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Abstract

Full Text
A. N. BOGAEVSKII

HARMONIC FUNCTIONS ON GL(2)

(Presented by Academician I. G. Petrovskii, 24 VI 1963)

We consider the full complex linear group of second order G = GL(2) with
elements

g1 92

9= g3 94

By the Laplace operator on it we shall mean the second-order differential
operator, invariant under the operators of right and left translations,

_ 0? 0? )
,C det - )
g (391 994 095093

where

0 0

— = +i— = Uy, + 1v;.
dgr _ Ouy 90, G = Up T W

More precisely, on G there are two Laplace operators, namely:

£, =Rel, L,=Im<.

A twice differentiable function f(g) on G satisfying the two Laplace equations

£1f(g) =0, Lyf(g) =0,

is called harmonic.

Let G be the full complex unimodular linear group of second order with ele-
ments

90 95

, det gy = 1,
95 94 90

9o =

and let A be the subgroup of G|, consisting of matrices of the form
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The homogeneous space H = G;/A can be interpreted as the space of linear
elements of the complex plane and identified with the space of triangular uni-
modular matrices

*

h_§_1 ofllt of |l o
B | IO | 2 | O | 2 |
in which the group G, acts as follows:
R 0

e o e
thz 5”’”‘ =h 9” (

297 +93) (295 +493)

We shall refer the matrices h to the parameters z, &:

0 0
zg) + g
o (Z98+92)>-

h = (z,%), h°go=(zgo+g
5+ 94

We extend the group of transformations G, of the space H to the group G,
putting, for g € G,

hog= Hﬁégzgz +g4)7" 0

291 +93)  &(295+94)

291 + g3
hog= 22213 .
or hog (292 g (295 +g4)>

In what follows we consider functions ¢(hq, hy) = ©(21, 29;&1,&,) of two linear
elements hy = (21,&), hy = (29, &), satisfying

* For more details on this, see (1'2).

condition

R ~ R —1
(8hy,6hy) = 16 Ho(hy hy),  where 5:<60 2)»

or, more explicitly,

©(21, 295061, 085) = 0] 40 (21, 22; €1, £5)- (1)

Let $(hq, hy) be such that $(zq, 29; 1, ) is infinitely differentiable in all its (six)
real arguments and
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P(21,29;1,6) =0

whenever at least one of the inequalities

‘z1|>N7 |Z2‘>N7 ‘§|>N7 |§|<5,

is satisfied, where NV, e are some positive numbers.

A function (hq, h,) representable as a sum with a finite number of terms

@(hy,hy) = @1(hy o g1, hy 0 go) + @a(hy o gf, hy o gh) + -,

where @4 (hy, hy), pa(hy, hy), ... are functions of precisely the type just described,
will be called finite.

Starting from a finite ¢ (hq, hy), construct a function f(g) on G by the formula

B 291 + 93 .
flg) = |§|4/<P (z, myf,§<292 + 94)) dz, (2)

where dz = dx dy, z = x + iy, and the integral is taken over the whole plane of
the complex variable z (in view of (1) it does not depend on £).

Introducing the notation dh = [£|*dz, formula (2) can be rewritten in the form

flg) = / o(h,h o g)dh. 3)

The integral (3) is a relative invariant, namely,

[ethegbeogo)dn=|aetg 2 [ oo dn

The function f(g), obtained by means of (2), (3), is harmonic.

Define the norm of ¢(hq, hy) by the formula

o2
ol = [ 19 oty Sh)[* by dhyds (d5 = 8, 8y, 5= 5, +35,). ()
The integral (4) does not depend on &;,&, and is a relative invariant, namely:

~ 2
/ 6 [y 1, 6hg 2 ;)| dhy dhy d5 =
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~ 2
= |detgy |2 det gy [ 9P (s, Shy)| iy dy .

Denote by ® the Hilbert space of functions ¢(hy, hy) with finite norm (4).

The set ® of finite ©(hq, hy) is contained in ® and is everywhere dense in it with
respect to the norm (4).

Let T'y be the linear space of infinitely differentiable harmonic functions f(g) on
G (it is not assumed that they are obtained from ¢) satisfying the condition:

OF 1tk OP1tP2taita:

—
Ok 07*2 garr daP2 950 95" (

C(a,b)
kitko+l
(L+|af2 + 182 + |y[2 +lap2) =

ob)| <

for any fixed d,b and ky + ky + py + Py + qy + @5 < 2. Here

(a0 ~ (1 a ?)_lb
7=\y ) “T\o 1) o 1)

£_8+i8 g_aﬂ_a 0 84—2'8
da ORea 9dIma’ 0B  ORep dImp’ 9y ORevy OImy’

I. For f(g) € T, the integral

2 2
2 _ |detgl|2|det92|2/ ‘2 ‘2
£ = 2 (%f(glogz) + avf(91092> do  (5)

(v =u+ v, do =dadfdy)

is finite and does not depend on gy, g,.

II. The linear space I'y with norm (5) is mapped isomorphically and isometri-
cally onto a certain everywhere dense in ® linear space ®,, which includes

the linear space ® of finite ©(hq, hy), by means of the mutually inverse
formulas:

ﬂ@=/w@hwmm (6)

p(hy,hy) = 47711_2/ [Lzof <hf1§20h2>]2020 dg, (7)
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where

= _[I€ O s
-

Lo, o
ZO 1 ’ zy 8!17(2) 62,/%7

2o = T + 1Yo, d¢ = dt dw, ¢ =t+1w.
Moreover, as was stated, | f]|?> = |¢]?. The integral

1 .
plhnshy) = s ldetn? [ [Loyf (1 090 Sty 97)] ¢ ()

0=0

does not depend on g, g5, so that (8) generalizes formula (7).

ITI. In view of what was said in the preceding paragraph, and as formulas (7),

(6) show, the function f(g) € T, is completely determined by its values on
the triangular group ¥ of matrices

a 0
v B

(the argument of f in (7) is triangular).

o=

Tt is also completely determined by its values on any surface g, Xg, (see (8), (6)),
obtained by a two-sided shift of the group X.

For every infinitely smooth function f,(o) on X, satisfying the condition

ak1+k2 OP1tP2taitas C

)

o~k a—kz —Do —d2 < kithotl
187" 00 0@ 09n 08" | (14 |l + |82 + Iy + fag)

ky+ky+p+ps+q +q<2

there exists a harmonic f(g) such that

f(o) = fo(o).

This function is given by the formula

f@):—ﬁﬁ/{/wL%th%%hwﬁLFOM}dh
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The question of whether f(g) belongs to the space I'y remains open for the
present.
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