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Abstract
Full Text
MATHEMATICS

A. P. BIRYUKOV

SEMIGROUPS DEFINED BY IDENTITIES
(Presented by Academician A. I. Mal’cev, 11 X 1962)

Let Γ(Φ) be the class of all semigroups in which the set of identities Φ is satisfied
(see (7)). The following problem naturally arises. Let ℌ be a given class of
semigroups. Find all sets of identities Φ for which Γ(Φ) ⊂ ℌ. In this note a
solution of this problem is given for certain important classes of semigroups ℌ.
Some results in this direction for classes of idempotent semigroups have been
obtained in (3−6, 9).
Let Ξ = {𝜉1, 𝜉2, …} be a countable alphabet; 𝐴(𝜉𝑖), 𝐵(𝜉𝑖), … are words (possibly
empty) over the alphabet Ξ. By 𝑙𝜉𝑗

(𝐴) we denote the number of occurrences
of the letter 𝜉𝑗 in the word 𝐴(𝜉𝑖); by 𝜒(𝐴), the set of those 𝜉𝑗 ∈ Ξ for which
𝑙𝜉𝑗

(𝐴) ≥ 1; by 𝑙(𝐴), the length of the word 𝐴(𝜉𝑖). Every identity is written in
the form of a formal equality of two nonempty words over the alphabet Ξ. At
the same time, the identity 𝐴(𝜉𝑖) = 𝐵(𝜉𝑖) is regarded as equal to each of the
identities 𝜑𝐴(𝜉𝑖) = 𝜑𝐵(𝜉𝑖), 𝜑𝐵(𝜉𝑖) = 𝜑𝐴(𝜉𝑖), if 𝜑 is a one-to-one mapping of
𝜒(𝐴𝐵) into Ξ. In addition, every identity of the form 𝐴(𝜉𝑖) = 𝐴(𝜉𝑖) is regarded
as equal to the empty set of identities.

A semigroup free in Γ(Φ) and having 𝔛 as its set of free generators is denoted
by 𝐹(𝔛, Φ). The semigroup 𝐹(𝔛, Φ) is also called the semigroup defined over
the alphabet 𝔛 by the set of identities Φ.

In most cases the question of the membership of the class of semigroups Γ(Φ)
in a given class of semigroups ℌ reduces to the question of the membership
of the semigroups 𝐹(𝔛, Φ) (for all possible 𝔛) in the class ℌ (for example,
this assertion, obviously, holds if the class of semigroups ℌ is closed under
homomorphisms). Therefore, in solving the problem formulated above, semi-
groups defined by identities turn out to be the main object of investigation. Let
Φ = {𝐴𝛾(𝜉𝑖) = 𝐵𝛾(𝜉𝑖), 𝛾 ∈ Γ} be some set of identities. Every identity of the
form 𝑐(𝜉𝑖) ⋅ 𝜑𝐴𝛾(𝜉𝑖) ⋅ 𝑐′(𝜉𝑖) = 𝑐(𝜉𝑖) ⋅ 𝜑𝐵𝛾(𝜉𝑖) ⋅ 𝑐′(𝜉𝑖), where 𝐴𝛾(𝜉𝑖) = 𝐵𝛾(𝜉𝑖) is
some identity from Φ; 𝜑 is some mapping of 𝜒(𝐴𝛾𝐵𝛾) into the set of nonempty
words over the alphabet Ξ; and 𝑐(𝜉𝑖), 𝑐′(𝜉𝑖) are some words (possibly empty)
over the alphabet Ξ, will be called an immediate consequence of Φ. An identity
𝐴(𝜉𝑖) = 𝐵(𝜉𝑖) will be called a consequence of Φ if there exists a finite sequence
of nonempty words

𝐴(𝜉𝑖) ≡ 𝐴1(𝜉𝑖), 𝐴2(𝜉𝑖), … , 𝐴𝑚(𝜉𝑖) ≡ 𝐵(𝜉𝑖)
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(≡ is the sign of graphical equality of words) such that the identities 𝐴𝑗(𝜉𝑖) =
𝐴𝑗+1(𝜉𝑖) (𝑗 = 1, 2, … , 𝑚 − 1) are immediate consequences of Φ. If every identity
from Ψ is a consequence of Φ, then, briefly, this is written as Φ ⇒ Ψ.

Lemma 1. If in the semigroup 𝐹(𝔛, Φ) (𝔛 = {𝑥𝛼, 𝛼 ∈ 𝑇 }), 𝐴(𝑥𝛼) = 𝐵(𝑥𝛼),
then for any mapping 𝜑 ∶ 𝜒(𝐴𝐵) → Ξ the identity 𝜑𝐴(𝑥𝛼) = 𝜑𝐵(𝑥𝛼) is a
consequence of Φ.

Proposition 1. In order that Γ(Φ) ⊂ Γ(Ψ), it is necessary and sufficient that
Φ ⇒ Ψ.

Proposition 2. Let 𝔛 be an infinite alphabet. In order that Φ ⇒ Ψ, it is
necessary and sufficient that 𝐹(𝔛, Φ) ∈ Γ(Ψ).
Proposition 3. In order that Φ ⇒ Ψ, it is necessary and sufficient that, for
every finite alphabet 𝔑, 𝐹(𝔑, Φ) ∈ Γ(Ψ).
For a set of identities

Φ = {𝐴𝛾(𝜉𝑖) = 𝐵𝛾(𝜉𝑖), 𝛾 ∈ Γ}

we introduce the numerical characteristic 𝑑(Φ). The greatest common divisor
of the set of all positive numbers of the form

𝑑(𝛾, 𝜉𝑗) = ∣ 𝑙𝜉𝑗
(𝐴𝛾) − 𝑙𝜉𝑗

(𝐵𝛾) ∣ (𝛾 ∈ Γ, 𝜉𝑗 ∈ Ξ, 𝑑(𝛾, 𝜉𝑗) > 0)

will be denoted by 𝑑(Φ). If Φ is the empty set of identities, or if 𝑙𝜉𝑗
(𝐴𝛾) = 𝑙𝜉𝑗

(𝐵𝛾)
for all 𝛾 ∈ Γ, 𝜉𝑗 ∈ Ξ, then we put 𝑑(Φ) = 0.

Theorem 1. In order that the semigroup 𝐹(𝔑, Φ) be periodic, it is necessary
and sufficient that 𝑑(Φ) ≠ 0.

Lemma 2. If 𝔄 ∈ Γ(Φ) and 𝔊 is some subgroup of the semigroup 𝔄, then for
every 𝑋 ∈ 𝔊

𝑋𝑑(Φ) = 𝐸𝔊,
where 𝐸𝔊 is the identity of the group 𝔊.

We introduce several classes of sets of identities.

ℌ(𝛼, 𝑚) (𝑚 ≥ 1): Φ ∈ ℌ(𝛼, 𝑚) if Φ contains either the identity

𝜉1𝜉2 ⋯ 𝜉𝑡 = 𝜉1𝜉2 ⋯ 𝜉𝑡𝐴(𝜉𝑖),

where 1 ≤ 𝑡 ≤ 𝑚 − 1, 𝑙(𝐴) ≥ 1, or the identity

𝜉1𝜉2 ⋯ 𝜉𝑟𝜉𝑟+1𝐴(𝜉𝑖) = 𝜉1𝜉2𝜉3 ⋯ 𝜉𝑟𝜉𝑟′𝐵(𝜉𝑖),

where 0 ≤ 𝑟 ≤ 𝑚 − 1, 𝑟′ ≠ 𝑟 + 1, 𝑙(𝐴), 𝑙(𝐵) ≥ 0.

ℌ∗(𝛼, 𝑚) is the dual class (symmetric with respect to “left”and “right”) to
the class of sets of identities ℌ(𝛼, 𝑚).
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ℌ𝛽: Φ ∈ ℌ𝛽 if Φ contains some identity 𝐴(𝜉𝑖) = 𝐵(𝜉𝑖) for which 𝜒(𝐴) ≠ 𝜒(𝐵).
ℌ(𝛾, 𝑚) (𝑚 ≥ 1): Φ ∈ ℌ(𝛾, 𝑚) if Φ contains an identity of the form

𝜉1𝜉2 ⋯ 𝜉𝑡 = 𝐴(𝜉𝑖),

where 1 ≤ 𝑡 ≤ 𝑚, and either 𝑙(𝐴) > 𝑡, or 𝜒(𝐴) ≠ {𝜉1, 𝜉2, … , 𝜉𝑡}.

ℌ𝛿: Φ ∈ ℌ𝛿 if Φ contains an identity of the form

𝜉1𝐴(𝜉𝑖) = 𝐵(𝜉𝑖),

where 𝜒(𝐴) ≠ Φ, 𝜉1 ∈ 𝜒(𝐴), and either 𝑙𝜉1
(𝐵) ≥ 2, or 𝐵(𝜉𝑖) ≡ 𝜉2𝐵′(𝜉𝑖)

(𝑙(𝐵′) ≥ 0).
ℌ∗

𝛿 is the dual class of sets of identities.

ℌ𝜀: Φ ∈ ℌ𝜀 if Φ contains an identity of the form

𝐴1(𝜉𝑖)𝜉1𝐴2(𝜉𝑖) = 𝐵1(𝜉𝑖)𝜉2𝐵2(𝜉𝑖),

where {𝜉1, 𝜉2} ∩ 𝜒(𝐴1𝐵1) = ∅; 𝑙(𝐴1), 𝑙(𝐴2), 𝑙(𝐵1), 𝑙(𝐵2) ≥ 0.

ℌ∗
𝜀 is the dual class of sets of identities.

For simplicity of formulation, some of the following theorems are not stated in
their full generality.

Theorem 2. In order that the semigroup 𝐹(𝔑, Φ) be idempotent, it is necessary
and sufficient that Φ ∈ ℌ(𝛾, 1), 𝑑(Φ) = 1.

Theorem 3. In order that, for 𝑚(𝔑) ≥ 2 (𝑚(𝔑) is the cardinality of 𝔑), the
set of all idempotents of the semigroup 𝐹(𝔑, Φ) be a subsemigroup satisfying
the identity 𝜉1 = 𝜉2𝜉1, it is necessary and sufficient that

Φ ∈ ℌ(𝛼, 1) ∩ ℌ𝛽.

Corollary 1. In order that, for 𝑚(𝔑) ≥ 2, the semigroup 𝐹(𝔑, Φ) be a semi-
group with a unique idempotent, it is necessary and sufficient that

Φ ∈ ℌ(𝛼, 1) ∩ ℌ∗(𝛼, 1) ∩ ℌ𝛽.

Corollary 2. In order that, for 𝑚(𝔑) ≥ 2, the semigroup 𝐹(𝔑, Φ) be unitary,
it is necessary and sufficient that

Φ ∈ ℌ(𝛼, 1) ∩ ℌ∗(𝛼, 1) ∩ ℌ𝛽 ∩ ℌ(𝛾, 1), 𝑑(Φ) = 1.

Theorem 4. In order that, for 1 ≤ 𝑚 ≤ 𝑚(𝔑), 𝑚(𝔑) ≥ 2, the ideal 𝐹(𝔑, Φ)𝑚

of the semigroup 𝐹(𝔑, Φ) be a semigroup with right cancellation, it is necessary
and sufficient that

Φ ∈ ℌ(𝛼, 1) ∩ ℌ∗(𝛼, 1) ∩ ℌ𝛽 ∩ ℌ(𝛾, 𝑚).
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Corollary 3. In order that, for 𝑚(𝔑) ≥ 2, the semigroup 𝐹(𝔑, Φ) be a group,
it is necessary and sufficient that

Φ ∈ ℌ(𝛼, 1) ∩ ℌ∗(𝛼, 1) ∩ ℌ𝛽 ∩ ℌ(𝛾, 1).

A semigroup 𝔄 is called 𝑚-nilpotent (or nilpotent of class 𝑚) if 𝔄𝑚 = 0, where
0 is the zero of the semigroup 𝔄 (see (8)).

Corollary 4. In order that, for 1 ≤ 𝑚 ≤ 𝑚(𝔑), 𝑚(𝔑) ≥ 2, the semigroup
𝐹(𝔑, Φ) be 𝑚-nilpotent, it is necessary and sufficient that

Φ ∈ ℌ(𝛼, 1) ∩ ℌ∗(𝛼, 1) ∩ ℌ𝛽 ∩ ℌ(𝛾, 𝑚), 𝑑(Φ) = 1.

Using one lemma from (2), one can prove that the following is true.

Theorem 5. In order that, for 𝔪(𝔑) ⩾ 2, the semigroup 𝐹(𝔑, Φ) be inverse,
it is necessary and sufficient that

Φ ∈ ℌ(𝛼, 1) ∩ ℌ∗(𝛼, 1) ∩ ℌ(𝛾, 1).

Theorem 6. In order that, for 𝔪(𝔑) ⩾ 2, the semigroup 𝐹(𝔑, Φ) be completely
simple without zero, it is necessary and sufficient that

Φ ∈ ℌ𝛽 ∩ ℌ(𝛾, 1).

Associate with the set of identities Φ the set of identities

Φ = {Φ, 𝜉1 = 𝜉𝑑(Φ)
2 𝜉1, 𝜉1 = 𝜉1𝜉𝑑(Φ)

2 }.

According to Corollary 3, all semigroups in Γ(Φ) are groups if and only if 𝑑(Φ) ≠
0. Suppose that Φ does not contain the commutativity identity (i.e. the identity
𝜉1𝜉2 = 𝜉2𝜉1). Then:

Theorem 7. 1) Let Φ ∈ ℌ𝛽. In order that, for 𝔪(𝔑) ⩾ 2, the semigroup
𝐹(𝔑, Φ) be commutative, it is necessary and sufficient that

𝑑(Φ) ≠ 0, Φ ∈ ℌ(𝛼, 1) ∩ ℌ∗(𝛼, 1) ∩ ℌ(𝛾, 2)

and that the group 𝐹(𝔑, Φ) be commutative.

2) Let Φ ∉ ℌ𝛽. In order that, for 𝔪(𝔑) ⩾ 2, the semigroup 𝐹(𝔑, Φ) be
commutative, it is necessary and sufficient that

𝑑(Φ) ≠ 0, Φ ∈ ℌ(𝛼, 1) ∩ ℌ∗(𝛼, 1) ∩ [ℌ(𝛾, 1) ∪ (ℌ(𝛾, 2) ∩ ℌ𝛿 ∩ ℌ∗
𝛿)]

and that the group 𝐹(𝔑, Φ) be commutative.

Corollary 5. 1) Let Φ ∈ ℌ𝛽, 𝑑(Φ) ⩽ 2. In order that the semigroup 𝐹(𝔑, Φ)
be commutative, it is necessary and sufficient that

Φ ∈ ℌ(𝛼, 1) ∩ ℌ∗(𝛼, 1) ∩ ℌ(𝛾, 2).
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2) Let Φ ∉ ℌ𝛽, 𝑑(Φ) ⩽ 2. In order that the semigroup 𝐹(𝔑, Φ) be commuta-
tive, it is necessary and sufficient that

Φ ∈ ℌ(𝛼, 1) ∩ ℌ∗(𝛼, 1) ∩ [ℌ(𝛾, 1) ∪ (ℌ(𝛾, 2) ∩ ℌ𝛿 ∩ ℌ∗
𝛿)].

Consider identities of the form

𝜉1𝜉2 … 𝜉𝑚 = 𝜉1𝜉2 … 𝜉𝑟𝜉𝑚+1𝜉𝑚+2 … 𝜉𝑚+𝑡𝜉𝑚−𝑠+1 … 𝜉𝑚, (1)

where 0 ⩽ 𝑟, 𝑠 ⩽ 𝑚, 𝑡 = max{1, 𝑚 − (𝑠 + 𝑡)}. It is clear that identities of the
form (1) include such frequently used identities as

𝜉1 = 𝜉2, 𝜉1 = 𝜉2𝜉1, 𝜉1 = 𝜉1𝜉2𝜉1, 𝜉1𝜉2 = 𝜉3𝜉4, 𝜉1𝜉2 = 𝜉1𝜉3𝜉2.

Theorem 8. In order that the identity (1) follow from the set of identities Φ,
it is necessary and sufficient that

𝑑(Φ) = 1, Φ ∈ ℌ(𝛼, 𝑟 + 1) ∩ ℌ∗(𝛼, 𝑠 + 1) ∩ ℌ𝛽 ∩ ℌ(𝛾, 𝑚).

Corollary 6. If 𝔪(𝔑) < ∞, 𝑑(Φ) = 1, Φ ∈ ℌ(𝛾, 𝑚) ∩ ℌ𝛽, then the semigroup
𝐹(𝔑, Φ) is finite.

Let

Φ1 = {𝜉1 = 𝜉2
1 , 𝜉1𝜉2𝜉3𝜉4 = 𝜉1𝜉3𝜉2𝜉4}, Φ2 = {𝜉1 = 𝜉2

1 , 𝜉1𝜉2𝜉3 = 𝜉2𝜉1𝜉3}.

Semigroups from Γ(Φ1), Γ(Φ2) were used by V. V. Vagner (1) for the study of
generalized groups.

Theorem 9. 1) Let Φ ∈ ℌ𝛽. In order that Φ ⇒ Φ1, it is necessary and sufficient
that

𝑑(Φ) = 1, Φ ∈ ℌ(𝛾, 1).
2) Let Φ ∉ ℌ𝛽. In order that Φ ⇒ Φ1, it is necessary and sufficient that

𝑑(Φ) = 1, Φ ∈ ℌ(𝛾, 1) ∩ ℌ𝜀 ∩ ℌ∗
𝜀.

Theorem 10. 1) Let Φ ∈ ℌ𝛽. In order that Φ ⇒ Φ2, it is necessary and
sufficient that

𝑑(Φ) = 1, Φ ∈ ℌ(𝛼, 1) ∩ ℌ(𝛾, 1).
2) Let Φ ∉ ℌ𝛽. In order that Φ ⇒ Φ2, it is necessary and sufficient that

𝑑(Φ) = 1, Φ ∈ ℌ(𝛼, 1) ∩ ℌ(𝛾, 1) ∩ ℌ𝜀.

In conclusion I express my sincere gratitude to E. S. Lyapin for his guidance in
carrying out this work.

Received
5 X 1962
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