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1. Let G be an n-connected domain whose boundary I' consists of analytic
contours I';, Iy, ..., T, ' = UT I';, and let P be the class of single-valued
functions f(z) = u(z) + iv(2), analytic in G, for which u(z) > 0 in this
domain. We shall consider subclasses of the class P consisting of functions
satisfying additional conditions of a definite form. Suppose, for example,
that points ¢y, ..., (,, and z, ..., z;, in the domain G, and positive numbers
Ay, ..., A, and By, ..., By, are given. Consider the subclass P’ of the class
P consisting of functions for which

u((;) < A j=12,....,m, wv(z)=0, u(z;)=8B

70

i j=12...k (1)
(it is assumed that P’ is nonempty). Instead of the conditions (1), in defining
the class P’ one may use more general conditions, when, for example, the set
of points ((;, z;) is infinite, or linear combinations of partial derivatives of u(z)
at prescribed points are bounded, etc. We shall be interested in linear extremal
problems in the class P’. For example, the problem of

supRe[e”f(z)],  feP, (2)

where the real number 6 and the point z, € G are fixed, or the more general
problem of

supRe [> (7], feP, (3)

with prescribed complex numbers v, and points 7, € G, etc. A special case of
problems (2) and (3), when the conditions (1) reduce to the single requirement
f(00) = 1, was studied by Nehari (}). Linear extremal problems for bounded an-
alytic functions with additional conditions were considered by S. Ya. Khavinson
().

The investigation of the problems posed has led us to the necessity of analyzing
certain questions concerning systems of linear inequalities in normed spaces.

sovietrxiv.org/items/ru-196301.94804 Machine Translation


https://sovietrxiv.org/items/ru-196301.94804

2. Let E be a real Banach space; let p(z) be a continuous convex functional on
it; let I be an arbitrary, finite or infinite, set of indices; let X = (z,; v € I)
be a set of elements of E; and let (a,; v € I) be a set of real numbers. We

shall consider linear functionals f(x) on the space E satisfying the system
of inequalities

=
&
IA
=

(z), r€E,

f(xl/) zau, vel. (A)

If there exists at least one functional f satisfying the system (A), then we shall
say that the system (A) is compatible. We shall also consider linear functionals
f(z) on E satisfying the following system of inequalities

f()

f(z,) (B)

v IV

0, re K,
a vel,

where K is a convex closed cone with nonempty interior, and in (B) the inequal-
ity

fl—xq) > —1, zy € int K (4)

holds (int M denotes the interior of M). It is easy to see that system (B) is
a special case of system (A). System (A) is somewhat more general than the
system considered in the work of Fan Chi (). In (%) systems more general than
our systems (A) and (B) were considered; however, the results obtained there
are insufficient for our purposes.

Lemma 1. System (A) is consistent if and only if, for every finite set of indices
vy, ..., v, and positive numbers A, ..., A, the inequality

p (i )‘zxul> Z i)‘ia’ui
1 1

holds (cf. (3), Theorem 12, § 8).

3. Denote the shifted cone K — z, by K, where z; is the same as in (4). To
each z € K U X assign the number a, equal to a, if 2 = z,, and equal
to zero if z € K. In this case it is possible that different numbers will
correspond to the same element z. Introduce the sets

E, = {_i)‘izi=)\i>07 i)\iai:()}, E, = {—i)\izi:)\i>0, i)‘iaizl},
1 T d 1
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where the sums are taken over arbitrary sets z;, 2o, ..., 2, from KUX,r=1,2,....
We indicate some properties of these sets: 1) —K C Ej; KcC Ey; —E, C Ey+xy;
2) if E; # 0, then F; + x, C Ey; for any y € F; we have Ey +y C E; there
exists 7 > 0 such that Fy C —FEy — yz,.

Lemma 2. For consistency of system (B), it is necessary and sufficient that
E, Nnint K = 0.

Lemma 3. In order that there exist a solution f(x) # 0 of system (B), it is
necessary and sufficient that E5 #+ E.

Lemma 4. For the existence of a solution f(x) = 0 of system (B), the condition
E, =0 is necessary and sufficient.

Theorem 1. If E; # 0, then the set of hyperplanes separating E, and K
coincides with the set of hyperplanes of the form L = {x : f(x) = 0}, determined
by the solutions f(x) of system (B).

Theorem 2. The set of hyperplanes separating the sets E; and Ey coincides

with the set of hyperplanes of the form L = {z : f(x) = —1}, where f(z) is a
solution of system (B).

Let us introduce several definitions. The set {a,}, v € I, will be called positive
relative to {z,}, v eI, if E;Nint K = 0.

The set {a, } will be called strictly positive relative to {z,} if E,NK = {0}.
In the case of the classical moment problem these definitions coincide with the
usual ones (see (%)).

We shall call system (B) regular if, from the fact that a sequence of finite sums

z": /\En)xyi,
i=1

(n)

7

where the indices v; € I may depend on n and A
element = # 0 and, moreover,

> 0, converges weakly to an

Z /\gn)aw — 0, n— oo,
1

it follows that the element z can be represented in the form of a finite sum:
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T

m:;)\ixui, v,el, \;>0 and i)\iawzo

From properties 2), Lemma 2, and Theorem 1 there follows

Corollary 1. For the consistency of system (B) it is sufficient, and if By #+ 0,
also necessary, that {a,} be positive relative to {x,}.

Theorem 3. Let the sets Q4 and Qg of solutions of systems (A) and (B),
respectively, be nonempty. Then, for every y € E,

max f(y) = inf {p (y +) Aﬂ@) - /\i%i} ; ()
feQa 1 1

ma = inf Aa , —y— Az, €K, 6
feQ);f {Zzu} yzl: : (6)

where the lower bound in (5) and (6) is taken over all finite sets of indices v; € I
and numbers A; > 0. Moreover, the extremal functional f* in the left-hand sides
of equalities (5) and (6) always exists. In order that the functional f* be extremal
in the left-hand side of (5), and the element y + > Az, be extremal for the
right-hand side of (5), it is necessary and sufficient that

p(y+d Ny )= (y+d Nay). ) =al,.

For equality (6) these conditions have the form

F v+ Na,) = flas) =a: o~y N, € K.
The extremal element in (5) or (6) need not exist.

Before formulating sufficient conditions for its existence, let us give one defini-
tion. Consider the wedge

:{Z)\lx’/z )\Z>0’ V’LEI}’
1

where the sums are taken over all finite sets of indices v;, » = 1,2,.... We shall
call the wedge 1" regular if {0} does not belong to the weak closure of the set
T NS, where S is the unit sphere in E.

Theorem 4. If the wedge T is regular, {a,} is strictly positive relative to
{z,}, system (B) is proper, and the space L(X)—the closed linear hull of X—is
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reflexive, then the extremal element y+ > iy, in equality (6) exists for every
yekE.

From Theorem 4 there follows

Corollary 2. If the cone K is pointed, {a,} is positive relative to {z,}, system
(B) is proper, L(X) is reflexive, and f* is the extremal functional in (6), then
there exists an element —6y — > Ajz;, € K, A} >0, 6 >0, such that

F(oy+> Xay ) =0,  fiai)=a},.

k3

4. Let us return to the consideration of the extremal problem (2) in the class
P’ of functions defined by the conditions (1). Let g(¢,z) be the Green’ s
function of the domain G with pole at z; h(t, z) its conjugate with respect
to z in G; H = (t,z) = g(t,2) + ih(t, z); and let w,(¢) be the harmonic
measure of the contour I';. The general results set forth above, as applied
to problem (1)—(2), give:

Theorem 5.

fep’

m k
sup Re [e?? f(z)] = inf (Z NA; + Z ,uij> , (7)
1 1

where the infimum is taken over all possible nonnegative Aj, J=1,...,m, and
real pu;, j=1,..., k, for which it is possible to choose such

real numbers vy, ...,7,_; such that the condition is satisfied:

sin 0

Oh(t, zy) Aglt,z0) = 09(t.&) I~ 0g(t,z) 2 uwi(t)
_ AT At Ia , >
n cos on +; A on +; Ky on +Z i on

(8)

(0/0n denotes differentiation along the inner normal to T').

In order that the function f*(z) be extremal in the left-hand side of (7), and

the sum
m k
El )\jAj—i— 51 ,uij

be extremal in the right-hand side, it is necessary and sufficient that, for the
linear combination (8) with coefficients A%, 1 and the corresponding 77, one
have Re f*(§;) = A; for all j for which A} > 0.

Theorem 6. If the sum

m k
21: XA + 21: 1058,
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is extremal in the right-hand side of (7), then the linear combination (8) with
coefficients A}, i and the corresponding 7; has at least one zero on each contour
[y i=1,...,n Ift;,...,t, are all its zeros, then the function f*(z) extremal in
the left-hand side of (7) has the form

7 9H(t,,z2)

=) p—>"—"  d<q
AT
pj>0;

it maps the domain G onto a ¢’-sheeted half-plane Re W > 0, where n < ¢’ <
n+m+k—1

Analogous results have also been obtained for more general problems of the type
(1)—(3). With the aid of these results one can also establish another criterion
for sets of analytic capacity zero.

I express my deep gratitude to S. Ya. Khavinson for guidance and assistance in
writing this article.
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