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Abstract
Full Text
MATHEMATICS

E. G. DYAKONOV

ON THE APPLICATION OF DIFFERENCE
SCHEMES WITH A SPLITTING OPERA-
TOR TO HYPERBOLIC EQUATIONS WITH
VARIABLE COEFFICIENTS
(Presented by Academician S. L. Sobolev on 23 II 1963)

The present work is devoted to the study of economical difference methods for
equations of hyperbolic type with variable coefficients and is a direct continua-
tion and strengthening of the results of works (1−5); the methodology used in
it essentially coincides with the methodology of work (4). We note that works
(6,7) are also devoted to a closely related circle of questions.

1. The initial problem is the following.

Problem 1. In the cylinder 𝑄𝑇 = Ω×[0 ≤ 𝑥0 ≤ 𝑇 ], where Ω is a closed domain
in the space 𝑥′ = (𝑥1, 𝑥2, … , 𝑥𝑝), composed of a finite number of parallelepipeds
with faces parallel to the coordinate planes, one seeks a solution of the equation

𝐷2
0𝑢 =

𝑝
∑

𝑘,𝑠=1
𝐷𝑘(𝑎𝑘𝑠(𝑥)𝐷𝑠𝑢) +

𝑝
∑
𝑠=1

(𝑏𝑠(𝑥)𝐷𝑠𝑢 + 𝑐𝑠(𝑥)𝑢) + 𝑓(𝑥), (1)

satisfying the initial and boundary conditions

𝑢 ∣𝑥0=0= 𝜑(𝑥′); 𝐷0𝑢 ∣𝑥0=0= 𝜇(𝑥′); 𝑢 ∣𝑆= 𝜓(𝑥), 𝑥 ∈ 𝑆. (2)

Here 𝐷𝑠 = 𝜕/𝜕𝑥𝑠 (𝑠 = 0, 1, … , 𝑝), 𝑥 = (𝑥0, 𝑥′), 𝑆 is the lateral surface of 𝑄𝑇 ,

𝑎𝑘𝑠(𝑥) = 𝑎𝑠𝑘(𝑥), 𝑎𝑠 = 𝑎𝑠𝑠(𝑥) ≥ 𝛾 = const > 0

∣∑
𝑘≠𝑠

𝑎𝑘𝑠𝜉𝑘𝜉𝑠∣ ≤ (1 − 𝜎)
𝑝

∑
𝑠=1

𝑎𝑠𝜉2
𝑠 , (3)

𝜎 > 0, 𝜉 = (𝜉1, 𝜉2, … , 𝜉𝑝) is an arbitrary real vector.
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2. To construct a difference analogue of problem 1, introduce the notation:
𝑖 = (𝑖1, 𝑖2, … , 𝑖𝑝) (𝑖𝑠 is an integer), ℎ > 0 is the step of the spatial grid, {𝑖ℎ}
is the set of points of the spatial grid; accordingly the set of interior points Ωℎ,
the set of boundary points Γℎ, and Ωℎ = Ωℎ ∪ Γℎ are defined; the value of the
grid function 𝑣 at the point (𝑛𝜏, 𝑖ℎ), where 𝜏 > 0 is the step in 𝑥0, is denoted
by 𝑣𝑛

𝑖 ,

𝑣𝑖 = 𝑣(𝑖ℎ), ±𝑠𝑖 = (𝑖1, 𝑖2, … , 𝑖𝑠 ± 1, … , 𝑖𝑝), ±𝑠𝑣𝑖 = 𝑣(±𝑠𝑖 ℎ),

Δ𝑠𝑣𝑖 = 1
ℎ(+𝑠𝑣𝑖 − 𝑣𝑖), Δ𝑠𝑣𝑖 = 1

ℎ(𝑣𝑖 − −𝑠𝑣𝑖), Δ̃𝑠𝑣𝑖 = 1
2(Δ𝑠 + Δ𝑠)𝑣𝑖,

(𝑠 = 1, 2, … , 𝑝),

Δ0𝑣𝑛
𝑖 = 1

𝜏 (𝑣𝑛+1
𝑖 − 𝑣𝑛

𝑖 ), + ̂𝑠𝑖 = (𝑖1, … , 𝑖𝑠 + 1
2, … , 𝑖𝑝) ,

+ ̂𝑠𝑎𝑖 = 𝑎(+ ̂𝑠𝑖 ℎ), 𝑡𝑛 = 𝑛𝜏.

𝐿𝑛
𝑠 𝑣𝑖 = 𝐿𝑠𝑣𝑖 = Δ𝑠(𝑎𝑠(𝑡𝑛, 𝑖ℎ) Δ𝑠𝑣𝑖)+𝑏𝑠(𝑡𝑛, 𝑖ℎ) Δ̃𝑠𝑣𝑖+𝑐𝑠(𝑡𝑛, 𝑖ℎ) 𝑣𝑖, 𝐴𝑛𝑣𝑖 = 𝐴𝑠𝑣𝑖 = (𝐸 − 𝜏2

2 𝐿𝑠) 𝑣𝑖,

𝐸 is the identity operator,

𝐴𝑣𝑖 =
𝑝

∏
𝑠=1

𝐴𝑠𝑣𝑖, 𝐵𝑣𝑛
𝑖 = (2𝐸 + 𝜏2 ∑

𝑘≠𝑠
(𝐷𝑘𝑎𝑛

𝑘𝑠Δ̃𝑠 + 𝑎𝑛
𝑘𝑠Δ̃𝑘Δ̃𝑠)) 𝑣𝑛

𝑖 .

By the difference analogue of problem I, or problem 𝐼ℎ, we shall mean the
problem of finding a grid function 𝑣 satisfying the relation with the splitting
operator 𝐴

1
𝜏2 𝐴 (𝑣𝑛+1

𝑖 + 𝑣𝑛−1
𝑖 ) = 1

𝜏2 𝐵𝑣𝑛
𝑖 + 𝑓𝑛

𝑖 , 𝑖ℎ ∈ Ωℎ (4)

and the initial and boundary conditions

𝑣0
𝑖 = 𝜑𝑖, 𝑣1

𝑖 = 𝑔𝑖 (𝑖ℎ ∈ Ωℎ),
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𝑣𝑘
𝑖 = 𝜓𝑘

𝑖 (𝑖ℎ ∈ Γℎ, 𝑘 = 0, 1, … , 𝑇
𝜏 ) , (5)

where the function 𝑔𝑖, expressed explicitly in terms of 𝜑, 𝜇, 𝑓 , is such that 𝑔𝑖 =
𝑢1

𝑖 + 𝑂(𝜏𝑞), where 𝑢 is the exact solution of problem I, 𝑞 ≥ 2.

It can be verified that, for sufficiently smooth coefficients of equation (1), prob-
lem 𝐼ℎ, on the class of sufficiently smooth solutions of problem I, will approx-
imate the latter in the metric of the space 𝐶 with order of approximation
𝑂(𝜏2 + ℎ2). Moreover, as follows from (5), the transition in problem 𝐼ℎ from
one time layer to another requires ∼ 1/ℎ𝑝 arithmetic operations.

3. To formulate requirements on the coefficients of equation (1), let us intro-
duce the following function spaces: 𝐻0 is the space of functions bounded
in 𝑄𝑇 :

‖𝑢‖𝐻0 = sup
𝑥∈𝑄𝑇

|𝑢(𝑥)|;

𝐻𝑙(𝑚) (𝑙 = 0, 1, … , 𝑝) is the space of functions having in 𝑄𝑇 bounded derivatives
with respect to 𝑥𝑙 of order not higher than 𝑚, satisfying the Lipschitz condition
with respect to 𝑥𝑙; 𝐷𝑚

𝑠 (𝑠 = 1, 2, … , 𝑝) is the space of functions having bounded
derivatives in 𝑄𝑇 , containing no more than 𝑚 differentiations with respect to
each 𝑥𝑙 (𝑙 ≠ 0, 𝑙 ≠ 𝑠). The norms in the enumerated spaces are introduced
as sums of the 𝐻0-norms of all derivatives entering into the definition of the
corresponding space.

Theorem 1. If conditions (3) are satisfied and

𝑎𝑠 ∈ 𝐻𝑠(2), 𝑎𝑠 ∈ 𝐷1
𝑠, 𝑏𝑠 ∈ 𝐷1

𝑠, 𝑐𝑠 ∈ 𝐷1
𝑠 (𝑠 = 1, 2, … , 𝑝); (6)

𝑎𝑠 ∈ 𝐻0(0), 𝐷𝑘𝑎𝑘𝑠 ∈ 𝐻0, 𝑎𝑘𝑠 ∈ 𝐻0(0) (𝑘 ≠ 𝑠), 𝑓 ∈ 𝐻0,

then there exist such 𝜏0 > 0 and ℎ0 > 0 that, for all 𝜏 ≤ 𝜏0, ℎ ≤ ℎ0, for the
grid function 𝑦, which is a solution of problem 𝐼ℎ with zero boundary conditions
(𝜓 = 0), the difference a priori estimate
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𝑉 (𝑦𝑘, 𝑦𝑘−1) ≡ [(Δ0𝑦𝑘−1)2, 1] + ∑
|∇|≤1

[((∇𝑦𝑘)2 + (∇𝑦𝑘−1)2), 1]

+ 𝜏2 ∑
|∇|≤2

[((∇𝑦𝑘)2 + (∇𝑦𝑘−1)2), 1]

+ ⋯ + 𝜏2(𝑝−1) ∑
|∇|≤𝑝

[((∇𝑦𝑘)2 + (∇𝑦𝑘−1)2), 1]

≤ 𝑀 {𝜏
𝑘−1
∑
𝑛=1

[(𝑓𝑛)2, 1] + 𝑉 (𝑦1, 𝑦0)} ,

(7)

where [𝑧, 𝑤] = ℎ𝑝 ∑𝑖ℎ∈𝜔̄ℎ
𝑧𝑖𝑤𝑖, 𝑀 > 0 is a certain constant, and ∇𝑦 is a mixed

difference with respect to the spatial variables of order |∇|, containing no more
than one “differentiation”with respect to each spatial variable, 𝑘 ≤ 𝑇 /𝜏 .

The constants 𝜏0 and ℎ0 in Theorem 1 depend, first, on the dimensions of the
domain 𝑄𝑇 and, second, on the norms of the coefficients in the corresponding
spaces (conditions (6)). In a number of special cases the restrictions on the
smallness of 𝜏 and ℎ due to the second reason become superfluous. For example,
if all 𝑎𝑘𝑠 ≡ 0 for 𝑘 ≠ 𝑠, or 𝑎𝑠 = const, then the restriction on the smallness of ℎ
disappears; if the coefficient 𝑎𝑠 does not depend on 𝑥0, then the restriction on
the smallness of 𝜏 disappears.

It follows obviously from Theorem 1 that, for 𝜏 ≤ 𝜏0, ℎ ≤ ℎ0, problem 𝐼ℎ is
well posed; here we note the fact that no restrictions on the smallness of 𝜏/ℎ
were imposed.

Moreover, if the approximation conditions are satisfied, then for the difference
of the solutions of problems 𝐼 and 𝐼ℎ, 𝑧 = 𝑢 − 𝑣, using the a priori estimate (7),
one can obtain

𝑉 (𝑧𝑘, 𝑧𝑘−1) = 𝑂 (𝜏2 + ℎ2)2 +
𝑝−1
∑
𝑟=0

𝑂 ( 𝜏𝑞+𝑟

ℎ𝑟+1 )
2

. (8)

In particular, if 𝑞 ≥ 3 and 𝜏/ℎ is bounded above, then

𝑉 (𝑧𝑘, 𝑧𝑘−1) = 𝑂 (𝜏2 + ℎ2)2 . (9)

4. Convergence of the solutions of problem 𝐼ℎ to the solution of the problem
with the rate of convergence (9) can be obtained under weaker conditions than
the approximation conditions, if one refines estimate (7) for the case of a function
𝑓 representable in “divergence”form. Namely, let

𝑓 = 𝐹 − (𝜏2

2 )
3

∑
𝑠1,𝑠2,𝑠3,𝑠4

𝐿𝑠1
𝐿𝑠2

𝐿𝑠3
𝐿𝑠4

Φ + ⋯ + (−𝜏2

2 )
𝑝−1

𝐿1𝐿2 ⋯ 𝐿𝑝Φ, (10)
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where ∑𝑠1,𝑠2,𝑠3,𝑠4
denotes summation over all 𝑠𝑙 (𝑙 = 1, 2, 3, 4), 𝑠1 < 𝑠2 < 𝑠3 <

𝑠4, 𝑠𝑙 = 1, 2, … , 𝑝, and the function Φ has in 𝑄𝑇 bounded derivatives with
respect to all spatial variables, containing no more than one differentiation with
respect to each 𝑥𝑠 (𝑠 = 1, 2, … , 𝑝). Then the following theorem is valid:

Theorem 2. Under the conditions of Theorem 1, for the mesh function 𝑦 that
is the solution of problem 𝐼ℎ with zero boundary conditions and right-hand side
𝑓 representable in the form (10), there exist 𝜏0 > 0, ℎ0 > 0 such that for all
𝜏 ≤ 𝜏0, ℎ ≤ ℎ0 the a priori estimate holds

𝑉 (𝑦𝑘, 𝑦𝑘−1) ≤ 𝑀{𝑉 (𝑦1, 𝑦0) + 𝜏
𝑘−1
∑
𝑛=1

{ [(𝐹 𝑛)2, 1] + 𝜏4 ∑
|∇|≤4

[(∇Φ𝑛)2, 1]

+ 𝜏6 ∑
|∇|≤5

[(∇Φ𝑛)2, 1] + ⋯ + 𝜏2𝑝−4 ∑
|∇|≤𝑝

[(∇Φ𝑛)2, 1] }}

≤ 𝑀 {𝑉 (𝑦1, 𝑦0) + 𝜏
𝑘−1
∑
𝑛=1

[(𝐹 𝑛)2, 1]} + 𝑂 (𝜏4) .

(11)

If it is additionally assumed that 𝜏2
ℎ ≤ 𝑙 < ∞ (𝑙 arbitrary), then the a priori

estimate (11) can also be obtained in the case when
∗ Estimate (9) will also be valid for 𝑞 = 2, if one assumes 𝐷𝑠𝐷3

0𝑢 ∈ 𝐻0 (𝑠 =
1, 2, … , 𝑝).
the function Φ from (10) has in 𝑄𝑇 bounded derivatives only of the form

𝐷𝑠1
𝐷𝑠2

𝐷𝑠3
𝐷𝑠4

Φ(𝑠1 > 𝑠2 > 𝑠3 > 𝑠4; 𝑠𝑘 = 1, 2, … , 𝑝; 𝑘 = 1, 2, 3, 4)∗.
5. A priori estimates of the type (7), (11) can be obtained for an entire class

of difference schemes with a splitting operator, but their description is
rather cumbersome. Therefore we indicate only a few cases.

For example, relation (4) may be replaced by any of the following:

1
𝜏2 𝐴𝑣𝑛+1

𝑖 = 1
𝜏2 𝐵𝑣𝑛

𝑖 − 1
𝜏2 (𝐸 − 𝜏2

2
𝑝

∑
𝑠=1

𝐿𝑠) 𝑣𝑛−1
𝑖 + 𝑓𝑛

𝑖 , (12)

1
𝜏2 { ̄𝐴 (𝑣𝑛+1

𝑖 + 𝑣𝑛−1
𝑖 ) − 2𝐵̄𝑣𝑛

𝑖 } = 𝑓𝑛
𝑖 ; (13)

where

̄𝐴 =
𝑝

∏
𝑠=1

(𝐸 − 𝜏2

2 𝐿𝑠) , 𝐵̄ = ̄𝐴 + 𝜏2

2
𝑝

∑
𝑠=1

𝐿𝑠 + 1
2(𝐵 − 2𝐸).
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Moreover, in all the indicated schemes the operator 𝐿𝑠 may be understood as
the operator

𝐿𝑠 = Δ𝑠 ( ̂𝑎𝑠Δ𝑠) + 𝑏𝑠Δ̃𝑠 + 𝑐𝑠𝐸.

Then, naturally, in the operators 𝐵, 𝐵̄ additional terms of the form

𝜏2
𝑝

∑
𝑠=1

{Δ𝑠 ((𝑎𝑠 − ̂𝑎𝑠)Δ𝑠) + (𝑏𝑠 − ̃𝑏𝑠)Δ̃𝑠 + (𝑐𝑠 − ̃𝑐𝑠)𝐸}

must appear. In this case it is required that the coefficients 𝑎𝑠, 𝑏𝑠, 𝑐𝑠 satisfy the
same conditions (6) as the original coefficients, and that the coefficients 𝑎𝑠 − ̂𝑎𝑠,
𝑏𝑠 − ̃𝑏𝑠, 𝑐𝑠 − ̃𝑐𝑠 satisfy weaker conditions. It is also required that the coefficients
𝑎𝑠 − ̂𝑎𝑠 (𝑠 = 1, 2, … , 𝑝) be sufficiently small.

Remark. Analogous difference schemes and a priori estimates have been ob-
tained for a differential problem more general than Problem I. Namely, equation
(1) may be replaced by

𝜌(𝑥)𝐷2
0𝑢 =

𝑝
∑

𝑘,𝑠=1
𝐷𝑘 (𝑎𝑘𝑠(𝑥)𝐷𝑠𝑢) + 𝑓(𝑥, 𝑢, 𝐷1𝑢, … , 𝐷𝑝𝑢),

where 𝜌(𝑥) ≥ 𝜌 > 0, 𝜌(𝑥) ∈ 𝐻0(0), the coefficients 𝑎𝑘𝑠 satisfy conditions (3),
and the function 𝑓 has bounded partial derivatives with respect to 𝑢, 𝐷𝑠𝑢 (𝑠 =
1, 2, … , 𝑝).
Moscow State University
named after M. V. Lomonosov

Received
13 II 1963
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—

∗ In those cases when, for a difference problem written in the form 𝐿𝑣 = ℒ𝐹 (𝐿
and ℒ are certain difference operators, 𝐹 is a known function, 𝑣 is the solution of
the difference problem), it is possible to obtain an estimate analogous to (11) of
the form ‖𝑣‖1 ≤ 𝑀‖𝐹‖2, it is apparently appropriate to say that the difference
problem approximates the differential problem if 𝐿𝑣 − 𝐿𝑢 = ℒ(𝑓) (𝑢 is the
solution of the differential problem) and ‖𝑓‖2 → 0 as the mesh size decreases.

Note: Figure translations are in progress. See original paper for figures.

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the
original.
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