up to the order needed for us, vanish along
the characteristic [((0,0)). Then the problem for w, has a unique smooth solu-
tion.

As soon as w, becomes known, v} is determined from the following problem:

2,1 1 1
0% ovg ovg

ow
0 _ 0
8,7_2 + (10(213) 87_ - Oa 87’ —

1,1 —
Myvg =

0x,

7=0 xo=0

Obviously,
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where

1 — 70
) = o oz |

Let ad(x) > 0. Under this condition v} is a boundary-layer type function near
the boundary zy = 0.

Now define the function v3. It is the solution of the following problem:

0%v? ov?
M2p2 = A0—04 B0=0 — V3| = —w .
0% 8772 87] ) 0 |F2 0 |F2
Hence
BY BY p
2 2 - 2 B2
vy = c5(Tg,y)e A7 = ci(xg, y)e AT <,
2 _
where ¢3(zg,y) = —w|

After we have found wg, v}, and vZ, the following functions w;, v}, and v? are

1 7))
defined by induction. Suppose that for some i (i < m) all functions w,, v}, v2
(s < i) have already been defined. Then, in the i-th equation (6) and in the
conditions (11) and (16), the right-hand sides are already known. Under the as-
sumptions made concerning the coefficients and the right-hand side of equation

(1), the problems (6), (11), and (16) have a unique smooth solution.

Now define v}. In equations (8) for v} and in the initial conditions (14), the

right-hand sides are known functions. Obviously, the solutions of these problems,

i.e. v}, are functions of boundary-layer type near x, = 0.

Similarly, in equations (10) for v? and the boundary conditions (17), the right-

hand sides are known functions. Then, solving these problems successively, we
determine v? as a boundary-layer type function near the boundary Fy.

i
Multiply the functions v; and v? by the smoothing functions v, (z,/0) and
1y(p/0), respectively, and denote the new functions again by v; and v?. Thus

5
we have determined all the functions w;, v}, and v? entering the expansion (4).

It remains to estimate the remainder term Z,,. To this end, apply the operator
L. to both parts of (4). We obtain

m m+1 m
f=Lu=(eLy+ £y) (wo + Zs%ul) + (M& + Z eiMil) (Z 5%}) +
i=1 i=0

i=1
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m+1 m
+ (Mg + Z eiM§> (Z siv§> +emtL 7, (19)
i i=0

=1

Taking into account the equations obtained by the iterative processes, from (19)
we obtain

LeZp, :9($07X>~ (20)

Thus, for the remainder term we obtain the following problem:

07
L 7, = Z, = .
e“m g(xO’X>7 m|z0:0 P15 31,0

= Pa, Zm|F:(¢03

zo=0

Let us note that the functions ¢, 5, and ¢4 satisfy the compatibility condition,
ie.

801|S:SD3| 802|S:S”3|

z=0’ zo=0"

We seek the function Z,, in the form

Z, =7% + 72,

where 72 = ©1 + Tog + 03 — (p1 + xOgOQ)‘F (here it is assumed that the
functions ¢, have already been multiplied by smoothing functions).

Obviously, Zfﬁ) is the solution of the following problem:

.2 = g, (21)
(1)
Zm,
ZW| =0, 0 , (22)
To= 3330 2o=0
Z)|, =0. (23)

Lemma. If the coefficients and the right-hand side of equation (21) are smooth
functions and the operator £, separates £, then the estimate

1
1253 < Mg, ],
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holds, where M is a constant independent of €, and the norm is understood in
the sense of the metric of the space £4(Q).

Let us note that a more general fact holds. If one considers the Cauchy problem
for the hyperbolic equation £, u = eLu+ Lyu = f, where £, is a hyperbolic
operator of order m+1, £, is a hyperbolic operator of order m, and the operator
L, separates £, then the estimate

| D™, o] < M £,

holds, where v is the variable strip 0 < zy < ¢;

| D™y, v]? = /Z | Dul? do, a<m+1.
v
Taking into account the lemma and the estimate

1Z,0]l < 125 + 1252)],

we assert that Z,, is bounded in the metric of £,(Q).
Thus, the following has been proved.

Theorem. If the coefficients and the right-hand side of equation (1) are smooth
functions, f(xy,x) vanishes together with its derivatives up to the order needed
by us along the characteristic 1(0,0), ad(x) > 0, and the operator £, separates
L1, then the solution of problem (1), (2), (3) is representable in the form (4),
where the remainder term e™1Z,  tends to zero as e — 0 like €™ in the sense
of the metric of £5(Q).
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