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Abstract
Full Text
MATHEMATICS

Zh. Kh. Van

APPROXIMATION OF UNBOUNDED FUNC-
TIONS BY MODIFIED LANDAU AND BERN-
STEIN POLYNOMIALS ON THE WHOLE
PLANE
(Presented by Academician A. N. Kolmogorov on February 27, 1963)

1. In the present note asymptotic formulas are given which express the or-
der of approximation by modified Landau and Bernstein polynomials of
continuous unbounded functions defined in a multidimensional Euclidean
space. For simplicity of exposition we shall consider only the case of two
variables. It is not difficult to see that the results of this note can be
extended to a larger number of variables.

2. We shall denote the whole plane by 𝑅2, points of 𝑅2 by 𝑡 ≡ (𝑡1, 𝑡2), 𝑥 ≡
(𝑥1, 𝑥2), and ‖𝑥‖ = √𝑥2

1 + 𝑥2
2. Let 𝑇 (‖𝑥‖) be a monotonically increasing

function: 𝑇 (‖𝑥‖) ↑ ∞ (‖𝑥‖ → ∞).
We shall consider, on the whole plane, the modified Landau and Bernstein
polynomials

𝐿𝑛[𝑓(𝛼𝑛𝑡); 𝛼−1
𝑛 𝑥] = 𝑛

𝜋 ∫
𝐸

𝑓(𝛼𝑛𝑡)
2

∏
𝑖=1

[1 − (𝑡𝑖 − 𝛼−1
𝑛 𝑥𝑖)2]𝑛 𝑑𝑡,

𝐿(𝑠)
𝑛 [𝑓(𝛼𝑛𝑡); 𝛼−1

𝑛 𝑥] = 1
𝑛2𝑠−1𝜋 ∑

|𝜈𝑖|≤𝑛𝑠
𝑓 (𝜈1𝛼𝑛

𝑛𝑠 , 𝜈2𝛼𝑛
𝑛𝑠 )

2
∏
𝑖=1

[1 − ( 𝜈𝑖
𝑛𝑠 − 𝑥𝑖

𝛼𝑛
)

2
]

𝑛

,

𝐵(1)
𝑛 [𝑓(𝛼𝑛𝑡); 𝛼−1

𝑛 𝑥] =

=
𝑛1

∑
𝜈1=0

𝑛2

∑
𝜈2=0

𝑓 (2𝜈1 − 𝑛1
𝑛1

𝛼𝑛, 2𝜈2 − 𝑛2
𝑛2

𝛼𝑛)
2

∏
𝑖=1

(𝑛𝑖
𝜈𝑖

)(1 + 𝛼−1
𝑛 𝑥𝑖)𝜈𝑖(1 − 𝛼−1

𝑛 𝑥𝑖)𝑛𝑖−𝜈𝑖

2𝑛𝑖
,
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𝐵(2)
𝑛 [𝑓(𝛼𝑛𝑡); 𝛼−1

𝑛 𝑥] = ∑
0≤𝜈1+𝜈2≤𝑛

𝑓 ((2𝜈1
𝑛 − 1

2) 𝛼𝑛, (2𝜈2
𝑛 − 1

2) 𝛼𝑛) 𝑝𝜈1,𝜈2;𝑛(𝑥),

where 𝛼𝑛 ↑ ∞, 𝑠 ≥ 1, 𝑛1 + 𝑛2 = 𝑛, 𝐸 is the square −1 ≤ 𝑥1 ≤ 1, −1 ≤ 𝑥2 ≤ 1,
and

𝑝𝜈1,𝜈2;𝑛(𝑥) = ( 𝑛
𝜈1, 𝜈2

)(1/2 + 𝛼−1
𝑛 𝑥1)𝜈1(1/2 + 𝛼−1

𝑛 𝑥2)𝜈2(1 − 𝛼−1
𝑛 𝑥1 − 𝛼−1

𝑛 𝑥2)𝑛−𝜈1−𝜈2

2𝑛 ,

( 𝑛
𝜈1, 𝜈2

) = 𝑛!
𝜈1!𝜈2!(𝑛 − 𝜈1 − 𝜈2)! .

Introduce the notation: Δ𝑛(𝛼𝑛) = 𝐿𝑛 − 𝑓 , Δ(𝑠)
𝑛 (𝛼𝑛) = 𝐿(𝑠)

𝑛 − 𝑓 , 𝛿(1)
𝑛 (𝛼𝑛) =

𝐵(1)
𝑛 − 𝑓 , and 𝛿(2)

𝑛 (𝛼𝑛) = 𝐵(2)
𝑛 − 𝑓 .

Theorem 1. Let 𝛼𝑛 ↑ ∞, 𝛽𝑛 ↓ 0 (𝑛 → ∞), and

1∘. 𝛼𝑛𝛽𝑛 → 0, 𝑛𝛽4
𝑛 → 0 (𝑛 → ∞).

2∘. ( 𝑛
𝛼𝑛

)
2

exp{𝑇 (
√

2𝛼𝑛) − 2𝑛𝛽2
𝑛} → 0 (𝑛 → ∞).

Then for every function 𝑓(𝑥) ∈ 𝐶2(𝑅2), 𝑓(𝑥) = 𝑂(𝑒𝑇 (‖𝑥‖)) (‖𝑥‖ → ∞), the
asymptotic equality

Δ𝑛(𝛼𝑛) ∼ 𝛼2
𝑛

4𝑛 (𝜕2𝑓
𝜕𝑥2

1
+ 𝜕2𝑓

𝜕𝑥2
2

) (𝑛 → ∞) (1)

holds.

Theorem 2. Let 𝑠 ≥ 3/2. Under the same assumptions as in Theorem 1, we
have

Δ(𝑠)
𝑛 (𝛼𝑛) ∼ 𝛼2

𝑛
4𝑛 (𝜕2𝑓

𝜕𝑥2
1

+ 𝜕2𝑓
𝜕𝑥2

2
) (𝑛 → ∞). (2)

In particular, if we take 𝛼𝑛 = 𝑛𝜃 (0 < 𝜃 < 1
𝑚+2 ), 𝑇 (‖𝑥‖) = ‖𝑥‖𝑚, and choose

𝛽𝑛 = 𝑛−𝜃−𝛿, where 𝛿 satisfies the conditions

max(0, 1/4 − 𝜃) < 𝛿 < 1/2[1 − (𝑚 + 2)𝜃],
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then from Theorem 1 we obtain the following result.

Theorem 3. For every function 𝑓(𝑥) ∈ 𝐶2(𝑅2), 𝑓(𝑥) = 𝑂(𝑒‖𝑥‖𝑚) (‖𝑥‖ → ∞),
the asymptotic equality

Δ𝑛(𝑛𝜃) ∼ 1
4 (𝜕2𝑓

𝜕𝑥2
1

+ 𝜕2𝑓
𝜕𝑥2

2
) ( 1

𝑛)
1−2𝜃

(𝑛 → ∞). (3)

If we take 𝛼𝑛 = log log 𝑛, then for a broader class of unbounded functions we
obtain (choosing 𝛽𝑛 = 1

𝑛1/4√
log 𝑛 ) the following theorem.

Theorem 4. For every function 𝑓 ∈ 𝐶2(𝑅2), 𝑓(𝑥) = 𝑂(𝑒‖𝑥‖) (‖𝑥‖ → ∞), we
have

Δ𝑛(log log 𝑛) ∼ (log log 𝑛)2

4𝑛 (𝜕2𝑓
𝜕𝑥2

1
+ 𝜕2𝑓

𝜕𝑥2
2

) (𝑛 → ∞). (4)

If 𝑠 ≥ 3/2, then for the polynomials 𝐿(𝑠)
𝑛 asymptotic formulas analogous to

formulas (3) and (4) are valid. We shall not give them here.

Theorem 5. Let 𝛼𝑛 ↑ ∞, 𝛽𝑛 ↓ 0 (𝑛 → ∞), and as 𝑛 → ∞:

1∘. 𝛼𝑛𝛽𝑛 → 0.
2∘. 𝑛 exp{𝑇 (

√
2𝛼𝑛) − 1/3 𝑛𝛽2

𝑛} → 0.
Then for every 𝑓(𝑥) ∈ 𝐶2(𝑅2), 𝑓(𝑥) = 𝑂(𝑒𝑇 (‖𝑥‖)) (‖𝑥‖ → ∞), as 𝑛 → ∞ the
asymptotic equality

𝛿(2)
𝑛 (𝛼𝑛) ∼ 𝛼2

𝑛
2𝑛 {[1

4 − ( 𝑥1
𝛼𝑛

)
2
] 𝜕2𝑓

𝜕𝑥2
1

− 2 (1
2 + 𝑥1

𝛼𝑛
) (1

2 + 𝑥2
𝛼𝑛

) 𝜕2𝑓
𝜕𝑥1𝜕𝑥2

+ [1
4 − ( 𝑥2

𝛼𝑛
)

2
] 𝜕2𝑓

𝜕𝑥2
2

} .

(5)

Theorem 6. Let 𝛼𝑛 ↑ ∞, 𝛽𝑛 ↓ 0 (𝑛 → ∞), and as 𝑛𝑖 → ∞ (𝑖 = 1, 2):
1∘. 𝛼𝑛𝛽𝑛 → 0.
2∘. 𝑛 exp{𝑇 (

√
2𝛼𝑛) − 1/𝑛𝑖𝛽2

𝑛} → 0.
Then for every function 𝑓(𝑥) ∈ 𝐶2(𝑅2), 𝑓(𝑥) = 𝑂(𝑒𝑇 (‖𝑥‖)) (‖𝑥‖ → ∞), as 𝑛 → ∞
the asymptotic formula

𝛿(1)
𝑛 (𝛼𝑛) ∼ 𝛼2

𝑛
2𝑛1

(1 − 𝛼−2
𝑛 𝑥2

1)𝜕2𝑓
𝜕𝑥2

1
+ 𝛼2

𝑛
2𝑛2

(1 − 𝛼−2
𝑛 𝑥2

2)𝜕2𝑓
𝜕𝑥2

2
+ 𝜀1𝛼2

𝑛
𝑛1

+ 𝜀2𝛼2
𝑛

𝑛2
, (6)

where 𝜀1 → 0 as 𝑛1 → ∞ and 𝜀2 → 0 as 𝑛2 → ∞.
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From Theorem 5 there follow, in particular, the following results.

Theorem 7. For any function 𝑓(𝑥) ∈ 𝐶2(𝑅2), 𝑓(𝑥) = 𝑂(𝑒‖𝑥‖𝑚) as ‖𝑥‖ → ∞,
as 𝑛 → ∞ we have

𝛿(2)
𝑛 (𝑛𝜃) ∼ 1

2 {[1
4 − (𝑥1

𝑛𝜃 )
2
] 𝜕2𝑓

𝜕𝑥2
1

− 2 (1
2 + 𝑥1

𝑛𝜃 ) (1
2 + 𝑥2

𝑛𝜃 ) 𝜕2𝑓
𝜕𝑥1𝜕𝑥2

+ [1
4 − (𝑥2

𝑛𝜃 )
2
] 𝜕2𝑓

𝜕𝑥2
2

} ( 1
𝑛)

1−2𝜃
.

(7)

Theorem 8. For any function 𝑓(𝑥) ∈ 𝐶2(𝑅2), 𝑓(𝑥) = 𝑂(𝑒‖𝑥‖‖𝑥‖) as ‖𝑥‖ → ∞,
as 𝑛 → ∞ we have

𝛿(2)
𝑛 (log log 𝑛) ∼ (log log 𝑛)2

2𝑛 {[1
4 − ( 𝑥1

log log 𝑛)
2
] 𝜕2𝑓

𝜕𝑥2
1

− 2 (1
2 + 𝑥1

log log 𝑛) (1
2 + 𝑥2

log log 𝑛) 𝜕2𝑓
𝜕𝑥1𝜕𝑥2

+ [1
4 − ( 𝑥2

log log 𝑛)
2
] 𝜕2𝑓

𝜕𝑥2
2

} .

(8)

For the proof of Theorems 7 and 8, in Theorem 5 we put, respectively,

𝛽𝑛 = 𝑛−𝜃−𝛿, max(0, 1/4−𝜃) < 𝛿 < 1/2 [1−(𝑚+2)𝜃] and 𝑅 = 1
𝑛1/4√

log 𝑛.

From Theorem 6 one can obtain analogous results for Bernstein polynomials of
the first type.
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