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Abstract
Full Text

PHYSICS
A. A. SOKOLOV, I. M. TERNOV

ON POLARIZATION AND SPIN EFFECTS IN
THE THEORY OF SYNCHROTRON RADIA-
TION
(Presented by Academician N. N. Bogolyubov, 4 VII 1963)

As is known, synchrotron radiation is strongly polarized. In particular, in the
classical approximation 7/8 of the total radiation intensity should be assigned
to the 𝜎-component (the electric vector of the radiation field is directed along
the radius toward the center of the trajectory) and 1/8 to the 𝜋-component
(the electric vector of the radiation field is almost perpendicular to the plane
of the orbit, see (1)). This conclusion was experimentally confirmed by the
experiments of F. A. Korolev et al. (2).

In the present article we wish to investigate the influence of the orientation
of the electron spin on the polarization and intensity of the radiation, if the
electron moves in a constant and homogeneous magnetic field.

In studying spin effects, it is convenient to divide the solutions of the Dirac
equation into two states which characterize the orientation of the spin either a)
along the motion or opposite to the motion, or b) along the field and opposite
to the field, i.e., in our problem, almost perpendicular to the motion.

The Dirac equation

𝑖ℏ𝜕𝜓
𝜕𝑡 = ℋ̂𝜓, ℋ̂ = 𝑐(𝛼P) + 𝜌3𝑚0𝑐2, (1)

where

P = p − 𝑒
𝑐 A, 𝐴𝑥 = 𝐴1 = −1

2𝑦𝐻, 𝐴2 = 1
2𝑥𝐻, 𝐴3 = 0, (2)

describing the motion of an electron in a constant and homogeneous magnetic
field, has the solution (3)

𝜓1,3 = 𝑒−𝑖𝜀𝑐𝐾𝑡 𝑒𝑖𝑘3𝑧
√

𝐿
𝑒𝑖(𝑙−1)𝜑

√
2𝜋 𝑓1,3(𝜌), 𝜓2,4 = 𝑒−𝑖𝜀𝑐𝐾𝑡 𝑒𝑖𝑘3𝑧

√
𝐿

𝑒𝑖𝑙𝜑
√

2𝜋 𝑓2,4(𝜌); (3)
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𝑓1 = √2𝛾 𝐶1𝐼𝑛−1,𝑠(𝜌), 𝑓2 = √2𝛾 𝑖𝐶2𝐼𝑛,𝑠(𝜌),

𝑓3 = √2𝛾 𝐶3𝐼𝑛−1,𝑠(𝜌), 𝑓4 = √2𝛾 𝑖𝐶4𝐼𝑛,𝑠(𝜌). (4)

In these formulas 𝜌 = 𝛾𝑟2, 𝛾 = 𝑒0𝐻/2𝑐ℏ; 𝑒0 = −𝑒 > 0 is the elementary
charge; 𝐸 = 𝜀𝑐ℏ𝐾 = 𝜀𝑐ℏ√𝑘2

0 + 𝑘2
3 + 4𝛾𝑛; 𝑛 = 𝑙 + 𝑠 = 0, 1, … is the principal

quantum number; 𝑙 = 0, ±1, … , −∞ ≤ 𝑙 ≤ 𝑛 is the azimuthal quantum number;
𝑠 = 0, 1, … is the radial quantum number. The quantity 𝜀 = ±1 characterizes
the sign of the energy, and the functions 𝐼𝑛,𝑠(𝜌) are connected with the Laguerre
polynomials 𝑄𝑙

𝑠(𝜌) by the relation

𝐼𝑛,𝑠(𝜌) = 1√
𝑛! 𝑠!

𝑒− 1
2 𝜌𝜌 𝑛−𝑠

2 𝑄𝑛−𝑠
𝑠 (𝜌). (5)

For an unambiguous determination of the coefficients 𝐶𝜇, in addition to the
Dirac equation (1) and the normalization condition, the wave function must be
subjected to one further condition characterizing the direction of the spin.

In the case of investigating longitudinal polarization, the best additional con-
dition to take is the condition of conservation of the spin projection on the
direction of motion:

(𝜎⃗ ⃗𝑃 )𝜓 = ℏ𝑘̃𝜉𝜓. (6)

The operator (𝜎⃗ ⃗𝑃 ) is the time component 𝑇𝜇4 of the electron polarization pseu-
dovector, which in the general case has the form

𝑇𝜇4 = 1
2{𝑃4𝜎𝜇 + 𝜎𝜇𝑃4}, (7)

where 𝜎𝜇 = {𝜎⃗, 𝑖𝜌1} is the spin pseudovector, and 𝑃4 = (ℋ−𝑒Φ) 1
𝑐 is the fourth

component of the generalized momentum; in our case the scalar potential Φ = 0
(see (4)).

When projecting the spin onto the direction of the field, it is more convenient
to subject the wave function to the condition (see (5))

{𝑚0𝑐𝜎3 + 𝜌2[𝜎⃗ ⃗𝑃 ]3}𝜓 = ℏ𝑘𝜁𝜓. (8)

The operator on the left-hand side of the equation is the component 𝐹124 of the
third-rank polarization tensor:

𝐹𝜇𝜈𝜆 = 1
2{𝑃𝜆𝛼𝜇𝜈 + 𝛼𝜇𝜈𝑃𝜆}, (9)
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where 𝛼23 = 𝜌3𝜎1, 𝛼14 = 𝑖𝜌2𝜎1, etc., are components of the tensor of the
intrinsic magnetic and electric moments.

Let us note that the operators appearing on the left-hand sides of equations (6)
and (8) are integrals of motion, i.e., they commute with the Hamiltonian ℋ.
In these equations the quantities 𝜉 and 𝜁 are equal to ±1 and characterize the
corresponding two possible spin directions. The quantities 𝑘̃ and 𝑘 are equal to

𝑘̃ = √𝐾2 − 𝑘2
0, 𝑘 = √𝐾2 − 𝑘2

3. (10)

In studying motion when the spin is directed along or opposite to the motion
(𝜉 = ±1), the coefficients in equation (4) will be equal to:

𝐶1 = ̃𝜉𝑎 ̃𝐴, 𝐶2 = ̃𝑎𝐵̃, 𝐶3 = 𝜀 ̃𝑏 ̃𝐴, 𝐶4 = 𝜀 ̃𝜉 ̃𝑏𝐵̃, (11)

where

̃𝑎 = √1
2 (1 + 𝜀𝑘0

𝐾 ), ̃𝑏 = √1
2 (1 − 𝜀𝑘0

𝐾 ),

̃𝐴 = √1
2 (1 + 𝜉 𝑘3

𝑘̃
), 𝐵̃ = √1

2 (1 − 𝜉 𝑘3
𝑘̃

). (12)

In particular, from the last equalities, for 𝜀 = 1 the result of work (6) follows.

When projecting the spin onto the direction of the field, we must put

𝐶1 = 𝑎𝐴, 𝐶2 = −𝜁𝑏𝐵, 𝐶3 = 𝑏𝐴, 𝐶4 = 𝜁𝑎𝐵, (13)

where

𝐴 = √1
2 (1 + 𝜁 𝑘0

𝐾 ), 𝐵 = √1
2 (1 − 𝜁 𝑘0

𝐾 ),

𝑎 = 1
2 {√1 + 𝜀𝑘3

𝐾 + 𝜀𝜁√1 + 𝜀𝑘3
𝐾 } ,

𝑏 = 1
2 {√1 + 𝜀𝑘3

𝐾 − 𝜀𝜁√1 − 𝜀𝑘3
𝐾 } . (14)
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Using in what follows the method developed in work (1) (see also (7)), one
can find the intensity of the synchrotron radiation of the 𝜋- and 𝜎-components,
taking the spin direction into account.

In studying the longitudinal polarization of the electron (see the supplementary
condition (6)), the radiation intensity associated with a change in the spin ori-
entation does not depend on how the initial spin is directed (along the motion
or against the motion). In the case of polarization of the electron along the field,
however, the radiation intensity will already depend on the initial direction of
the spin (along the field or against the field):

𝑊 ↑↑
𝜎 = 𝑊 cl {7

8 − 𝜉 (25
√

3
12 − 𝜁) + 𝜉2 [335

18 + 245
√

3
48 𝜁] + ⋯} ,

𝑊 ↑↓
𝜎 = 𝑊 cl {𝜉2 1

18} ,

𝑊 ↑↑
𝜋 = 𝑊 cl {1

8 − 𝜉 5
√

3
24 + 𝜉2 25

18 + ⋯} ,

𝑊 ↑↓
𝜋 = 𝑊 cl𝜉2 23

18 {1 + 𝜉 105
√

3
184 } .

(15)

Here

𝑊 cl = 2
3

𝑒2𝑐
𝑅2 ( 𝐸

𝑚0𝑐2 )
4

, 𝜉 = 3
2

ℏ
𝑚𝑐𝑅 ( 𝐸

𝑚0𝑐2 )
2

.

The arrows indicate the relative direction of the spin in the initial and final
states; moreover, for 𝜁 = 1 the initial spin is directed along the field, and for
𝜁 = −1 against the field (see (8)).

We determine the transition probabilities in an analogous way and denote by
𝑛1 the number of electrons whose spin is directed against the field, and by
𝑛2 = 𝑛0 − 𝑛1 the number of electrons whose spin is directed along the field. For
the change of these quantities due to radiation we find:

𝑛1,2 = (15 ± 8
√

3)𝑛0 ∓ (15(𝑛20 − 𝑛10) + 8
√

3 𝑛0) 𝑒−𝑡/𝜏

30 . (16)

Here the upper signs refer to 𝑛1, and the lower signs to 𝑛2; at the initial time
𝑛1 = 𝑛10 and 𝑛2 = 𝑛20.

The lifetime 𝜏 is equal to

𝜏 = [5
√

3
8

ℏ
𝑚0𝑐𝑅 ( 𝐸

𝑚0𝑐2 )
5

− 𝑒2

𝑚0𝑐𝑅2 ]
−1

(17)
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and for 𝐸 ∼ 1 Bev, 𝐻 ∼ 104 oersted, it is of the order of an hour.

For times 𝑡 ≫ 𝜏 the ratio 𝑛1/𝑛2 tends to the limiting value

𝑛1
𝑛2

= 15 + 8
√

3
15 − 8

√
3 (18)

independently of the initial distribution of the electrons over spin states along
the field. From (18) it is seen that in this limiting case, for approximately 95%
of the electrons the spin must become turned against the field, if other factors
capable of reversing the spins of the electrons are neglected.

Moscow State University
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